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TO THE RIGHT HONOURABLE 



JOHN JOSHUA PROBY, 

EARL OF CARYSFORT; 

KNIGHT OT THE MOST lELUSTRIOHS ORDER OF ST. PATRICKj 
4'C. ^e. ^'C. 

MY LORD, 

Although the promotion of the arts and sciences has 
been ever deemed the proper pi-ovince of the great and 
noble, yet it has not always been the good fortune of 
those who employ their time and exertions in the dis- 
semination of knowledge, to meet with a patron who 
is at once distinguished by his rank, his talents, and 
his zeal in the encouragement of useful performances. 
I cannot, therefore, but deem it a high honom-, and a 
source of considerable gratification, that I am permitted 
to present a Treatise of Mechanics to the public, under 
your lordship’s protection : and I have been doubly 
solicitous that the work which you have thus been 
pleased to encourage, may not be found altogether un- 
worthy the approbation of such a patron. 

When I reflect upon your lordship’s eminent and 
accurate acquaintance with many of the subjects dis- 
cussed in the following sheets, ray diffidence might be 
justly alarmed; but I throw myself upon the candour 
and kindness I have so often experienced : and though 
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I any\qt,,v4i> -enoiigh to imagine tliat my undertaking 
will be free from faults and errors, or that these 

can escape your notice ; yet I have the satisfaction to 
know, notwithstanding, that whatever will stand the 
test of a correct and solid judgment, or may be found 
calculated to enlarge the stock of human knowledge, 
or more widely to diffuse an acquaintance with the 
principles of a branch of science of acknowdedged 
utility, will not fail to receive your lordship’s com- 
mendation and support. 

Allow me, my lord, publicly to thank you foi* the 
numerous favours you have conferred upon me in dif- 
ferent periods of my life, and to subscribe myself, with 
unfeigned respect, and the sinccrest gratitude, 

My lord, 

Your lordship’s most obliged 

and most obedient Servant, 


OLINTHUS G. GREGORY 


PREFACE. 


It lias of late been a too prevailing opinion in this country^ that 
a man may become celebrated as a natural philosopher, and be very 
snccessfiii In the application of his knowledge to practical purposes, 
particularly in the construction of inachiiiery, while he is com- 
pletely unacquainted with the principles of mathematics. Among 
a I’^ariety of unpleasant consequences which have resulted from 
this erroneous opinion, may be reckoned, the rapid decline of the 
mathematical sciences in Britain, the dissemination of superficial 
and vague notions on physical topics, iind the absolute necessity of 
having recourse to foreign publications for profound and extensive 
information on those subjects, which we should have supposed, had 
not experience convinced us to the contrary, Englishmen would 
have been proud to cultivate ; since they were first placed upon an 
unshaken basis in the Principia of our own countryman, the illus- 
trious Newton. It has been asserted by a competent judge. Dr, 
Robison, and it is mortifying to reflect that the assertion is true, 

that while the Continent has supplied us with most elaborate and 
useful treatises on various articles in physical astronomy, practical 
mechanics, hydraulics, and optics, there has not appeared in Britain 
half a dozen treatises tvorih consulting for the last forty years.” 
We have, it is readily admitted, many popular works on mechanics, 
hydrostatics, &c. in which the principles are exhibited, and their 
application to the useful purposes in life illustrated by examples ; 
but since their authors have scarcely ever aimed at demonstration, 
those -who rest satisfied with the information they can gather from 
these treatises can at best acquire but a kind of second-hand know- 
ledge of unproved priucipies, loosely floating in the mind ; and must 
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geiierall}?' Isesitate in eTery case prcseiitiiig a novel aspect, for want 
of that confidence in principles and results wliicli the IrresistiMe 
evidence accompanying the deductions td pure science alone can 
inspire* J would not be understood as intending to cast any censure 
upon the authors of familiar treatises on scientific subjects : i only 
wish it to be recollected that these are much fitter for children than 
for men ; that they may be useful as introductory boohs for pupils,, 
but of little or no immediate service ' in the active concerns of a 
more advanced state ; and that, because they merely excite a thirst 
for knowledge which they cannot gratify. Xor would I wish to 
insinuate ^hat there are not in our language some excellent works 
on the ikeofy of mechanics ; but 1 cannot help being apprehensive 
that most of these (chiedy on account of the small encouragement 
likely to be given them) are too confined in tlieir object^ and for 
that reason fail in being so beneiicial to the public, as the talents of 
their authors might otherwise lead us naturally to expect. 

For some years I liave seen (or thongki I ha.ve seeii)^ and often 
regretted, that a forbidding distance and awkward jealousy seem 
to subsist between tlie theorists and the practical men engaged in 
the cultivation of mechanics in this country ; and it is a desire to 
shorten this distance, and to eradicate this jealousy, that has been a 
principal stimulant in the execution of the following performance. 
I have by long habit, combined perhaps with early acquired pre-^ 
Judiees, been much delighted with the investigations of theorists : 
but while I prize the deductions of sound theory as highly as any 
person, and rest as hrmly upon them ; yet am I desirous not to 
forget, that, as all general principles Imply the exercise of abstrac- 
tion, it would be highly injudicious lutt to regard them in their 
pracf'tfd applications as approximations, the defects of which must 
be supplied, as indeed the principles themselves are deduced, from 
experience. Habits of abstraction and theorizing may be carried 
to excess; and crude experience without reflection will never be 
productive of ■ essential good. '.But, a,s an eminent philosopher'^** 
(for whose talents .and . virtues I entertain great respect) remarks, 
‘^.Gare should be taken to guard against both these extremes, and 
to unite habits of abstraction with habits of business, in such a 

* Professor Bngald: Stewurt.;, Elements of the Philosophy of the Human 

p. m, : ■ ■ ' * ■ 
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mmmtm. to enable men to consider things either in general or in 
detaib. . as ■ the occasion may ■require. Whichever of these liabits 
may happen to gain an undue ascendant over the mind, it %vill 
necessarily produce a character limited in its powers, and fitted 
only for particular exertions. — When theoretical knowledge and 
practical skill are happily combined in the same person, the intel- 
lectual /power of man appears in its full perfection, and fits him 
equally to conduct with a masterly hand the details of ordinary 
hmsiness, and to contend successfully with, the rmtried difficulties 
of new and hazardous, situations. In conducting the former, mere 
experience may frequently be a sufficient guide ; but experience 
and speculation must be combined together to prepare us for the 
latter." ^ Expert men/ says Lord Bacon, ^ . can- execute and judge 
of particulars, one bj/ one; but the general counsels, and tlie 
plots,, and the marshalling of affairs, come best from those that are 
learned/ 

Admitting the truth of these observations— and their truth I think 
eaimot well be deiiied^ — it will thence follow, that theoretical and 
practical men will most effectmdiy promote their mutual interests, 
not by affecting to despise each other, but by blending their effoi-ts: 
and further, that an essentia! service will be done to inechmiical 
science, by endeavouring to make all the scattered rays of light 
they have separately thrown upon this region of human knowledge 
converge to one point. In conformity with these ideas, I have 
undertaken a task, attended, I am aware, with so many difficulties’ ^ 
that even failure will not be disgraceful ; while, on the other hand, 
success, if my labours should fortunately be crowned with it, will 
be doubly gratifying; as I shall then flatter myself with having 
ecmtributcd in some measure to the union of accurate theory and 
Judicious practice, "and thus, ultimately, to the promotion of arts 
and ina,nufaetures. , 

: The Treatise of Mechanics I now presume to lay before the pub- 
lic is comprised in two large volumes, besides a volutae of plates. 
Of these, the first %mlume is devoted chiefly to the theory: the 
second is practical and descriptive. The theoretical part is divided 
into five books, and these are subdivided into chapters, as the nature 
of the several subjects seemed to require. ; 

Book L is appropriated to the subject of SrA'TTCs, anti is subdi- 
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Tided into six eliapters. It commence.^ as indeed ilo all tlie books.: 
•witb definitions and preliminary remarks ; wliicli are siiccec*ded I.)}’ 
a statement and illustration of tbe Xcn\ioniaii laws of motion and 
rest, wliicli are assumed as fundamental principles to guide mii 
siil')seqiient inquiries. Tlie nature of statical equilibrium, willi tLe 
composition and resolution of forces, are then diseiisseu ; forces 
being' considered, '1. as disposed in one plane, and eoiiciirring in 
tbe same point: 2, as directed to one point, but not con lined to 
one plane: 3. as situated in one plane, but applied to diiierent 
points of a body: 4. as not confined to one plane, 'and directed to 
Tarions points of a'bodr. This portion of the work oecu|ries ratliei 
more space than has been commonly assigned to it in treatises ot 
niecbanics; but this circumstance will, I hope, be fuinul to facilitate 
the appliaition of the parallelogram oi forces to the investigations 
which follow. . The ■ remaining eliapters in this book treat of the 
centre of graifity, and the centrobaryc method ; the simple machines, 
or, as they are usually called, the mechanical powers; the 'Strength 
and stress of timber and other materials; and the equilibrium, 
tension, and pressure of cords, arches, and domes. Ihe minuter 
topics connected' with these general points of inquiry cannot well 
be specified here. 

■ The second book relates to DYXA:^rics. It comprelieiicls six 
chapters; treating of,— -Motion, uniform and variable;,' the descent 
' and ascent of heavy bodies in vertical : lines the' motion of projec- 
tiles, with obseiwations on ricochet-firing ; descents along inclined 
planes' and curves; -the .vibrations of peiidiiliims and the curve of 
' swiftest descent; central forces; the rotation of bodies about 'fimd 
axes, and in free space, ■ with theorems relative to the centres cd: 
oscillation, gyration, percussion, spontaneous rotation, ^c. ; the 
physico-mathematical theory of. percussion, nearly as first didirered 
, in ' Don .George Juan's E.xamen 'M.aritimo; and the motion of ma- 
chines, and their maximum effects: closing with some rmmirks that 
show in what points of view machines ought to be considered by 
those who would labour beneficially for their improvement. 

Book III. is devoted to the subject of Hydkostattcs. It is 
dim ded into four chapters, — On the pressure of non-elastic tluids; 
the determination of the specific gravities of solid and fluid bodies; 
tlie construction of hydrometerts or areometers; tbe equilibrium. 
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stabilitj,, aiicl , oscillatiGiis of ^ floating bodies^ with a particular 
reference .to ships and .canal .boats ; and^ on the phenomena of 
attraction in capillary tubes. .'This book contains an extensive^ 
tuid,, I trusty correct table of specific gravities. 

In the fourth book I have , given some of the most useful pro- 
positions and theorem.s relative to Hybrodykamics. But as this is 
a 'Very complex and; intricate subject, in wliich the most elaborate 
theory can do but little, independent of numerous experiments, it 
seeined.pr.uclent, rather than to delude the student with a, display 
of mathematical accuracy wdiere it is so far from being attained, to 
curtail the theoretical part with a view to the introduction of some 
valuable experimental results. Tliis book comprises, then, only 
four chapters, 1. On the discharge of fluids through apertuies in 
the bottom and sides of vessels, and on spouting fluids: 2. an ac- 
count of experiments made by different philosophers (as Bossut, 
Venturi, Eytelwein, Young, Vince, &c.) on the discharge of water 
through a|RTtures and tubes; and the practical deductions from 
those experiments: 3. on the effect of water upon the motion of 
water-wheels : 4. an account of Mr. Smeaton’s experiments on 
, water-wheels, and some of those of M. Bossut. 

The fifth book, which terminates the first volume, is on Pneu- 
matics, and contains six chapters. The subjects stated and dis- 
cussed in this book are, — The equilibrium of elastic fluids; the 
measurement of altitudes with the barometer and thermometer ; 
the motion of air when the equilibrium of pressure is removed ; 
the tlieory of air-pimips, and pumps for raising water ; the resist- 
. ance of fluids to bodies moving in them ; and results of experlmen.ts 
oiiYlie resistance of fliiids. 

, ;,.The second ■ volume, . of this work, which, as before mentioned, 
is. .tdiiefly. .practical, commences with an introduction occupying 
80 pages, and comprising general remarks, rules, and directions, 
— -o!i the constructic)!! and simplification of macliinery ; on rotatory, 
rectilinear, and reciprocating motions; on bevel-geer, and propor- 
tioning tbe number of teeth ; on friction and the rigidity of cords, 
with the experiments of Vince, Coulomb, &c. and an example of 
•the power ..of the capstan, .allowing: Tor friction, and the stiffness of 
cords ; on ..wat.er and wind.as' .movers of machinery, with Smeaton's 
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rules relative to windmills ; on tlie strengtii of fired gunpowder ; 
on steam as a mover of maelii.iier3% wltli tfie theorems and results 
of ^ Dalton and others ; and, on the strength of men and horses, 
according to the best and most accurate observations. Ihe re- 
maining part of this volume is appropriated to the descript iiin of 
a variety of iiieehanical contrivances, in number exceeding a hun- 
dred and fifty. ' These are arranged aiphabeticallyj that they may 
be consulted with most convenience; and several of them relate 
to machines and instruments which have never before been pub- 
licly described ; and for accounts of which I am indebted to some 
of our most celebrated civil engineers, ivhose names will appear 
‘with the respective articles. ■ A general enumeration in this preface 
wimld be tiresome, especially as the articles are separately men- 
tioned In the Table of Contents to the second volume. It' niay, 
however, be proper just to observe, that the greater part of the con- 
trivances there described are such as are highly useful in various 
arts and manufactures, and the most important purposes of liuma:|i 
life: among them will be 'found descriptions of air-pumps, balances, 
bark-mills, barometers, belloivs, clocks, cranes in great variety, 
file-cutters, fire-engines, fiax-mills, flour-mills, foot-mills, hand- 
miiis, hydraulic engines of various kinds, hygrometers, kneading- 
miiis, lathes, and the most curious turning .apparatus, locks, 
oil-mills, ordnance boring machines, contrivances for wdiat are 
called parallel motions, pendulums, pile-engines, planing machinery, 
presses, and pressure- engines, several pumps, pyrometers, Ramsden'S 
dividing machines, satv-mills, scapeineuts, steam-engines, curious 
■and accurate steei-yards, stream-measurers, telegraphs, thermo- 
meters, thrashing-mills, tide-mi.il.s, watches, water-mills, weigliliig 
apparatus, wind-mills, ■yarn-mills, &c. In some instances ivliere 
' the subject -seemed very important, ■ and. not admitting of suiliclently 
copious discussion, among -so many other particulars, I have In- 
serted -'catalogues, -arranged chronoiogicaliy, of the chief wTitings 
on that . respective subject, whether ..smaller dissertations, or full 
and -extensive treatises.: these . catalogues .may be seen under the 
.words k^drmdic engines^ md la a few eases too, where 'tlie 

theory -.of a uiachine-had .not been coTrectly exhibited in any En- 
glish work mth-, which I am acquainted, I have given such the«y 
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in tlic second volume^ for tiie sake of more readily deducing tlie 
most useful ]jractieiii results : tills bus' 'been done witli respect to 
Barker s mlit, the Persum mhe&ly and Archimedes s screw. 

Ill the composition of the first rolume of this treatise^ I have 
derived material assistance from the labours of several of mj pre- 
decessors in this department of science ; though I have not^ per- 
hiipsj so frei|iientlT cited my authorities as some readers may be 
apt to expect : but this will iiot^ I trusty' on consideration^ be thought 
a culpable omission ; for although I have not^ for exampiej ascribed 
to Prony what I found in succession, in the writings of Varignon, 
Belidor^ Bezout^ and B’Alemberty nor to Parkinson^ or Atwood, 
■what had previously appeared in the wu'itings of Craiileo, Wilkins, 
Wallis, BesaguHers, or : Emerson, esteeming w^hatever I found, in 
such circumstances, as common property, to be adopted without 
hesitation ; yet, in all cases wdiere I could speak confidently of the 
origiml author, and particularly w^here the matter quoted had been 
but seldom |iub]islied, I have not failed to make the corresponding 
reference. .As to the second volume, it is professedly a compilation ; 
and 1 have no other merit to claim respecting it, than that of having 
employed mucli labour and pains in consulting a great many volumes 
of journals, transactions, acts, encyclopedias, theatres of machines, 
&c. published in England, France, and Germany ; and having 
selected from these numerous and often voluminous -^vorks such 
particulars as w'ere most likely to he serviceable to my countrymen, 
when presented to them (separate from every thing extraneous) in a 
convenient though copious single volume. 

In the descriptive part I ha%'e not very often given accounts of 
machinerf' for which the inventors have taken out paienis* In this 
measure I have been guided solely by views of utility : when a 
patent machine appeared to exhibit some peculiar ingenuity in its 
construction, or ivhen the specification developed some general 
methods ivhieh are not merely serviceable with respect to the inven- 
tions to tvMcli they are notv applied, but ■ may after the expiration 
of the patent be advantageously appropriated to other macliinery, 
I have thouglit it right to insert a description of such contrivances ; 
taking care at the same time to mention the exclusive right secured 
for the term of the patent, An indiscriminate account of what are 


called mimniiom,. in this ■■fruitful age 'for tlie revival, of olcl'coii- 
triv.aiices:,. would have added to tliebulk of tlie work; but it Biiist 
necessarily li.ave operated as a dead weight to sink its respectability* 
It may^ probably,, be imagined by some, that eonsidering tlie 
advan,tages for that purpose, with wliidi my situation, at Woolwich 
funiisbes me, I, should insert descriptio'iis of the various kinds of 
machinery used in the artlUeri/ service. This, however, ' I liave 
not done : cbiefiy because such descriptions, by Muller and other re- 
spectable authors, are already easily procured in works appropriated 
exclusively to , that important object, and where the accounts are 
given witli far greater copiousness than they could be in a perforni- 
aiiee where so many other objects are haudled. 

Ill the exposition of the theory I have generally proceeded by a 
series of connected -propositions and dependent corollaries ; those in 
each chapter having a manifest relation, to each other, and fioudng 
naturally from the same source : and I have at the same time endea- 
voured to attain a just medium bet-ween that fitiguiiig prolixity of 
detail which leaves nothing to be struck out by. the ingemiity of the 
pupil, and that obscurity which commonly results from the suppres- 
sion of intermediate ideas. I have, therefore, occasionally introducecl 
such general scholia and more limited remarks, as seemed calculated 
to clear up a point in the history, or a doubt in the principle, or to 
suggest an application : and it was my first intention to have these 
printed in a diiferent type from the propositions and corollaries ; but 
I relinquished that design, on finding that it would much enhance 
the price of these volumes, — a circumstance which I have been all 
along solicitous to prevent. 

I fear many persons who may take up this work will be dissatis- 
fied with it on account of the frequent introduction of tlie fiuxionul 
analysis into the theoretical part: this dissatisfaction is engendered 
in... some by a prejudice, to which I have already ■ adverted in the 
beginning of my preface; and in others, by an undue attachment 
to the geometry of the ancients. I "would beg the attention «)f the 
latter class of objectors to a few observations. I am very ready to 
allow that in the study of geometry, the diagrams to which our 
attention is directed serve as a continual check upon our reasoning 
■po'wers:; they, ■ besides, exhibit 'to the senses' a variety of relations 
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wliidi tlie laiigiiiige of algefcra by no means'SEggests, and wbicli it 
i:s perhaps too general tt) express : still, as every geonietrica! inves- 
tigation maj/ be expressed algebraically^ and as, ' moreover, there 
Imve been excelhnit geometricians who were blind and never sciW' 
a geometrical iigure ; the circumstance of the diagrams does not 
constitute so essential a dlilerence between geometry and algebra 
as some may apt to suppose. In many physical investigations^ 
it is true, where a geometrical process can be applied, if carries 
with it a degree of liimiiionsness certainly not to be' exceeded by a 
process conducted according to the modern analysis ; and it . must 
further be acknowieclged, that this analysis, without a cautious exer- 
cise of the Judgment, and a frequent recurrence to first principles, 
inay terminate in an absurd conclusion : yet, on the other hand, it 
must be recollected, that physical inquiries conducted geometrically 
by tlie most eminent men have sometimes led to very erroneous 
results ; and tliat, in numerous cases, the geometrical method can 
be applied with difiiculty, if at all, in which an investigation carried 
on by tlie modern analysis has issued in some very important disco- 
veries* If, with regard to the fiiixional calculus in particular, it be 
recollected that it wns invented by an Englishman wdxo will be the 
iinmorta! honour of his country, and that this is neither the least 
brilliant nor the least valuable of his discoveries, it cannot but be 
considered as singular, that many among his countrymen, who pro- 
fess themselves the friends of science, should discountenance the 
introduction of his analysis into our scientific works. Philosophical 
men, when contemplating the progress of knowledge, have been 
deliglited to remark that the discoveries w^hich in one age were 
confined to the studious and enlightened few, become in the next 
the established creed of the learned ; and, in the third, form part 
of the elementary principles of education how* completely different 
from tins the progress must be, when the discoveries of a century 
back are di.sregarded, not because of their being useless or obsolete, 
but because of their is too palpalde to need more than an 

allusion, and cannot be dwelt upon without regret* If what has 
been here advanced should not be thought sufiScient to justify the. 
occasional adaptation of the fiuxional analysis (I do not contend for 
the exelusive use of it), let it be recollected that, in our best trea- 
' .tises. on' '..mensuration, gauging, -^c.' it ds allowed..; and for this suf- 
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icient 'reason, 'because sueb treatises wcaikl be I'er j 'cieficieiit, imper- 
fect,,. ami ceiifiiiei in tbeir utility, witlioiit it unless, tlierefore, a 
Binillar occasion will not Justify a similar mode of proceeding in a 
treatise of mecbamcs, I sball hope to be excused, even by those I 
am now addressing, when it is considered that stmie of the luo^c 
important branches of mechanical inquiry, and especial!}' great part 
of what relates to the mammum effects of machines, must either 
be entirely omitted, or treated by the fiuxional cdeuliis, or some 
modern calctilus analogous to it. In consistency with the pr.eceding 
observations, I ' have followed a kind of iiii.xed course, .and have 
deduced the chief truths commonly developed, in our eieiiientary 
books of mechanics, either after the geometrical maii.ne..r, or by 
introducing the algebraical notation in aid of the deductions fToin 
geometry ; and in the more curious and abstruse inquiries u bich 
occur in various parts of the work, I have bad recourse tt) the 
duxional analysis, not 'for the sake of displaying my matliematical 
attainments (being well aware how scanty those attainments are), 
hut in order to render the treatise in some degree complete : thus 
giving it such latitude and comprehensiveness, that those who con- 
sult it may draw from it some such notions of the science of mecha- 
nics ill general as may be learned respecting an existing structure, 
by examining a model showing its several parts in due proportion. 

It may happen, after all, that the arguBients adduced in favour 
of the method I have, chose.ii- .may fax! in their impression, on account 
of their not being stated with sufficient force : let me then fbrtif}’- 
my opinion, and shelter this part of my plan from censure by high 
mathematical authority. Mr. Shnpson^ in the preface to his te acts, 
speaking of the problems in mechanics and physical astronomy, says. 

In treating of this subject I have ehieiiy adhered to the 
method of investigation, as being the most direct and extensive, and 
best adapted to these abstruse kinds of specubitions. ‘\¥bere u 
demonstration could be introduced, and seemed prefera!)b% 
I have given one: but, thotxgh a problem someiimt\s\ by this lust 
method, acquires a degree of perspicuity and elegance not easily to 
be arrived at any other way ; yet I cannot be of the opinion of tlufse 
who -affect toahow a dislike to- every thing performed by means of 
symbols and an algebraical process; since, so far is the synthetic 
method from having the advantage in all cases, that there are 
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iiiiiiinierable inquiries into nature^ as well as in abstracted science, 
where it cannot be at all applied to any purpose. Sir Isaac Mewton 
himself (who perhaps extended it as far as any man could) has, even 
in the most simple case of the lunar orbit (Prineip, b. 3, prop. 28), 
been obliged to call in the assistance of 'algebra ; which he has' also 
done ill treating of the motion of bodies in resisting mediums ; and 
in various other places. And it appears clear to me, that it is by a 
diligent cultivation of the modern unalpsis that foreign maMema- 
tkians have, of late, been able to push their researches further in 
niaiiy particulars than Sir Isaac Newton and his folloivers here have 
done ; though it must be allowed, on the other hand, that the same 
neatness and accuracy of demonstration is not every where to be 
found in these authors ; owing, in some measure, perhaps, to too 
great a disregard for the geometry of the ancients."’ 

When treating of the theory of mechanics, I have not attempted 
to explain the nature of gravity, impulse, or the other sources of 
tlie motion of bodies: but this, I hope, will not be considered as a 
defecti when it is recollected that the general definition of the term 
^force in a mechanical sense supersedes the necessity of inquiring 
into the essence of the various kinds of forces which may operate 
upon matter. Those who carefully contemplate the process of that 
gradual refinement of language, which results from the necessary 
demands occasioned by the progress of civilisation, will see how re- 
quisite it is to appropriate terms, originally of a laxer or of a josser 
signification, to some peculiar modification of thought ; and hence, 
that such ’words as pomer and force^ primarily used to denote ani- 
mal energy, are iiow^, by a natural extension, grounded upon an 
obvious aiialogy, employed to express efficiency in general. In the 
philosophical acceptation, then, we define force or power to he ihai^ 
\vhatever it be, which muses a ckmige in the state of a body whether 
that .state he rest or motion : and this definition does not require 
entering into any metaphysical disquisitionsrelative to the nature of 
causes, or the connexion of cause and effect : that every effect Is 
brought about by some cause, is a truth which I think none wil be 
disposed to deny ; but what is the agency, or where it actually 
resides, we can seldom know, except perhaps in the case of our own 
voluntary actions. It is not, then, the business of the mechanist, 
strictly speaking, to inquire into the modus operandi .* we learn from 
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universal experience, tliat the Biusciilar energy of animals^ the 
.operation of gravity,' electricity., .pressure, impact, &c. are smirees 
■of motion, or of modifications of motion ; and hence, witlietit pre- 
.tending to know the e-ssence of eitlier of tlu!se, we do not liesittitr 
to call them mechanical forces; because it is incmitrovertilde that 
hodies exposed to the free action of either are put into motion, or 
...have the state of their motion changed. Forces, therefore, being 
'■known to us only by their effects, can only be measured l.>y the ef- 
fects they produce ' in like. circumsta.nces, whether those effects be 
■creating, accelerating, retarding, deflecting, or ]neveiiliiig motions : 
■audit .is by comparing these -elfects, or by referring them to some 
.common measure' of ready appreciation, not by aseertaini.n.g the es- 
sential 'nature of any forces, that mechanics is made one of the 
mathematical sciences. 

Besides, what is meant by the nature of any thing? ..As we a.re 
ignorant of its essence., or wdiat makes it that tiling 'and lUMitlier 
. thing, we must content ourselves, with the discovery of its {|ualitie.s 
or properties; and it is the assemblage of tliese which is coimnoniy 
■called its nature: yettliis is very inaccurate, since tliese are only the 
comr/uern'es of the essence. Hence, ^ve can .give no defiiii.'t.i.cui of 
even the simplest of things which comprehends its real essence; and 
it is justly observed by Locke that mmmal essences only, wliich 

'. • T.Ms great philosopher, so tar from conceiving, as many of the modems have 
done, that th.e nature ■o.f a mechamcal operation 'or event was sufficiently explaiiiecl 
by reduemg it to some supposed case of impulsion, considered even the connexion 
between impulse and motion as inexplicable, as a auijunciwu gatliered sol el}' from 
.exp^erience, and not. as a .con.sequence d^educible from any reasoning « prkirk The 
following passages on this subject are highly deserving of the attention of the stmlent. 

Another idea we have of body, is the power of communicating motion hv impulse ; 

and of our souls, the power of exciting motion by thought. These ideas, the one 
‘‘of body, the other of our minds, every day’s experience dearly furnishes us with : 
'“b'Utj if here again we Inquire how this is done, we are equally i,n the dark. For 
“in the communication of motion by impulse, wherein as much motion is It^sr to 
“one body as is got to the other, which is the ordinariest case, we can have no other 
“ conception but of the passing of motion out of the one into tmother; which* I 
“think, is as obscure and inconceivable as how our minds move or stop our bodies 
“by thought, which we every moment find they do.” Again: “ Sensation con- 
“ vinces us that there are solid extended substances ; and reflection, tliat there are 
“ thinking ones ; experience assures us of the existence of such behigs; and that 
“ the one hath a power to move body by impulse, and the other by thought. If we 
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fire tlie creatures • of otir own minds, can be properly comprelieiKled 
by us, or can be properly defined^ and even of these there are 
many too simple in tlieir nature to admit of definition. The various 
properties of a body wliicli fall under our observation offer them- 
selves to our notice simiiltaneoiisly ; ’tvhile we have the power of an 
intellectual separation, by which we can form different branches, 
each const! tilting a particular object of research : thus, the exten- 
sion, the materiality, the impenetrability, the colour, are co- 
existent qualities of a body ; but our minds being too limited to 
examine these all at once, we divide and assort them, and consider 
them singly, or in kindred groups; hence arise the sciences of 
geometry, mechanics, chromatics, &e. It would seem, then, that to 
the weakness of our reason is to be ascribed the origin of the sciences : 
and this, if it is not very gratifying to our pride, may teach us at 
least to moderate our expectations when we attempt to investigate 
tliose ultimate questions, which, sooner or later, occur in all objects 
of human inquiry. I trust it will not be supposed that I mean to 
discourage an examination of physical and metaphysical problems ; 
oil the contrary, I am of opinion, that by looking attentively into 
such subjects . our minds are opened and enlarged : an inquiry, pro- 
perly conducted, will lead to at least one of two good effects ; though 
it should not make us more knowing, it may make us modest; 
though it may not preserve us from error, it may from the spirit of 
error; and may teach us to be aivare of dogmatism, when so much 
labour may terminate in so much uncertainty, 

Tlie preceding observations may serve to suggest the advantage of 
a, matliematical process, in which we have a clear perception, not of 
the things tliemselves, l)ut of the agreement' or disagreement of ' our 
ideas at every step of the inquiry, over other processes in which there 
is 'much that is conjectural, or gratuitously assumed, and in wdiich a 
mass of error maybe produced in the result, proportioned to the 
leiigfch to which the chain of reasoning is extended ; although in the 
mathematics the relations of quantity are extremely various, yet, as 

would inquire further into their nature, causes, and manner, we x^erceive not the 
’•‘•nature of extension clearer than we do of thinking. If we would exx>lam them 
any further, one is as easy as the other ; and there is no more difficulty to con- 
ceive how a suhstance we know not should by thought set body in motion, than 
how a substance we know not should by impulse set body into motion.” Lockers 
Essay,, book ii. chap. 23. ■ 
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they are all aloEg, susceptible of exact iiieESUfatioii^ these, if any, are 
the sciences In, wliicli reason may triiimpli, while in others its tro- 
phies are comparatively inconsiderable. On these accounts I have 
been' careful, in the composition of the following sheets^ to associate 
nothing with the theory of mechanics but the results of important 
experiments, and the descriptions of ingeni'Ous and useful machinery ; 
omitting ail those discussions which, in mj judgment, appeared to 
be. merely conjectural and speculative. 

Hitherto I have been using the language of justification, with 
whidi I lia.¥e, unaw'ares, detained the reader much longer than I at 
firstintended : it is time to adopt the tone of apology. In the exe- 
.cution of this work,- 1 have experienced, the wide difference bettvee.ii 
forming a project and laccomplishing the object I had in vitnv : al- 
though I have sometimes pleased myself witli imagining I have 
struck out a more satisfactory illustration, or a more convincing 
demonstration, than has been usually given, I have too frequently 
found, it necessary to rest, below that |>erfectioii which I had pre- 
,viously fancied within my reach, ■ I am conscious of some delicieiieies 
and of some mistakes in arrangement, especial iy in the second vo- 
lume, which were discovered too late to be now rectified. I hope, 
however, none of them will be found of much consequence. Other 
mistakes, it may be apprehended, will be detected by the acute 
reader ; I shall rejoice if these are but few and of slight importance. 
Every exertion has been made on. my part to render the performance 
correct, perspicuous, and useful ; and if the candid examiner should 
€ad> that in the main it possesses these properties, I sluill hope to 
escape severe censure for those imperfections ' which, my ^vimt of 
abilities, .not want of care, may have permitted to .meet the eye of 
the public, 

Moyal Acmlmwift Wmhdda 

Ikcembcrf 1800 , 

In this fourth ; edition the work has ■ been carefully reviscnl, 
and in vari,0US; places considerably enlarged. , Some new theoretical 
propositions are added, and several descriptions of new mechanical 
inventions, with siv new plates. The mechanical arts have received 
an extraordinary impulsion in the course of the last two or three 
years ; and I have been anxious to accommodate a new edition of 
these volumes to so auspicious a state of things. 

"January^ 1826 . 
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lOTEOBt^CTOEY BEFINITIOHS ANB REHAMS. 

1. MECHANICSj the subject of this ' work, is a iiiixed 
mathematical science, %vhich treats of ferees or powers, and their 
effects upon bodies, either with or without the intervention of 
machines. 

The theory of Mechanics, next to that of Geometry, is justly 
reckoned the most certain ; for next to that it proposes the 
fewest properties of matter as objects of contemplation. Ge- 
nerally speaking, this science proposes for consideration, iimCy 
jbree^ or pomr^ and the following properties of bodies: viz. 

mass^ mobility, and inertia. 
The application of this science to the various practical purposes 
in human life, leads to many other branches of inquiry ; such as, 
the nature of machineiy, the ad%^antages, and disadvantages, of 
different materials, the effects of friction, &c. Each of which 
will be brought under discussion, after the sev parts of the 
theory are laid down. 

Matter ■ is a term by which we denote that substance of 
which every thing our senses perceive is imagined to be com- 
posed. So far as relates to Mechanics, its essence may be re- 
garded as consisting in cwtensiony impenetrability^ and inertness, 

3. Body is^ such a collected quantity of matter as is pal- 
pable, ^ or obvious to some of the senses. We say that a body 
IS solid, when it is composed of particles, or molecute, so 
adhering the one to the other that they cannot be separated 
without effort : such are metals, stone, wood, &c. ,The term 
Jluul we apply to such substances as are composed of particles 
adhering very slightly, and which, yielding to any small effort, 
are easily moved among each other ; such are water, wine, 
.air, ■ &c. ' 

Ail bodies, it is manifest, ai'e es^jtended, and therefore arc 
found existing under figure, or shape, which is the boundary 
of extension. It appears also essential to matter, that it pre- 
vents all other substances of the same Jcind from occupying its 
place ; and that it requires the exertion of something ah eoctni 
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to reaiove it froBilts skuatioiij or to change its. state. The 
former of tliese, properties is called Solidii^^^ or ImpemirabH 
Hip : the latter^ inertness or ineriia ; of which we shall have 
occasion to say more. {18.) 

... 4. All bodies are dhnsible either in reality or in imagination. 
By art '■ they may be divided . into parts of surprising minute-. 
ness;, as by the operations of grinding, immmeringv wiredraw- 
ing, &c. . In some chemical, solutions may be carried far- 
ther still. And the constituent particles of the solids and luids 
of the myriads of animalculae which are^ discovered by the 
microscope, must be small beyond conception ; so that we can 
scarcely help imagining the capacity of divisibility^ to be with- 
out limit. \Yhat, however are .called mathematical demon- 
strations of the .divisibility of matter, fail in tlieir object : 

they merely prove the infinite divisibility of extension, in a geo- 
metrical sense. It is probable that, with respect to matter, the 
actual division may admit of being carried to a different extent 
indifferent bodies: but the inquiry is of little, if any, conse- 
quence to the mechanician. Those who wish to peruse a co-' 
pious dissortalion on this topic -are referred to Keirs Introdnet. 
ad ViT. Physic, Ltcct, 3, 4, ami -5, 

5. Space.^ is common.l.y defined as the order of things which 
coexist: in this sense It is a mere abstract idea, arising from 
our notion of the actual or possible situation of tilings aiiioagst 
themselves. We rather choose to call .space an exteisioii con- 
sidered as without bounds, immoveable but penetrable by mat- 
ter : this may be regarded as absolute space, 

6. Relative space is that variable dimension or measure of 
absolute space which our senses define by its relation to bodies 
within it. 

7. Place y or absolute plaecy is that part of infinite space wdiicli 
a body possesses. Melatwe place is the space a body occupies 
considered with relation to other objects. 

8. liloMiiip is a property of body, liy which it is capable of 
being transferred from ' one place to anotlicr, or of existing in 
different parts of space. 

9* All bodies are porous: whence, together with the ex- 
trenie minuteness of their particles, it happens, that fluids wih 
insinuate themselves into- all bodies ; that sometimes a mixture 
of tw ’‘0 fluids will be less in bulk than when they are scj)anite ; 
and that the same bulk may contain different quantities of mat- 
ter, or masses, 

10. Demitpy strictly speaking, denotes vicinity or closeness of 
particles. But in mechanical science it is used as a term of com- 
parison expressing the proportion of the number of equal mole- 
culm, or the quantity of matter in one body, to the number of 
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equal moleculae ill tlie same bulk of another body : cleiisity, 
therefore, is directly as the quantity of matter, and inversely as 
the magnitude of the body. 

Since it may be shown experimentally that the quantity of 
matter in different bodies is proportional to their weight, it will 
thence follow that the density of any body is directly as its weight, 
and inversely as its magnitude : or, the inverse ratio of the mag- 
nitude of two bodies, having experimentaily equal weights (in 
the same place) constitutes the ratio of their densities. 

11. Motmi is a simple idea, and therefore admits not of de- 
finition : ■when we say that it is a continual and successive 
change of place, we describe it in a periphrasis, by its sensible 
effects. Of, by another circumlocution, motion may be de- 
scribed as that state of a body which is not consistent with its 
continuance in the same place ; or in which it is not, in two suc- 
cessive instants of duration, at the same distance from divers 
fixed points in space : this state is opposed to that of rest 

Thus, conceiving in space three planes in known and fixed 
positions, not parallel to each other ; if from any material point 
perpendiculars are demitted on these three planes, we say the 
point is in motion when it does not constantly retain these di- 
stances, but when in miy two successive instants, one of these per- 
pendiculars changes its magnitude. 

1% The motion of bodies is considered either as ah&ohite ot 
relative, A body is said to be in absolute motion while it is 
actually passing from one point in fixed space to another ; and 
to be in while its position is varying with respect 

to other bodies. 

It is obvious that these two kinds of motion can only coin- 
cide when the bodies, to wliich the reference is made, are 
fixed : in other cases a body in relative motion may or may 
not be in absolute motion. The determination of the absolute 
motions, by means of observations on the relative motions, is 
always a matter of great difficulty, nay, is generally absolutely 
impossible. Thus, when a ball is discharged from a piece of 
ordnance, it is possible, by means of the ballistic pendulum, and 
other contrivances of ingenious men, to ascertain its relative 
motion, that is, its motion with respect to that place on the 
earth'^s surface from which it is projected ; but in order to de- 
termine its absolute motion, the diurnal and annual motions of 
the earth about the sun, and probably the motion of that lumi- 
nary about the centre of some more extensive system, must be 
taken into the account ; so that on the whole this apparently 
simple inquiry becomes sufficiently complex to baffle the 
proudest e&rts of human intelligence. 

B ^ 
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13. The conskleratioB of -motion' necessarily involves that of 
time; for no motion can be instantaneous. 

Time is duration considered in reierenceto finite beings. 
Absolute time is a |)ortion of duration whose quantity is only 
known by a comparison with another portion ; aiui conse(|uently 
the relation between any two parts ot absolute time is not to be 
discovered. Eelatitetme isa'part of duration which elapses diir- 
iBgany motion of body,, or any succession of externa! appearances. 

■There is a striking analogy between tlie affections of space and 
time: hence it' is, that time inav, be represented by lines and 
measured by ' motions. Hence also, . we say that an ihstanf is the 
boundary between any two contiguous portions of time,^ as a 
point is tiic boundary of any contiguous lines. A ^noment is any 
small portion of time. To*' render time susceptible of mathema- 
tical discussion, it must be conceived as measurable ; and to this 
end it is necessary to recur to some event which we imagine 
uniformly requires equal times for its accomplishment. We are 
furnished with such an event in the complete rotation of the earth 
upon its axis, which marks out a natural day as an apt and obvious 
unit of time. This is divided into 24 equal parts called hours, 
each of these into 60 equal parts called minutes, and each of 
these again into 60 equal parts called seconds. A second h 
the unit of time generally employed in mechanical disquisitions. 

15. Velocity^ or celerity^ is that affection of motion which 
determines its quantity : it is the name expressing the relation 
between the space described by a moving body and the time 
which elapses during its description ; and it is measured the 
space uniformly described in a given time. 

A'lx>dy is saki-:tO''moV6.. with accelerated^ or retarded 

velocity, according as its rate of motion continues the same, in- 
creases or decreases : wlien the increase or decrease of velocity 
is the same in any equal times, tlm acceleration or retardation 
is said to be uniform : and when this increase or decrease of 
velocity itself increases or decreases in any equal times, the ac- 
celeration or retardation increases or decreases in the some 
ratio. These circumstances will be brought more fully into 
consideration as we proceed. ■ f 

■ 16. The directmi of a motion is the jiosition of the line along 
which it is performed : thus if a body move from a point a to 
another point b along the straight line which joins these points, 
AB is called the direction of the body : if the body move from 
B to A along the same right line, ba is its direction. If a 
body move along a curve line, its iireciiofi is continually chang- 
ing ; it may, however, in any given point be regardeefas coin- 
ciding with the tangent to the curve at that point. 
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17. Formym ,,p(mer^:m a Hieclianical sense, is that which 
causes a change m the state of a bodj, %vhether that state be 
rest or motion. 

We speak here of proximate causes, for it is not the business 
of mechanics to search into the essential and hidden causes of 
motion. The inquiry whether they are material or spiritual 
may exercise the talents of ingenious speculatists, and may, per* 
haps, be of some importance in a moral point of view ; but 
certainly forms no part of the principles of mechanical science. 
The muscular power of animals, as likewise pressure, impact, 
gravity, electricity, &c., are by us looked upon as forces, or 
sources of motion ; for it is an incontrovertible fact that bodies 
exposed to the free action of either of these are put into mo- 
tion, or have the state of their motion changed. AH forces, 
however various, are measured By the effects they produce in 
like circumstances ; whether the effects be creating,^ accelerat- 
ing, retarding, or deflecting motions: the effect^of some ge- 
neral and commonly observed force is taken for unity^ ; and with 
this any others may be'compared, and their proportions repre- 
sented by numbers or by lines: in this point of view they are 
considered by the mathematician ; all else falls within the pro- 
vince of the universal philosopher or the metaphysician. ^ When 
we say that a force is represented by a right line ab, it is to be 
understood that it would cause a material point situated at_rest 
in A, to run over the line ab (which we name direction oi the 
power) so as to arrive at b, at the end of a given time ; while 
another powder would cause the same point to have moved a 
greater or less distance from a in the same time. 

18. Among other forces it has been customary to speak of 
the ms inertia^ or mert force of matter; applying the’ term to 
that property of bodies by which they tend to retain their present 
state (8), or are indifferent to motion or rest. But while we admit 
that much of the language which relates to pow'ers, forces, ^ ac- 
tions, &c., is metaphorical,, we must qbje^^ to- such use of it in 
the present case ; this property being improperly called a force: 
1st. Because were it actually such it must be of definite 
quantity in a given body, and therefore an impressed force less 
than that would not move the body whereas any impressed force, 
however small, ■will move any body however great* ^2dly. Be- 
cause it seems to indicate an active power resident in 

or rather, it implies an absolute contradiction, namely, that 
should be both active and inactive at the same time. It is de- 
sirable, therefore, that only the term inertia, or inertness^ should 
be retained : for this term will imply, as it ought to do, that 
matter is a merely passive thing. A fact winch needs no la- 
boured proof : for this inertia presents itself immediately in ail 
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oiir observations and experiments upon matterj and is insepara- 
ble from it, even in idea.-' ■'When \vc consider ai^y of the active 
powers of nature, as they are called, siicli as graVitatioii, niag- 
Betisnij, electricity, or tlie -attractions and repulsions which take 
place ill the cohesions and separations of the small particles of 
natural bodies, and endeavour to resolve them into some higher 
and simpler principles,; the inerfm is always the common basis 
upon wliicli we endeavour to erect our solutions* For the ac- 
tive party which is .supposed to generate the gravitation, mag- 
netism, &c* in the passive one, must have a motion, and inertia, 
whereby it continues ' in that motion, else it could have no 
power ; and by parity of reason, the passive party must be in- 
ert also, else it could . not re-act against the active party, nor 
impress motion on a'foreign body. And this by the w-ay, if the 
reader will pardon one slight digression, suggests a briei’butyo- 
gent argument for the immateriality of liie Supreme Being. 
For, as the amte Hartley observes^ os proceed as far as 
ive please in a series 'of s.iiceessive solutions, we sliall always 
find an inertia inherent in matter, and a motion derived to it 
from some foreign' cause, if this cause be siq'iposed matter 
.alwaj^s, we shall be 'carried on to an infinite series of solutions, 
ill each of which the same precise difficulty will recur, with- 
out our at all approaching to the removal of it. Whence, 
according to the matliematical doctrine of ultimate ratios, not 
even an infinite series, ivere that possible in this case, could 
remove it. Wq 'must, therefore, stop soinewliere, and suppose 
. the requisite motion 'to be imparted to the supposed subtle 
-matter, by something which is not matter ; h e. since God is 
the ultimate author ■■of nlbniotion, we must suppose him to be 
immaterial 

19. Equilibrium may be defined generally, as an equality of 
weights, powers, -or forces, of any sort. Bodies at rrsf are in a 
state of equilibrium,' when they are solicited by various fitrcos 
in different directions' in such ahnanner as l<i be completely ba- 
lanced, and have no '-tendency lo move in any direction. Bodies 
in motion are in a state 'of. equilibriiiin, what the resistance to 
motion and the power- producing it are so adjusted, that the re- 
sult shall be tmi/brm motion^ An accurate Knowledge of both 
kinds of equilibrium is indispensably necessary, in order that the 
theory - may be applied -to good practical purposes. 

The equilibrium of 'bodies at rest is sometimes characterised 
ill two different ways ; equilibrium of roiaiwn^ and equilibrium 
of translation : the former denoting that the tendency to a rota- 
tory motion is counteracted ; the latter, that the tendency to a 
rectilinear motion is prevented ; and rest in botli cases eiBurcd. 

20. We may mw define somewhat more distinctly the 
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Science of Mechanics: it comprises the doctrine of the rest, 
the equilibrium and the motion of bodies. It may be divided 
into MecJmiks, properly so called, and Hydraulics : the first 
comprises Statics, which has for its object the balanced rest of 
solid bodies ; and Dynamics, which considers the motion of solid 
bodies and their force during motion: the latter comprises 
Hydrostatics, which relates to the resting equilibrium of liquids 
or non-elastic fluid bodies; and Hydrodynamics,^ which treats 
of such bodies in motion. To these must likewise be added 
Pneumatics, which comprehends the doctrine of the weight, 
pressure, and effects of elastic fluids, as air. Sic. A.ccording 
to this division we shall arrange the subjects of our first five 
books. 
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CHAPTER L 

AXIOBIS^ OE 3.AWS OF BfOTION AND REST. 

SL IN order tliat the doctrine of Mecliaiiics may be broiiglit 
%vithin the boundaries of matlieinatieal investigation^ it is ne- 
cessary not only that the .'.quantities ' it proposes for discussion 
should be measui'able either in tlieniselves or in their effects ; 
but also that some general principles should be exhibited^ tlie 
truth of which should l)e incontrovertible, and to which the 
student may at all times appeal in the course of his researches. 
Such general principles were- first 'distmctly proposed by Sir 
Isaac Kewton m his they have since his time lieeii 

received as Mechanical Axioms, or, as they are eommc^nly 
called, Laws of Motion. They are, in reafity, intermediate 
propositions between geometry and philosophy, through which 
mechanics becomes a mathematical branch of physics, and are 
as follows : 

J. Et)eri/ body continues in Us state of or of imt form 

motion in a ri^t line, until a change is effected ike ag^encu 
<ff*$ome mechanical force, 

II, Ani^ change effected m the quiescence or motioii of a bodq 
is in the direction of the farce imj^ressed, and is projKviional to 
it in mmiiitp, 

IIL Beaciion is alumjs equal and contrary to action ; or 
the mutual actions of two bodies upon each other are akcays 
equal, and directed to contrary parts. 

Of these axioms, the first has respect to the coiiliii nance of 
bodies in a state of repose or of motion, without any altera* 
iion, except so far as subsequent causes operate; the second 
assigns the quantity and nature of sucli alterations ; and tlic 
third has respect to the mutual circumstances of the patient, 
wliich suffers alteration from any cause, and of the agent pro- 
ducing the alteration. So that these principles, w’hen establish- 
ed, have a manifest tendency to facilitate tfm study of the 
science in which they ai*e proposed, not as selfrevkleot truths^ 
but as truths which result by legitimate induction from the 
testimony of our senses. 

22. The evidences from which our assent to these axioms is 
derived, are generally stated as threefold. 1 . Trom the constant 
observation of our senses, which tend to suggest the truth of 
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tlieni in the ordinary motion of bodies, as far as the experience 
of mankind extends. From experiments, properly so called* 
3. From arguments d posteriorL But besides these it has been 
suggested that they are, in fact, laws of human thought resulting 
from the nature of things independent of experience* That 
the student may, without hesitation, yield his assent to these 
principles, it is thought expedient to state briefly the nature of 
the diflerent kinds of evidence thus afforded. 

^3. 1, From constant ohsermtiofi. Here with respect to the 
first axiom, that a body at rest cannot put itself into motion, is 
supposed to be known from uni versal experience : but that a body 
in motion would continue to move uniformly in a rectilinear 
path, though equally true, seems less apparent. Since, how- 
ever, motion is continued the longer, in proportion as ohstrue- 
tions become less, as a vibrating pendulum moves longer in air 
than in water, longer yet in an exhausted receiver, it may be 
reasonably inferred that, if all obstacles could be removed, motion 
once conimuiiicated to any body would never cease. The 
principle may be farther confirmed by a reference to common 
occurreoces. Thus, when a stone is "whirled round in a sling, 
on being set at liberty, it will continue to move with the force 
it has acquired. Again, when a vessel, containing a quantity 
of water, is moved along upon an horizontal plane, the water, 
obeying its tendency to rest, will at first rise up in a direction 
contrary to that in which the moving force acts : when the 
motion of the vessel is communicated to the water, it will }x?r-. 
severe in this state; and if the vessel be suddenly^ stopped, the 
water by its inertia opposing the change from motion to rest, it 
will rise up on the opposite side of the vessel. In like manner, 
if a horse, wdiich was standing still, suddenly start forward, the 
rider will be in danger of being thrown backw^ards: if the 
horse when in motion stop suddenly, the rider wdl! be throwrt 
forwards. In all these and numerous other instances which 
might be adduced, there is strong evidence that matter has a 
tendency to continue in its present state ; and this is what the 
, ^ first axiom asserts. 

; As to the second, the inferences from experience are equally 

powerful. Thus a ball moving with a double or triple velocity, 
1 generates in another, by impulse, a double or triple velocity, 

f and the ball loses the same proportions of its own velocity. 

Two bodies meeting with equal quantities of motion mutually 
stop each other. Two forces, which, by acting similarly, dur- 
ing equal times, produce equal velocities in some third body, 
are found, by acting together during the same length of time, 
to produce a double velocity. If a new force be impressed 
upon a body in motion, in the direction in which it moves its 
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niotioii is increased propDitioiially to the new force impressed : 
if this force act in a direction contrary to that in which the 
body movesj it is found to lose: a proportional part of its mo- 
tion : if the direction of .this .force, be oblique to tlie direction of 
the moving body’s it gives it a. new direction compoiinded of 
both. A three which we know to act equably |:>roduce.s equal 
iocremeiits of velocity in equal times. In all these examples 
we may trace a strict conformity to the axioni. 

The third principle is likewise observable in all the motions 
of natures obtaining indeed thronghoiit the whole solar system 
with the utmost precision: all which will be obvious enough 
when it is wcl! understood what this axiom affirms. In the . 
communication of .pressure upon any immoveable plancj wlie- 
tber arising from the protrosioHj gravity, or impact of a body, 
the meaning of this principle is, that the resistance of the plane, 
and an opposite force equal to that producing the pressure, have 
precisely^ the same effect, .as eidier of them only destroys the force 
of protrusion, gravity., or impact. ' In tlie communication of mo- 
tion by visible impact the axiom asserts that the quantities of 
motion lost and gained are. equal when estimated in opposite 
directions. In the communication of motion by unknown 
means, as magnetism, electricity", &c., it affirms that the body 
attracting or repcdling moves in an opposite direction to that of 
the body attracted or repelled, and with an equal quantity of 
motion. Thus, to propose an instance in the Case of attrac- 
tions : When a loadstone and a piece of iron, equal in w^eiglit, 
float in water upon equal and similar pieces of cork, they* are 
found to approach each other with equal velocities ; and wiien 
they meet, or are kept asunder by any obstacle, they sustain eadi 
other by equal and opposite pressures. Again, wdien a force of 
any kind is counterpoised, whether by’ the exertion of animal 
strength, the pressure of a fluid, the force of a spring, &c., each 
of these opposed forces wdll be equal to some given ’weight, 
which if It be substituted so. as to act instead of the force, 
will preserve the equilibrium unaltered. Even an imiiioveal)le 
obstacle exerts a definite force equal and contrary to that which 
is applied in any manner or degree to alter its position : Ibr if 
such obstacle be taken away, a force equal and contrary to that 
by which it was before urged must be substituted in its place to 
keep the whole at rest. 

£4. II. Mrideme from expermimts^ Common experience, 
however, it must be admitted, is. not entirely- siitlicient to esta- 
blish the truth of these general . .principles ; for, as we have al- 
ready remarked (!£.), we know not what is the actual motion 
of a bodyr, or when it is absolutely at rest;. ..so., that .those ob- 
servations which have been adduced as made upon bodies ap- 
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pEreiitly tit I’osty or in rectiliiioEt motioBj do not sEtisiactorily de- 
termine tlie' point they are intended to establish# Recourse mnstg 
therefore, be had to experiments of a more refined and artificial 
complexion, and such may readily be found# Although we 
cannot appreciate the absolute motions of bodies, we .can ob* 
serve and accorately measure their relative motions. For in- 
stance, if it can be shown experimentally, that bodies show equal 
tendencies to resist the augmentation and the diminution of their 
relative motions, they, of consequrace, would exhibit equal 
tendencies to resist such augmentation or diminution in their 
absolute motions: and numerous experiments, it is evident, 
mio'ht be conducted which show this very clearly. And in like 
mtuiner experiments might be contrived tending to establish the 
other axioms : and it would undoubtedly be found that in pro- 
portion as all impediments were removed, the more perfectly 
would the experiments coincide with what these axioms might 
lead us to expect. Many experiments might easily be proposed ; 
but our business here is not to exhibit them, but to suggest the 
arCTUinent which flows from them. 

go. III. From arguments d 'posteriori. The conviction with 
which we are furnished in this manner is very cogent: for, as 
Mr. Atwood remarks, “ Let a proposition be assumed as true 
even without evidence of any kind, if by stiict and logical rea- 
soning, various conclusions are deduced, which upon examina- 
tion are found consistent among themselves, and with ex- 
perience, this will be a presumptive proof in favour of the prin- 
ciple assumed ; and our assent to it will be the more stiongly 
enforced in proportion cs the conclusions inferred and the com- 
parison of them with experience have been more extensive. 
From the Newtonian axioms assumed as true, a system has 
been adduced and compared with phenomena in numberless 
cases: it has been applied to the motion of the planets and 
comets, to that of bodies on the eartlvs surface ; even to the 
motion of those minute particles which compose both solid and 
fluid substances. A perfect agreement between these conse- 
quences of the axioms and matter of fact has been the result, 
no one insiancc. excepted. These and other similar arguments, 
upon the whole amounting to evidence scarcely inferior to ma- 
thematical dcnionstraticii, are the grounds on which the laws 
of motion arc received as axioms, Ifom which the various 
theorems concerning the eftects of forces are systematically 
demonstrated.” Treatm on motion. Page 360. 

26. IV. Lest the combined effects of the preceding ai’gu- 
ments should after all he insufficient, let us inquire vyhether the 
truth of these general principles cannot be made evident, from 
the laws of human iudgment independent of all experiment? 
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Now with resi-KSCt to the first axiom,, .let it be recollected that 
we know iiothiog of forces of any kind but from their effects, 
and that we constantly infer the agency of a force from its 
changing the state (as to motion or rest) of bodies on which it 
acts. When we witness a change of motion, we ascribe it to 
some force ; and when there is no change of motion, we conclude 
there Is no changing force.. On the other hand, when we suppose 
the action of a changing force,, we suppose a change of motion: 
and wdieii tve do not think of a changing force, it is because 
BO change of motio.ii suggests .such change. We suppose both 
rest and motion to be states or condiimns of a body, from the 
one of whicli it is no more likely to be converted into the other 
xolihoui Ciime^ than it is to change .spontaneously from a cubical 
to a pyramidal or globular, or any other form. If this be ad- 
mitted, as we trust it will, it follows tliat a body amd' conliaae 
ia its state of rest or tmifbrm nutioMy vUiH ilmi state 

is idim^git! hjj soine mecJumkalJbrce. . 

Agaiit, with respect to the seconti axiom, it may almost be 
considered as an identical proposition, considering ibree as we 
do merely as the cause of motion, or of a change in mo- 

fion : the law" is in fact equivalent to saying that we take tiie 
changes of motion as the measures of the changing forces, and 
the direction of tbe change for the indication of the direction oi' 
the forces.’^ ' . 

The third axiom is indeed a universal fact ; but we conceive 
it is likewise a necessary truth. To assert the contrary is, we 
think, to maintain an absurdity : for if action and reaction are 
not equal, the greater either acts against nothing, and is there- 
fore not action (contrary to. hypothesis), or exists without a 
cause, wdiich if once admitted, we know not what can be denied. 

27. These axioms relate immediately to tlie actions of par- 
ticles of matter upon each, other, .in free space : or to tliose cases 
in which the whole mass may -be conceived as collected iiUi> a 
point. When bodies move "on fixed axes, the energy of the 
moving force and resista.n.ce of the body moved will dejX'iid on 
the distance from the- axis;, in tliese eases the inertia of the 
parts of the system, which .■ they oppose motion, being cal- 
culated, and a mass ot' equivalent' inertia being substituted for 
the given system; the quantity,, of the moving force when 
moviog with the same velocity as the matter moved, is likewise 
computed. The moving force. and mass being thus ascertained, 
the resulting motions may be calculated, aiKi it v/ill thence ap- 
pear, that in I'otatory motions on fixed axes, or on moveable axes 
in free space, as well as in direct rectilinear motions, action is 
always equal to reaction* But this is merely hinted by the 
way ; it will be developed more fully when we come to Dy- 
namics, (Book in ch, 4.) ■ 
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OH STATICAL EOTILIBBIIJ'M, AND THE COMPOSITION AHO 
EESOLCTIOH OF FOKCES. 

S8. Equilibeicm, accordiog to our definition (19.), is of two 
kinds, the one relating to bodies at rest, the other relating to 
bodies in uniform motion : the former may be properly called 
Statical equilibrium^ and may, therefore, %?henever referred to 
in our first book (whose object is Statics) be characterised by 
the term equilibrium alone; the latter may be called Dynamical 
equilibrium^ and will be brought under consideration in subse- 
quent parts of the work. ■ 

29. Def. When two or. more forces act upon a body, or 
upon a material point, at the same time, the aggregate effect 
produced by their simultaneous action, or a force of a certain 
magnitude and direction equivalent to their joint energy, is 
called the Resultant^ or the Equivalent ; and the several forces 
of which this is compounded are called Comp07ients or Com^ 
posants, 

SO. Def. The problem of the ^ Foixes^ is that 

in which it is proposed to find the resultant of any given system 
of forces: and the Resolution of Forces^ wdiich is the converse 
problem, proposes to trace out the composants^ which their 
united energy might produce, or did produce, a given resultant. 

Thus, supposing two forces c, cJ, whose magnitudes and 
directions are represented (17.) by cp, c% to act at the same 
time upon a material point p (PI. I. fig. 2.); by the first of 
these problems we determine the magnitude and direction of 
the equivalent rp to these two forces ; and by the latter we in« 
quire the two forces CP, c^F, or various pairs of forces, of 
which the resultant is R-P. It may be ^proper to remark here 
that the Composition and Resolution oifo7'ces^ and the similar 
Composition and Resolution of 7notions^ are completely distinct 
objects of inquiry : the former is entirely a physical question, 
the latter a problem purely mathematical. Some authors have 
inferred from their demonstrations of the latter problem, the 
truth of the former ; but this cannot well be admissible, because 
wherever statical equilibrium obtains there can be no motion, 
and of course the principle on which the inference is grounded 
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h foreign to the nature of the thing to l>e proreti It seems 
most consistent with scientific precision, to establish subjects 
so very distinct, each on its own proper basis: and though the 
attempting to accomplish this may sometimes give an appear^ 
mice of tautology, it is still thought better than to aim at con* 
ciseness by the sacrifice of acciirac}^ , 

31 . Def, The moment of a Jaree or power, is a term by which 
tve shall denote the product of its magnitiide into tiie nearest 
distance of its direction (IT.) from any fixed point. 

Thus, in fig. 9. PL I. if the directions of the two powers 
c, c ^5 are at the respective perpeodicular distaoces, a, (f from, 
a point s tahen arlntrarily llien. will the pi-oclucts cd^ cVf re- 
present what we call the moments of those powers. They ex- 
press the energies of those powers, and diiTcr only in the manner 
of application from momenta in Dynamics. 

39. In every system of an, invariable form we may talce l'(»r 
points of ai'rpiication of powers, any points whalevi?r in the 
lines of their respective directions. 

For the distances of the seve,ral points of the system remain- 
ing constantly the same, no one of die points in the direction 
of 'any pow’er can move witliout.- drawing into its inotioii ail the 
points ill the same. line, nor, of eonsec|iience, without (‘aiising 
such motion as would be pixiduced if the power were applieil 
immediately at that individual point. 

This proposition may be illustrated by a simple and obvious 
example. If' the bodj^ ab (fig. 5. PL II.) be acted upon by a 
force against it by means of an inflexible bar OQ, the 

effect upon the body will be just the same wiicther the force be 
exerted on that bar at Oj.g, or a : and if, on the contrary, the 
body were acted upon a force dmtcbig it l>y means of an in- 
extenslble cord r e c, the tendency to move the body would be 
just the same, whether the cord were pulled at e, or c, in the 
direction rc. Here we exclude the consklcniiion of gravity 
if om the bar and the cord, 

33, Henccj if an obstacle be employed to destroy any force, 
it is sufficient if such obstacle' be applied at any point whatevi‘,r 
in the direction of this force, provided the point lie one oi' 
those in a system of unchanging 'form : so that we may in all 
such cases, without danger of error, conceive that the power is 
iniinediately applied to the obstacle. 

34*. 1, Two forces acting irt tbe same right lino, and directed 

the same way, are equivalent to one force equal to their sum. 

9. Two equal forces acting in the same right line, but in op- 
posite directions, destroy each other, 

3* Several forces acting in opposite directions iu the same 
riglit line are equivalent to one only, namely, to the excess of 
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the sum of the forces acting in one direction above the sum of 
the forces acting in the contrary directi^ 

These are obvious truths necessarily resulting from the de- 
finition of force (17^5 and Newtons third axiom (21.). 

35. Since, then, a system is in a state of equilibrium when it 
is subject to the joint action of two equal forces exerted in op- 
posite directions ; a system subjected to the united energy of 
various forces is in equilibrio, when anyone of the forces is 
equal and opposite to the re&tiltant of all the rest : and, of con- 
sequence, the general problem of the equilibrium between 
various powers, is reduced to that of the Composition of Forces 
(30.). We shall, therefore, now proceed to the solution of this 
problem, and, for the sake of perspicuity, shall consider it under 
four separate heads, according to those divisions which the order 
of nature seems to present, viz. 

1, Of forces disposed in one plane, and concurring in the 
same point. 

2, Offerees directed to one point, but not confined to one 
plane. 

3. Offerees situated in one plane, but applied to different 
points of a body. 

4. Of forces not confined to one plane, directed to various 
points of a bodj^ 

I. OF FORCES DISPOSED IN ONE PDANE,*AHD CONCURRING 
IN THE SAME. POINT. 

36. Prop. The equimlent (f several forces situated in one 
plane is in the same plane. 

For if we suppose the equivalent to be out of the plane of 
the forces, on either side, we may always find a line on the 
other side of the plane situated in a perlectly similar manner ; 
and since there can be no reason why the resultant should be in 
one of these directions rather than in the other; it is therefore 
in neither of them, unless we admit the absurd consequence 
that it is in both, that is, unless we admit that the same forces, 
acting in like manner, can produce two distinct efiects. ^ 

Cor. The resultant of two equal forces must be in their 
plane ; and it must be in a line which bisects the angle of their 
direction, since there is no reason why it should tend more to 
one side than to another, 

37. Prop, If to a mater ia l point already Icept in equilibrio 
by a system of forces^ another system is applied also in cquili- 
hrio^ this imtl not destroy the pre-existing equiUbrmn. This 
is manifest. 
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Cm» HcbcCj if the three iorces c, v\ o {Pi !*■ fig. o.), 
are in a state of equilibrium^ and if each of the forces were 
doubled, or tripled, or quadnipled, or if they were jialved, 
quartered, &c. or changed in any proportion, they equilibrium 
would remain, so long as tliey 'continued to act in the same 
directions, CP, cV, OP. ■ . ■ 

Co3i . 2. Hence also, since the resultani. ii is always equal and 
opposite to one of the forces (as o), it follows that when the 
niagnitudes of equilibrated forces concurring in a point are made 
to vary in anv ratio, the resultant retail^ its position, but changes 
its magnitude in the same ratio. , 

38. Peox». J^*tkree equal jhrees are iudined lo one another 
in angles cewk of 120 degrees^^ any one of them zoill balance the 
Joint iicikni of the other hm.-. ■ 

This is likewise incontrovertible: for neither of tlie , forces ■ 
can prevail 

89* Peop. Two eepmij'hrces mclmcd In an migle of 120 de- 
grees hax^e Jor their eqnrealent a third xchieh has the direction 
md jiroportion of t/ic diagonal of the rhombus constructed an 
the lines ichkh represent the forces. 

For, if e, c', are the iorces (%. o.) acting on the point p, the 
force o whose measure is opzzcpzrcp, and is situated so that 
the angles cpo and cfpo are each equal to cpc', will (88.) 
ensure the equilibrium. But kp, the measure of the equivalent 
E, is equal and ojjposite to op (83.): therefore cpripR—chs 
and because angle cPE=:60‘'rrc’pR, crzzcp and chi=:c>'. 
Consequently cpc-r is a rhombus, and up the representative of 
the equivalent of the forces c, is its diagonal, o. e. b. 

Coe. If half the angle evd be denoted by a, we shall have 
cos a rrc cos a, whence the equivalent rp=:2c cos a, 

40. Pjtop. Am/ tiw eqnaljorees hare for their cgnivalent the 
diagonal of the rhombus const rneied on the right lines ze/dch re- 
present them in magnitude ami direction. 

For, 1. If this proposition be true with regard to any two 
equal forces c, cf, acting in the directions cis de (PI Llig. "k), 
and foriniiigwdth their resultm the angles cpii, rhuq each Ibr 
example equal to a, it is true likewise for two oilier ec|iial forces 
e, dy acting according to the directions cp, which bisi?i!i 
those angles. In this case e may be considered (3{5 cor.) as the 
resultant of two equal forces a? and jp acting in the clirectioiiH 
€F, EE ; and in like maimer d may be considered as the resultant 
if two other equal forces .d and y, acting in the direetkins ch% 
EP ; so that, in lieu of the two equal forces e, c/, we may con- 
sider four equal but unkiiowm forces .v, a/, /p y, acting In the 
directions just assigned them. The two first of these, ir, fj 
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acting in the directions cp, c^p, have, by hypothesis, the diagonal 
of the rhombus for their resultant ; that is, they are equivalent td 
a force expressed by cos u acting in rp: therefore the re- 
sultant a of c and d will be equal to % dr cos a. But a? r: y, 
therefore rz Sjr(l + cos a). Now, the angles gpr, cvd^ 
being each equal to half cpo/, are equal to each other ; and z 
being the resultant of two equal components acting in cp and 
c'p, while € is the resultant of two others acting in cp and rp, 

we have (37, cor. ^.) z : c : : c : .r =: Substituting this value 

of x for it in the preceding equation, we obtain z ~ -—(1 
cos €&) : whence (1 +cos a)^ and zrzc a/2 (1 -hcos a.) 

But it is known that cos I a [SeeGregon/^sTri'- 

gonomeir^y p, 46); whence, by substitution, z zz Sc cos 4 ^* 
Consequently the proposition, if true for a-, is true for 4 a?. 

2, In exactly the same manner may the proposition be proved 
true with respect to the half of 4 c?, or Aci, and in succession for 
,/^ay y\-a, &c. That is, since it is true (38.) when the 
angle cpc/ is measured by 4 of die circumference, it is likewise 
true when the angle between the equal components is measured 
by 4 , .jlj, 44 , &c. of the circumference, where the series 
may be continued, S 2 WC 

S. If the proposition be demonstrated for the three angles 
by and a — by it will be true for the angle a^by that is, if we 
take two equal components c and making with their resultant 
Xy angles zz by we shall have x zz 2c cos {a 4- b). Thus, 
if in PL I. fig. 5. the angles cpr, c'pr, are each equal to cr, 
and CPC, cpi, cW, dpcVy each equal to b: conceiving two 
forces dp, dp, each equal to c, their resultant will, by hyp. be 
cos (a— &), because dpR = a- b; and this quantity sub- 
tracted from the resultant of c, d, d, d^, will give x^ But c and 
d have their resultant c, acting in cp, and = 2c cos b ; the 
same thing holding wdth respect to d and d^, we have two forces 
equal to c, and equivalent to one which is cos a or 4c cos a. 
COB b: whence x — 4c cos a cos 6— 2c cos (a—Z)). But cos 
cos 6 - 4 cos (a + 6 ) 4* 4 cos {a - b). (See Gregorfs 
Trigonometf^y pa. 44, art. 20, or HtittorCs CoursCy vol. ii. pa, 
17, or voL iii. ch. 3). Which value of cos c. cos i, substituted 
for it in the preceding equation gives x zz: 2c. cos 
So that the proposition when true for 6, and a — S, is true 
for a + J. 

4. Let 6 be taken as small as we please in the series 4 ? 

JL, I , &c. and let a be the preceding term in the series, then 
l^ybya-by(^ + h ^ h ^iid 8S respectively, in each 
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of wliicli the proposition' holds : agalnj if a = 8/ij a '-|- h = 4f? ; 
if a =; 4/), 5b^ &c* So that the thecH’cni is demon- 

sirati'd for all .angles -in the .series 6, tib^ 56, &c‘* in 
wbicli b may he taken of a magnitiule less tlmn any one wliich 
can be assigmecU . Consequently the theorem is true with respect 
to any rhondnis whatever: for let any rhombus be proposed 
whlcfii it is affirmed, is an exception to this proof; we can, it is 
obvious, by choosi.og b lower than any assigned number, anti 
taking a suitable mnkiple of it, app.roacli nearer the excepted 
angle" tlian by any assignable difference, that is, we show that 
our theorem is applicable, to the angle, itself. ' e. 

4?L Plum, Amj two forces hating the ratio of the sides of a 
reeiangh% toul ichose ilireeihiis coincide tciih these >.klcs^ have 
Jhr their egnirahmi the diagonal of that n dangle. 

Let the two forces c, cf (p!* T. Iig. 11), act in the directions 
CP, ct\ wdiich comprise the right angle r : complete the pa- 
rallelogram crcB, and draw its diagonals; parallel to cc', 
draw ed terminated by cc, dc\ which are drawn parallel to 
tlie resulting diagonal. Conceive e and c- to i)e two equal 
forces acting in the equal lines cr, e r, opposite to each oilier, 
and consequently annihilating each other s effects ; then erne 
and CPDC being rhombi, the force cp is the equivalent (^fcp, 
DP, and cfp that of c% dp, by the preceding prop. Tliereibre 
the components ci% ciN are the same in effect as the opposite 
ones 'CP, eiq together wdth df, fe; that is, the equivalent 
sought is 2 bf or rp, the diagonal of the parallelogram, 
Q.. n, 

Coii. Since ef : rad : : cf ; cos cm : : eh’ : cos c’fe, we have 
the resultant equal to either component divided by t!ie cosine 
of the angle which it makes with the resultant. 

4si, Prop. Ani/ ttco fortes udiaiever have their eguimleni 
exp?rssed m mag?iihide and direeiiou In/ the diagonal ep of the 
paralielogram eonstrneied on ike lines of, o’f, ichhii represent 
these forces. 

Having completed tlie pmralk'logram cfc/r (lig*. 7, pL I.) 
on the given sides, clnw cd perpendicular, aiid vt\ dt\ 
parallel to the diagonal, demit also cm, dif perpendicular to 
the diagonal: then will ecpi), cVrif, be rectangles, and tlie 
triangles cee, c¥b^, equal in all respects; coiiscqucailly 
CG r= DP, EO :::= D% and ce ur dr* The addition of the equal 
forces Cy dy acting in the opposite directions ei% c>, w- ill make 
no difference as to the state of tlie system : and since the com- 
ponents OF, CF, have cF for their resultant, and the compooeots 
d'f, the resultant ct (by the preceding prop.) ive may in- 
stead of the cwiginal forces cf, c-V, substitute the forces cp, di\ 
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dp/b^p, of wliicli the two foraier destroy each other’s effects, 
and the latter BP, are manifestly equal to bp; that is, the 
resultant of the two forces cp, cp, is equal to the diagonal bp 
of the parallelogram, a. e, b. 

43. Thus have %ve, by a series of connected propositions, de- 
monstrated that which is justly reckoned the most important in 
the theory of Statics, and which is now commonly spoken of 
under the title of the FaralMogram of Forces. The demon- 
stration here given is commenced upon the same principle (38.) 
as that proposed by IT jllenibe?'t in the Memoirs of the French 
Academy for 1769: it was somewhat simplified by Francmur m 
his Mechanics ; but what is here offered, at the same time that 
it is more concise than the demonstration of Francoeur, is freed, 
it is hoped, from some objectionable positions into which that 
author has certainly fallen. This demonstration would mani- 
festly be the same in every step, supposing the forces to act in 
the directions pc, pc^ : so that the proof is general for the com- 
position of any systems of forces whether pressing, or impulsive, 
or attracting, or repelling, &c. Professor Robison, by inge- 
niously blending the Demonstrations of Bernouilli, D'Alem- 
bert, and Frisi, deduces the same conclusion by a series of pro- 
positions commencing with the case of two equal forces acting 
at right angles. See art. Dynamics, Supp. Ency. Britan. 
A demonstration passing from parallel forces to oblique may be 
seen in my edition oi Dr. HuttOTTs Course of Mathematics^ 
voL ii. The demonstrations by Laplace and Lagrange, though 
confessedly curious, depend upon principles too abstruse to be 
admitted, v/itliout impropriety, into this work. In order to 
facilitate the application of the Parallelogram of Forces, it will 
be proper to specify the most useful propositions and corollaries 
which immediately flow from it. 

44. Cor. 1. If two component forces are represented by the 
two sides of a irmigle^ the i^esuUant loill be represented by the 
double of the line drawn from the point where the forces act^ to 
the middle of the third side of the triangle. 

Thus, in figs. 3, 6, the resultant be = ^pb ; because the 
diagonals of the parallelogram cpc^r bisect each other, 

45. Cor. % If the angle at which two given forces act be 
diminished, their resultant will be increased^ and vice versa. 

For in the triangle CPC^, in which the line pb bisects the 
base, it is known that cp'^ + c'p^ r= ^dp" + £cd- (Hutton’s 
Geom. th. 38). Whence 2 bp^ n cp® + ““ 

= EP- zz 2cp® + 2c'p2 - dc®. But CP, and c-p remaining 
constant, the side cd will be greater or less as the angle crc^ is ; 
and since the square of ctf is subtractive in the above value of 
EP®,the latter will increase as the former decreases, and vice versa. 
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4(1 Vmuih Two given Jbrces pmhiti ike gnaiesi i^^fcci 
; when fJay/ act m ike mmedlrecimi^tmd ike least xcJmi ifay act 
iii opp*jntc mretihim. ■ 

For, ill the former ease the cliagoiial of the parallelogram lie« 
comes c-Hfual to the som of its' sides, and in tlie latter equal to 
their difference. The same 'conelasion may also be /lediiced 
immediately from art. 34. The conception of the student may 
lx* assisted by referring to figs. 8 and. 9. 

46. Frdc. If a material point he kept mequMibrio bp the 
simaiiaiurjas uetmi of three Jbrces^ those forces mil be 'repre^ 
scnfcil in nzagnitmle and direction hi/ the three sides of a /r/- 
angle riSpteihrlp jmrallei to the dbrciwm of the Jbrces* 

\\c\ when a eystem of forces sustaiiis a point hi eqiiilibrio, 
any one of i!;e ibree-q as that represented by or (fig. 10. pi. I.) 
is oqual and opposite to itp tho resultant of the others (fSo). 
Ibjt tlie resiillant of the two forces represented by cr and c'r, 
is represented by the diagonal oft lie parallelogram constituted 
# upon rr, ci\ (TF) and con'^oquently if pe lie ccpial to of, 
CR will be paiTdiel to ve\ Vfhence, it is obvious t.hat the three 
sides of* the triangle rcii are respectively equal to the three 
forc'cs o, e, v\ and parallel to the directions in wliicli they act. 

4T. Com 1. If a bod/ be kept in eqaililrrio hj three forces^ 
mul tico of them be represented in magnitude and direelmn bp 
txi'o sides of a iria-ngh\ ike third side taken in ordei\ will n- 
present the magnitude and direcimi of ike other force 

48. Cob. 2. Since the sides of triangles arc as tlie sines of 
the opposite angles, it follows that tchen three forces iceepupoint 
in eqniiibriOf each force is proportional io the sine of ike irngle 
made hp tke directions qf ihc other fzcxK ThiiS; in the forces 
represented in fig. 10. 

o : e : C : : sin vvd : sin orc^ : sin., ore : : sin fcr sin cb.:p 
■; sin CPiu ' 

49. Con. ri. If a maieriai point be kepi at rest bp threejmres^ 
and lines be drawn at right angles io the dircfiions in which 
tka/ ar/, and produced tiii ikepjhrm a trkmgkx the sides of this 
trkmghxeill he proporikmal io the respeei he forces ; or, if h'nes 
be drawn each malmig the same given angle, with the direct ions 
if ike Jbree.% the sides of the triangle formed bp these lines 
will lihezeise be proportional to the forces. 

For it may easily be shown that each of these triangles will be 
similar to the triangle formed by the directions of tlie forces. 


* Hence, and by the principles of Trigonometry, ive have, in %. 
10, rB=v^(PG®-bt5a*-“2pc . cb , cos cjss . fc^. 

cos CPC'). 
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50. Prop/ ^ when three given forces o, c, acting upon 
a point . "keep it in equlUhio^ right lines po, pc, pc', be set 
off from p proportional to the several forces and in their re-- 
spective directio7tSy the point p will be the centre of gravity of 
the triangle occ'. 

Produce op to R (fig. 11. pL I.) making pk =: op, then will 
PR be equal to the equivalent of the components c, c', and con- 
sequently it will be the diagonal of the parallelogram cpc'ii : 
wherefore pd, its half, is likewise equal to half op, and falls 
upon the middle of the side cc' of the triangle occ'. But when 
OF zz 2 pd, CD being c'd, p is the centre of gravity of the 
triangle. (See Art 114.) a. e. d. 

51. Prop. To find the resultant of any number (f forces act-- 
mg upon a poini^^ their directions all lying in the sanie plane. 

This is done with much facility by an obvious application of 
the parallelogram of forces : for since the united action of any 
two forces upon a point puts it in the same state as if their equi** 
valent had acted upon it, we may compound any two of the 
forces, and substitute their resultant for them ; this compounded 
with a third force will give a ne^v resultant; and this blended 
with a fourth force, another ; and so on as far as necessary. 
Thus suppose the resultant of the five forces represented in mag- 
nitude and direction by pc, pc', pc, p^?', and pc" (fig. 1^. pL I.), 
were required. First complete the parallelogram cpc'e, and 
instead of the coiiipooent forces pc, pc', make use of the result- 
ant FP^ : then take pr, pc, as components, and complete the pa- 
rallelogram rp{:pA so 'will pr' be the resultant of the two 
forces PR, PC, or of the three pc, pc', pc : again, take pr', pc', as 
components, and complete the parallelogram prc r : next, take 
the new resultant P 7 ', and the fifth force pp as components, and 
complete the parallelograni rrre"; so will the new resultant 
pr', be the resultant of the five original forces; and of con- 
sequence (35.) a force equal and opposite to Pr' will keep the 
equilibrium in the whole system. 

5% Cor. 1. Since cii is both equal and parallel to i^c', rr' 
equal and parallel to rc, ii'r to pc', &c. the resultant when the 
forces are all in one plane may be readily determined, by draw- 
ing consecutive lines, each from the end of the preceding, and 
having the directions and proportions of the several forces. 
Thus draw from c (fig. 12.) cii equal and parallel to pc', re' to 
PC, ii'r to vc\ rr- to Pc", and pr' will be the resultant, as before. 

53, Cor. 2. If any number of forces represented in mag- 
nitude and direction by the sides of a polygon taken in ordet\ 
act simultaneously iipon the same point of a body at y^est, they 
will keep -it at rest. 
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■Let PC, CR, 1111^5 E^r, ■rrVrt^' IS-), represent the forces; 
then, since the first -fiTe of these have p/ for tlieir equivalent 
(52*), atul r'p the fifth force is equal and opposite to lo'v it will 
preserve the equilibrium of the system (35.). 

5i. Prop. J &mglejhrce:7na^ h rimkml mi^Mumber^qf 
jhrees. 

Since any single force as pe {fig. 10.) is, the equivalent of 
the two forces pe, which are two contiguous sides of a 
parallelogram 'whose diagonal is pe; and since it ‘will likewise 
be the resultant of any two forces proportional to, and in the 
direction of any parallelogTani wdiicli has pe for a diagonal ; 
it follows that the single force Pii may be decomposed into as 
many pairs of forces as there can be described parallelograms 
having the same common diagonal, that is, into an indefinite 
number of such pairs. And since cither, or both, of these com- 
ponent forces may again be decomposed, in like manner, into 
two, and either of these again into two; it is manifest that the 
original force may in this way be conceived to be resolved into 
any number of others, ad Vibihim ; and these either in the same 
piano, or any others. 

55. Scholium. The preceding ]>roposition is useful in •what 
is called the lleduction of forces^ cr estimating their effects in 
any given direction. Thus, if it were recjuired to estimate the 
effect of the force pc {iig. 7. pi. I.) in the direction of the 
given line PR : construct the rectangular parallelogram Pc CD, 
and PC will manifestly be tlie equivalent of the two forces pc, 
and PD, of which the ionnor is perj^endicular to the given di- 
rection, and therefore neither promotes nor obstructs the effect 
of the force in that direction, so that pb is the aggregate of force 
in the direction pe. Of tins species of reduction many ex- 
amples will occur hereafter. 

56. Prop. The effeeLs- if forces when estimated m given di^ 
revtions^ are altered by eompositkm or resolution. 

Let the forces pc, ref, and their resultant pu, be estimated 
in the proposed directions px, py (fig. 14. pb L). Draw the 
various lines respectively parallel to px, py, as in the figure. 
Then, the force pc, when referred to the given directions, will 
furnish the components fb, nl; the force cii rr pc, the com- 
ponents €c, CE^; and the force pe gives the components pf, 
ff But the foraes pd, cc, being in opposite directions will 
have opposite signs ( q- and — ), and by reason of the [-iarallels 
BE, FR, "rf and dc^ /e, it will he fb — ce r: pb — bf 
rz PF, the effect of the two forces pc, pd, estimated upon py ; 
also pel + CE ss Fef + ^ rr if the effect of the same two 
forces estimated upon px ; aiici these, it is evident, arc likewise 
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the elFects of the resultant pk, when estimated in the same di- 
rections. In a similar manner the tru th of the proposition may 
be shown, for any number of forces, by compounding each pair, 
and tracing their simultaneous effects, in the proposed direc- 
tions. Q. E. D. 

CoR. If a system of equilibrated forces be reduced to any one 
direction, the reduced forces will be in equilibrio. 

57. Prop. To find the resvltmt of a ^stem of forces applied 
to one point and acting in the same plane, hy the metJiod oj 
rectangular co-ordinates. 

Let the three forces c, d, c", (fig. 13. pi. I.), solicit the 
point p, with energies proportional to pc, pc', pc", and in 
those directions: through any point a draw two lines xx’, 
yy', in any directions respectively perpendicular to each other; 
through p draw vd” parallel to xx' and pd parallel to yy', and 
resolve each of the forces into components respectively parallel 
to these co-ordinates; for instance, PC into pd, pd; pc' into 
pd', pd'; and pc" into pd", pd": set off ay and ax respectively 
equal to pd -f pd' + pd", and pd pd' -j- pd'_'; then complete 
the rectangle auxy, and its diagonal ar will represent the 
magnitude of the resultant of the system, and will be parallel 
to its direction. The truth of iv'hich is manifest, from the 
foregoing proposition and scholium. 

58. Cor. In the case of an equilibrium ar being opposed 
by an equal and contrai7 force, the resultant will be nothing, or 
zero: or when the several forces are reduced to the rectangular 
co-ordinates, the sura of the forces upon ay' which may be 
considered as negative, must be equal to the sum falling upon 
AY, and the sum upon ax', in like manner considered negative, 
equal to those upon ax. 

59. Scholium. In cases where accuracy is required, the 
student will find it necessary to aim at something further than 
a graphical solution ; to assist his progress, we, therefore, add 
a few algeliraical formulm which may often be advantageously 
applied. 

Let the angles which the directions of the component forces 
c, c', c", make respectively with the axis ax (fig. 13.), be a, 
a’, and a" ; and let the angle which R the resultant makes with 
AX be denoted by r. Then when each of the forces is re- 
duced to rectangular co-ordinates, we shall have (4<1 cor.') 

c =: — . c' = c" = whence c cos a, d cos a', c" cos 

ci', are equal to pd, pd', pd", the various components of these 
forces parallel to ax ; and, in a similar manner may be obtained 
c sin a, d sin as', c" sin a", the components of the same forces 
parallel to ay : the former of these acting in the same line, are 
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equivalent to a single tbreO' expressed hy their sum [using the 
word sum in the sense of the algebraists], that is, c cos a -f d 
cos d + *• latter are likewise equi- 

valent to a single force expressed by their sum, or c sin a + d 
sin d + d^ sin The two components of the resultant 

E referred to the same axis, are evidently e cos r and B sin r : 
consequently (56.) the following equations obtain : 

^ c cos a + d + = K’ cos r 

^ C c sin a -f- d sin d + d^ =: ii sin r 

If we denote the sum of the components in the direction of 
the axis ax by x, and the sum of those failing upon ay by 
the preceding will be represented in an abridged form, thus : 

■ , (II.) B cos r =: A’, R sin r 

When the system is in a state of equilibrium, the resultant is 
zero (58) : thus our first equations give for the conditions of 
equilibrium : 

/TTT \ 1 =: 0 I f c COS a 4* d cos d 4" d^ cosd^ 4" r: 0. 

^ j zz 0 j I c sin u 4* d sin d 4” d^ sin d^ 4- &c, = 0. 

In those cases where the equilibrium has not j>iace 5 it is 
easy to find the magnitude and direction of the resultant : fur, 
adding together the squares of the equations (II.) we shall have 
11 “ (sin* r 4* cos* r) = .^*4*^“? wlicrefore, because 
sin- r 4“ cos* r zz rad* = ] , we shall liave 

•) li ZZ 4 “^'? ^ 

which is, in fact, the well-known |>roperty of the right-angled 
triangle. 

Our second equations likewise give, by a simple division, 

(V.) . . . cosr r: — . . . sin r zz — . 

Or, if we divide the one of our second equations by the other, 
another equation will be obtained, by which w'e may determine 
the direction of the resultant ; for, since sin -f cos = tan, we 

have ■ (VL) . . . . . ' . tan r 

When only one of the equations (IIL) obtains, there will not 
be an equilibrium, but the resultant will be |}arullel to one of 
the axes : thus, if we have only z* == 0, this will give R cos r = i\ 
of course cos r zz 0, or r zz 180^: that is, the resultant is parallel 
to AY or jierpenclicular to ax. If only y z:: 0, the resultant 
will, in like manner, be parallel to ax. 

60. W e may deduce from the equations (I.) in the preceding 
article, two or three curious consequences ; which may likewise 
be found of utility in some subsequent investigations!^ 

Let us take in the plane of the forces c, d any point s at 
pleasure, and let the capital s denote its distance from p the 
point acted upon by the system, while the small s represents the 
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angle formed by sp and xa (fig. Ifi, pi. L). Now multiplying 
the first of the equations just referred to, by s sin 5, the second 
by s cos and subtracting, we have 

GS (cos ff sin s rw sin r^cos s) + c^s (cos a! sin s sin a!ms s) 

-j- C’% (cos a!^ sin s sin a!^ cos s) -f 5 (cos r sin s ^ 

sin r cos . 

But it is know^n (See Gregory's Trigonometry^ p, 42. 
Hutton' s CouTsey voL hi. ch. 3.) that cos a sin 5 sin a cos s 
= sin {a rsj s)y and the like of all the other expressions between 
the parentheses ; whence the equation becomes cs sin 
(a rv/ s) 4- c^s sin (a^ s) + (sin a" 5 -{- &c. zr. RS 
sin (r 5 ), 

Here the angle a s zz cps, and r s zz rps, ep being 
the resultant : wherefore, if upon pc the perpendicular S5 be 
deiiiitted, we shall have in the right-angled triangle msy ss 
zz s sin ^ 5 ;) and in like manner s^' rz s sin (rf s) the 
perpendicular let fall upon pc^, and soon. If, therefore, we^ 
call the perpendiculars from s upon the several directions of 
c, cV &c. p^p^y &c. and the perpendicular upon the re- 
sultant, c, the preceding equation will be transformed to this : 

(VILV ... . cp -f cy + -l- kc. zz no. 

Hence, if we use the term moment in the sense of art. 31. 
this equation will furnish the following theorem. 

The moment of the resultant of a system of fovcesy disposed 
'm the same planey and directed to one pomty is equal to the sum 
of the moments of the components. 

By the sumo? the moments is here meant their aggregate 
when incorporated according to their signs, using the affirmative 
sign for the moments of those poivers which lie on one side of 
the point s, the negative sign for those which are found on the 
other side. Or if the point s be considered as fixed, and the 
lines S5, &c. as inflexible rods, the action of each of the forces 
upon the point m will tend to make it turn about s viewing tiie 
matter thus, the positive moments will be those of such forces 
as tend to produce a rotation in one sense, and the negative mo- 
ments, of those winch tend to produce motion in the opposite 
sense. Tlie previous deduction may, therefore, be stated thus : 

When several forces in the same plane are applied to a 
particle of matter y the moment of the resultant is equal to the 
Civeess of the sum of the moments of* those forces xoliich tend to 
produce a rotatioii in 07ie directiony over that of the moments of 
such as tend to produce r'otatioii in the contrmy direction. 

It must be observed, however, that the idea of rotation in- 
troduced here, is merely called in for the purpose of assisting 
the student in determining the signs; but is no essential part of 
the principle. 
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(iL The eqiiatiou (VIL) will in two eases assume this ibrin : 
(VII. 24 . • . cp ey + cy + &c.z: 0. 

That isj 1. When e rz 0; or when the system is in e£|uili- 
brio, 2. When rr. 0; tliat is? when the point s is taken on 
tlie line of direction of the resultant. Hence it appears, that, 

IViv sum of the moments qfjbrccs ichieli tend to produee ro^ 
taimi in one dhedion^ is eqimi io the sum of the moments of 
jbrees tehieli teml to produce rotation in a coninap direction^ i. 

the forces are m cqmlibrio ; 2, reheu ike momtoifs are 
ialrn leiih niation to some point in the direeimn of the resultant. 

C)2. To illustrate the use of the formuhe ibr llodinjir the re- 
sultant of a system of forces, we will now projwse an instance: 

Let ike forces c, C'.', {Jig. 13. pL L) Le njorsenied bp i.le 
mmhers 30, 25, and 20, and f being the poini u'dcd upon, kt 
the angles made bp their directions^ be ctc' =: 30’, rmd 
dvtf zz 28”; it is jjroposed iojimlihe magnitude and uin ciiun 
if ' the equivaieni of thcsip forces. 

If we suppose tlie direction c^'p to make an angle u( kW 
with the assumed axis ax, then w^ill the angles which the se- 
veral forces make with that axis, be 78"^, 48** and tiOk Where- 
fore, using a table of natural sines, &:c. we shall have c cos/z + 

cos rf + cos d‘ zz 30 sin 12-' -f. 25 sin 42' -f 20 sin TO’ zz 
(30 X .2079117) 4- (25 x .6691300) 4 (20 x .9396926) -4 
41.759468 = ii cos r = x ; and c sin a 4 d sin d -p =z 

30 sin 78^ 4 25 sin 48^ •+• 20 sin 20^' = (SO x .978147(5) 4 
(25 X .7431448) 4 ( 20 x .342 0201) zz 54.7(5345 zz r sin r 
zz p. Then R zz p w- +y- zz 68.86857 the magnitude of 
the resultant; and-( zz: 1.31140203 zz tan 52P 40’ the an- 
gle which the resultant makes with ax ; this lessened by 48', 
leaves 4® 40’ -f-y zz the angle c'pr between c"f and cpI Or 
when the direction of the resultant isdcterniiiied, its niagifUiule 
may be found witliout the extraction of roots: for, (V4 since 

sin r ZZ-- we liave ii zz -f- zz 08.86S37, as lieftjre. 

To show that the same result may be obtained ahliough thc^ 
position of the co-onlinates ax, ay, be elninged, suppose 
AX to coincide witli c'h>: then c cos a 4 d cos 4 if' cos id 
zz 30 sin 32^ + 25 sin 62^ 4 20 rad = 5T.97L2{;;) .zz ant! 
c sin a 4 d sin d 4 d^ sin ed zz 30 sin 58'-' 4 k5 sin 28 ' 4 520 

sin 0° = 37.178233 = i/. Hence = .6413332 = ton 32> 

40' -14, which lessened by c'Vc’ gives 4'’ 40 = c'pr, ami 

t/ “ sin 32“ 40'|.g- = 68.86857, the resultant: agreeing with 
the former. 

63. To be convinced of the simplicity of this riieduxl of 
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finding the inagiiitiicle and direction of the resultant, in cases 
where the forces meet in a point and are disposed in one plane, 
it is only necessary to compare it with the common method. 
Now, if the resultant of forces were determined in the usual 
way, the process would be this : Suppose fc, pc' (fig. 16. pi. I.), 
to represent the magnitude and direction of two of the forces: 
then letting fall ce and iiP perpendicularly upon PC, we should 
have rad : cp : : sin p : ce : : cos p : pe ; and pf ( = pc^ 4- fe) 

: rad : : rf (= ce) : tan epf ; also rad : pf : : sec rpf : pe. Then 
taking PR, and Pc", for the two forces of given magnitudb and 
directions, four more proportions would determine their re- 
sultant: and ill like manner four others would be necessary for 
a fourth force, and so on : whereas, by adopting the method 
just explained, there is but little more labour necessary to de- 
termine the resultant of five or six forces than of two. 

11. OF forces directed to one point, but not CONFINED 
TO ONE PLANE. 

64. Prop. If three forces are represented in magnitude and 
direction hy ike three edges contiguous to the same angle of a 
^MraUelopvped^ their equivaletit tciU he represented in magnitude 
and direction by the diagonal drawn from that angle of the 
solid. 

Let the three components soliciting the particle p be repre- 
sented by PC, pc^ pdr (fig. 17. pi. L), and let the parallelopiped 
be completed. The equivalent of the two forces c and will 
be pr; we may, therefore, substitute pr for those two forces; 
but since the plane in which are the parallels c'^p, Er, cuts the 
two parallel planes bd, cd, the lines d'E, pr, in which it in- 
tersects them will be parallel (Euc. XI. 16.) ; and consequently 
d^prE is a parallelogram: wherefore, compounding the two 
forces PC'^, pr, we have pe the diagonal of the parallelogram 
cV, or of the parallelopiped BDr, for the equivalent of the three 
forces c, c' ck g. e. d. 

65, Cor. Hencc^ if four forces act upon a particle in dif- 
ferent planes^ and keep it in equillhrio^ they are to each other 
in magnitude and direction as the three edges and the diagonal 
of a paralleiopvpcd^ constructed upon Imes respectively parallel 
to the directmis of the forces. 

For a parallelopiped may be constructed so that its three 
edges contiguous, to any one angle, shall have magnitudes and 
directions analogous to any three of the four forces ; the dia- 
gonal of this solid wall, by the prop, be the equivalent of those 
three forces : and since in the case of an equilibrium the fourth 
force (35.) must be equal and opposite to the equivalent of the 
Ollier three, it may be represented by the diagonal of the solid. 
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C6. Cor. 2. Henee;i likewise, an^nu^nber ofjbrees tchaievcr, 
acimff 'Upon a parikie im different phne*s\ map he compounded 
bp palm till there rernam either i'lxojhrees hi the mme p!am\ 
or three hi different pkmt% mid of fha^e the residiant map he 
found cither bp art, 42 . or hp tins proposition, 

67. Cor. 3. And lienee, conversely, a single force may be 
resolved into three forces, in different planes, and each of these 
into other forces in the same or other planes, each oi‘ these 
again into others; the resolntion admitting of being carried on, 
ad inffnitum, 

68. Prop. If three forces in anp one jihinc arc In eqaUihrh, 
mul these are reduced to anp other plane, the reduced fares icil! 
Ukezcke be m erpiMbria, 

Let the tliree forces o, c, C' (fig. L ph IL), reprcseiiteil by 
OF, CF, th\ m the plane occ^ he in equilibrio, caul kt them lie 
reduced by perpendicalars to the plane then shall tlie re- 
duced ibrees op, vp, cp, be in equiUhrio. For the lines oo, rp, 

cc, dd, iir, being all perpendicular to the same plane are pa,- 
rallel to each other; 'and because ci% itc', are equally ineiined 
to the |)lane l . m , they are equally inehned to the lines ep, re, in 
that plane ; hence cf : ep : : Re : rd, and by permutation cf : iic^ 
::cp : rd : : 1:1 ; in like manner it may be shown that er is to 
pd in a ratio of equal it}" ; and consequently jimF is a parallel- 
ogram: thus also, since op n: fr, op c=:j}r: whence op being 
equal and opposite to the diagonal of the parallel agraoi offerees 
cpdr, the reduced system., is in equllibrio. a. i:. d. 

69 . Prop. To find theremdiani of a spslem cf forces applied 
to one point, but disposed in different planes ; hp (he met hod ff 
recta ngidar co-urdimites. 

Here the process will be similar to that dcr'cribed in art. o7, 
and may be explained by a reference to the ^«ame fiFure (hg. 
13. pi. L): in which kt* the three forces, e, diretled to 
the same ]>Dint but not in the same plane, he repiv.-i‘!iled by 
PC, pc', supposed not in the same plane: tluanigh an 
assuinetl point a draw" any two lines vv‘, perpendicular 
to each other, and suppose anolher line az drawn through a 
perpendicular to the plane of the figure; the.ie \a!! be the co- 
ordinates to which the forces are to he reierred. Throiigls f 
the point of application of the forces, let fme^ fd, i*d, 
be drawn parallel to the respective co-ordinates: to each t)!* 
these lines refer the component forces, by perj3e!idicu!ars cd, 

cd, ci, cV, cVF, e^-, &c. and the suhis fb -p pb^ -f pd'7 
led 4- rr? + p#, -f + ?■?■, will denote the eciuivalcnts of 
the three original forces, upon tlie edges of the rcciaiigiilar pa- 
yallelopiped ; whence the diagonal t>f tluj p:mil]clopi|')ec} whose 
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sides are expressed by these sums represents the magnitude and 
direction of the resuftant sought. 

70; ScHOL. In this case of iilany^ forces in different planes^ 
tlie algebraic method of solution will often be peculiarly use- 
ful ; and it will be easily understood, being an obvious exten- 
sion of the fomiulse applied to forces in one plane. Thus, let 
the component forces which we call . . . c, &c. 

form with the axis ax (m) the angles . . . < 2 , d\ &c. 

with the axis ay fyj . . . . . . . . 6, h\ &c. 

with the axis AZ (r^) . c, c\ &c. 

Each of these forces being decomposed into three others, of 
which the directions are parallel to each axis, it has been shown 
(59.) that for components parallel to these axes, we have 
Of X . ; . . . . . . c cos d cos d^ cos d\ &c. 

y . . . . . . . . c cos by d COB b\ d^ cos &c. 

's . . c cos Cy d cos dyd^ COB dy &c. 

These groups of forces are each equivalent to a single force, 
reru'esented by their sum, acting in the several lines to wdiich 
the original forces are referred ; so that we have for the com« 
pooents of the resultant parallel to each axis, as below : 

X =: c COS a + cos d + d^ cos d' + &c. 

y r: c cos h + d cos d d- d^ cos -j- &c. 

*z :=! 0 cos c + cos d -f cos d + &c. 

Now denote by /*, r\ dy &c. the unknown angles formed by 
the direction of the resultant and each of the co-ordinates, and 
E cos r, R cos r', r cos will represent the equivalents of 
this resultant in the several directions of the axes: hence, we 
have , 

£ R cos r zi X. 

(ii.) . . , . < R cos d z=. y. 

c R cos t' = s. .■ 

When the system is in a state of equilibrium, we have r r: 0, 
so that the equations expressing the equilibrium are 

Ta? z: c cos a + cos d -f d^ cos d^ -}- &c. z: 0. 

(in.) , . < j/ z: c cos h q- cl cos V 4- d^ cos W -f &c. z: 0. 

\% z= c cos 'c -f , cos e^ + d^ cos d + &c, z: 0. 

If an equilibriiim does not olbtain in the system, the magnitude 
and direction of the resultant may be deduced from the three 
equations (ii.), for by adding together their squares, we have 
R“ (cos r -f cos d + cos d) =: But when r, dy 

and dy are angles made by any line, and three rectangular co- 
ordinates, it is known that the sum of the squares of their co- 
sines is equal to unity : therefore, 

Or, referring to fig. 17. pL L and conceiving the parallelopiped 
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reetaiigtilar^ and pc vd zz fc^ r= we luive (Euc\ L4T.) 

zz nf *■1” c?"^ zi . 1 - 4- ?/% and pr’* =r f/** 4 ni^ rza* +;?,« 
rs whence r is foundj as abave. And witli respect to the po- 
sition of the resultant, that is easily dcternnned; for from the 
equations (ii.) we deduce 

fv.) . . cos r z:— * .. cos =; — ,, . ■ cos, r ' = "'■■* 

^ ^ E 11, ■ ^ II 

When either of the quantities in equation (iif? become == 0, the 
consequences are similar to those we traced with respect to 
forces disposed in one plane: thus, if the equations take at once 
this form,— 

,v zz II cos r n 0, p/ E cos t\ z zzzn cos rz 
it is then manifest that cos r = 0, or that r is a right angle ; ui 
that the resultant is sitoalcd in a plane perpendicular re the 
axis AX. If we have, at one and the same time, 

X zz cos r ZZ- % y zz: cos zz z zz. cos 
it will be obvious that the direction of the resultant is perpen- 
dicular to AX, Aiq and parallel to az. 

III. op forces situated IX OXC FFAXE, 1U!T AFFIVIEI) TO 
BIFFEREXT POIXTS OP A BODY. 

71. Prop. If ixco parallel forces act perpehiJkularly tipon a 
right Ihic^ in the same dhretion^ their resultant is parallel to 
tkaUf 6]ual to their sum, acts in the same direction^ and divklcs 
the line (f application into two parts xzkich are rcciprocaily 
proportional to the componc?iiSm 

Let the two .forces, .e, c', acting in .the, directions CF, c’p^ 
(fig. 5^. pi. II.) perpendicular to p?', be those whose equivalent 
is sought. Conceive any two forces c, c\ equal to each other, 
to act in the opposite directions er, cf\ opposite to each other ; 
and it is obvious tliey will cause no change in the state of the 
system: therefore, if r the resultant of c and e act in t!ie di- 
rection rp, and d t!ie resultant of c', c% in ibo direction r p, 
the lines rr, / iq when produced, will intersect in a point a, 
through wliicii iip^ ilie tiireciion of the resultant of i!ie compo- 
nents c, (f, must fikewise pass. This granted, through a, tlie 
pohiiof concourse of rp, rp, dra^v bb, Ap, respectively perpen- 
dicular and parallel to t!io directions of liie original furces, and 
decompose each of the forces Fjr', into two others acting in t!ie 
directions BA, pA, and ba, |?a. Now, since the circumstances 
of the resolution of r, and t\ are the same in a as in iq p', 
(32.) the force r acting upon a will be decomposed into the 
two, e acting in ba, and c in pA ; and the force r* acting upon 
A will be resolved into d ^ting in da and d acting in pA. But 
the two forces c, being equal and opposite are annihilated. 
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therefore R the equivalent of c and acts in a parallel direction 
R A"' and is' equal to their' soiii. 

Again to determine the point p in pp through which the re- 
sultant passes : since r is the equivalent of c, and c, it follows 

(59. VI*) that the angle rpc has —for its tangent; while in 
the triangle ppA, ive have tan pa/? rr tan rpc r: 
thus n and e Proceeding in a similar manner^ 

\?e have r= andc^=:^^^. But;> by hypothesis c zzc^; 
consequently c,i?p = d and pp : dp : : d : a q. e. b. 

72. Cor. 1. IVhen time parallel Jbrces acting perpeiidicu-^ 
lari}/ upon a right line heep it in equiltbrio^ one them will 
act in a direction opposite to the other two^ and it will be equal 
to their stem ; and anp two of them xmllbe to each other mvet'sely 
as their distan cesfrom tli e point to wMch the third force is applied^ 

For the third force a must be equal and opposite to the re- 
sultant R of c, C', and must be applied at the same point 
And since c oc and c' oc pp, a = c + c' ivill a pp + pF 

PF^. That is, a : c : d : i pf^ : dp : pp, as affirmed in the 
corollary. 

73. Cor. 2. When two component forces act in conlrary du 
rectionS) their resultant is equal to their difference^ amd is applied 
at the same pomt as the power which establishes the equilmrium. 

Thus the resultant of the forces a and c (fig. £. pi. IL) acts 
at the point c* and is equal and opposite to 

74. Coe. 3. The equivalent of any number of parallel forces 
acting perpendicidarly upon a line will be equal to their sum 
when they act the same way ; or to the excess f the sum of those 
,z&hich act in one direction above those which act in the contrary 
direetiony when they act conirarily: and to find their point of 
application compound them, two by two, as in the proposition. 

75. Coe. 4 If a right line be kept in equilihrio by any 
mmber of forces acting perpendicularly either at the samc^ or 
at differe7it points^ the sum of all the forces actmg on one side^ 
will be equal to the smn of all those acting on the other, 

76. Prop. The mome7it of the resultant of two parallel 
forces taken icith relation to any point whatever in the sazne 
jjkme is equal to the sum cf the mome^iis qf the components, 

I. Let c, and d (fig. 3. pi. IL), be two forces acting in the 
parallel directions cp, c'f, and s any point taken in their 
plane: perpendicular to cp, dd^ draw the line spp', and 
consider p, d as the points of application of the forces. The 
resultant E being directed towards q, we have (71.) c x Fa 
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;= c^ X p^Q,. Now ii X sa = (c + c^) x so. n (c x sq) + 
(e^ X sci) and sa ::::= pq + sp = sp' — p^o,: therefore, by siifa« 
stitiitioii, R X SQ r: c . pa + c . sp + c^ . sp^ •— d\ do, =: c . sp 
-1- d . spVI^scause c .Fa — d * da = 0. 

2. If instead of taking s out of the space included by gp, dd^ 
we take a point between those lines, the same thing will 
hold, using the word sum in the extensive algebraic sense (60.). 
For, in that case, we have again, r x s'a = (c +■ d) x da = 
(c X s'q) + (d X sa). But, as we have s^a = sV — p'a r: pa 
— py, we obtain by substitution, r x s^a — c x (po — ps') 
+ x (s^p^ — p'a), and because c . fq - . p’a = 0, we have 

R • s'a ~ d . sV — c . s^p. 

77. If we denote as in art. 60. the perpendiculars from s 

upon the directions of c, c', and r, by we shall have the 

equation r^ zi: cp I- c^, corresponding with the equation (VII.) 
ill that article. So that the consequence stated there, has 
equally place here, and the observations relative to the positive 
and negative signs, are equally useful in both cases. 

78. Since a force o equal and opposite to the resultant ii, 
acting at the point a will sustain the system in a state of equili- 
brium, we have o — R, and the preceding equation assumes 
this form : 

Rp + C6* + dc’ zz 0. 

Consequently, m'J^en three parallel forces are m equilibrio^ 
the S2im of their moments with respect to any point in the same 
plane^ is equal to zero. 

79. Drawing from the point s (fig, B. pi. II.) any right line 
whatever and supposing the three forces c, cV o, which 
are in equiiibrio, applied at the points p, y/j g', we have, by rea- 
son of the parallels, sa : sp : sp^ : : sy : sy? : 9>pK But the equa- 
tion of the moments (78.) is o . sa + c . sp d , sp' zz 0 : in 
which, substituting the consequents of the proportion for the 
antecedents, there results o . sy q- c . s;? -f c . sy?^ zz 0 ; whence 
it follows, generally^ that the resultant of two parallel forces 
divides any right line to the eMremities of which they a^'e ap^. 
plied into parts reciprocally as the forces : and moreover that 
the results in arts. 71 .... 75. are applicable to all parallel 
forces acting upon one line, without regarding the angle that 
line makes with the direction of the forces. 

80. Prop. When a given power acts upon a certain point in 
a lincy to determine its effects upon any other two points in the 
same line. 

Let the force R act upon the point y, it is required to de- 
termine the efibrt exercised upon the points p, ff (fig. 3. pi. II.). 
This is nothing else than to resolve the force e into the two 
parallel components c, acting at the proposed points. Con- 
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sequently we nmst iiave c + e, arid c : : : qp^ ' qp i 

whence, c 4- c : c • • qp^ qp { = fp^) ' qp\ and c =: 

^r. In like manner we find c' 

PP pf 

81. Scholium. We may now deduce, from what is gone be- 
fore, a few theorems, which will be of utility in inquiries re- 
specting parallel forces in one plane. Thus let c, c\ c% Sic. 
constitute a system of parallel forces acting in one plane, r their 
resultant, p^ p\p\ &c. the perpendiculars demitted from any 
point in the same plane, upon the directions of the several forces. 
Then with relation to two forces c, c^, we have n zz c H- c'', 
and Rp ~ + cy, for the equations by which we may deter- 

mine the magnitude and position of lu Substituting for the two 
forces c, if, their equivalent r, and compounding this with the 
third force, we find the new resultant, by means of the equations 
R' = E 4- d' and R-y = -f c/'p'V or, 

(I.) R^ c 4 d 4- d^ 4“ &c. and zr c/? 4- dp^ 4" + See. 

And thus we may proceed with other forces. 

When the forces are in a state of equilibrium, the equations 
become 

(II,) . . . c 4- d + d’ + kc, = 0. . , cp 4- cp' 4- 4- &c. zi 0. 

When the equilibrium does not obtain, the first equation (I.) 
determines the magnitude of the resultant : its direction will 
evidently be parallel to those of the components, and its position 
will be determined from this equation : 

cp + c'p' 4 - c'^' -H <Jy. cp -T Cp* cy 4- 

: , c, .4“’ cW'c" + '<!'<?•; 4' ;'::4 

In these equations we consider as negative the forces which 
act in a contrary dmection to those wdiich we reckon positive : 
and if r come out negative, the resultant of the system will be 
a force acting in a contrary direction to the forces we account 
affirmative : if f be negative, the resultant must be disposed, 
with regard to the origin of the moments, on the side opposite 
to that on which the forces are whose distances fi'om this point 
we considered as positive. 

81 A. Prop. To find the resultant of any number of forces 
acting upon different points of a body ^ their directions being all 
in the same plane. 

This is performed very readily by a graphic process similar to 
that described in art. 51. Thus, let any two of the forces be 
taken, and, prolonging their directions, conceive them to be ap- 
plied at their point of concourse and find their resultant by 
means of the parallelogram of forces (4^.). Compound this ia 
like manner with any one of the remaming forces ; and so on : 
the magnitude and direction of the diagonal of the last parallelo- 
gram, will show the magnitude and direction of the force equi- 
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valent to the several components. For an examp.le, let it be 
proposed to find the equivaieiit of tlie three forces 
acting upon the bodjr ab (fig. 4. pL II.) in the directions cr, 
c^p ^5 and with intensities proportional to those lines. 

Produce cp, cV, till they meet in and on those directions 
set off BE, BF, respectively equal to cp, cp^: complete the 
parallelogram ef, and its diagonal will represent in magnitude 
and direction the equivalent of the two forces c, d. Then pro- 
duce OB till it meet cV produced in d ; make de — bg, and 
df = p^^c '^5 and complete the parallelogram ej\ Lastly, pro- 
duce the diagonal dg\ till an is equal to it ; so will ro show 
the magnitude, position, and direction of the force equivalent to 
the three components c, and dL 

82. Prop, Wke?i three forces in the same plane^ acting 
upon different points of a body ( considered as mid cf gravity) 
Iteep it in equUibrio^ they are such as would balance if applied 
to one point ; their dmctiojis contmumg parallel. 

If the forces c, d, o, (fig. 5. pi. II.) which act upon the 
body AB, at the points p, p^ q, in the directions cp, c'p^ oq, 
with energies proportional to those lines, keep it in equllibrio, 
they would balance if applied to one point. For, producing 
two of the directions, e. g. cp, dd^ till they meet at a point b, 
making ed, fd, equal to cp, c'p^, respectively, and completing 
the parallelogram ef, its diagonal gb will represent the mag- 
nitude and direction of the equivalent of the components c, d. 
And since no single force but one that is equal and opposite to 
the resultant of c, c^, can keep them in equilibrio, the direction 
of the third force o must pass through d, and its magnitude 
OQ. must be equal to ^b, or i)G. q. e. b. 

83. Coii. 1. Any tw f these forces are inversely proporti07ial 
to the perpendiculars demiUed upon their respedlve directions^ 
from the point qf application of the third force^ or from any 
point m its direction. 

For (48.) o : c : d : : sin end : sin obc^ : sin OBC (fig. 6. 
pi. n.) And if we produce the directions of any two of the 
forces as cp, dd^ and upon them let fall from q, the point of 
application of the thircl force, the perpendiculars qk, qi, or 
from any other point q in the direction of that force, the per- 
pendiculars qh^ qif these perpendiculars will be to each other 
as the sines of the angles qbk, qdi, or as the sines of the sup- 
plemental angles obc, obc'. Wherefore c : : : qi : qk : : 

qi : qk, 

84. Con. 2. When four forces are in equilibrio by the inter- 
vention qf a solid hody^ they are such as would balance each 
other if applied to one. point. 

^ Thus (fig, 5* pi. li) the four forces c, c', c*', which 
when the parallelograms of forces are constituted on the re- 
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spectlve directions, give the equal and opposite resultants 
GD, ng, are in equilibrio whether the points of application he 
p, p' p''V or whether they ai'C blended in n. 

85. Cor. S, When any numher of forces are in equilihrio by 
the intervention of a solid hody^ they v:i(Mld balance each o 

if applied at one point. For either the lines of directions of aU 
the forces will meet in one point when produced, or they will 
meet in different points forming so many systems in equilibrio; 
and all these systems when applied to one point, are in eqiiili- 
brio, by art. S7. 

86. Prop. If a body ab (fig, l,p)L II,) be sustained in 
equilibrio hy the simuIta?ieoiis action <f several forces c, c^, 

in one plane^ their quantities and directions being repre-^ 
sen ted by op, dp^ cutting any line Aes. drazon through 

the body, in the poirds ^c, and f lines cs, c's^, 

be dr axon parallel to each other from the points, c, cV 
until they inter sect the line ax ; then, L the sums of the por- 
tions PS, p^, p's', and vs\ p"s", ^V, estimated in contrary direc^ 
tions, must be equal, %, The sums of the parallel fojxes on 
each side ax, i, e, cs, + dd + cW, and cs -P ds' must 

be equal, 3. The sims of the moments on each side from any 
point A, i e, ap . c + ap' . d + ap" . d^ md ap . c + ap' . d + 
Apd , d\ must be equal. 

Conceive the various parallelograms of forces to be con- 
structed as in the figure, then will the force represented by cp, 
be the equivalent of dp, sp, the force c'p', the equivalent of 
dV, s'p', and so of the others. And it is evident that the forces 
PS, p‘s', &c. must make up equal sums in the contrary direc- 
tions, otherwise, instead of the system being at rest, it would 
move either in the direction of ax or of xa. And with respect 
to the parallel forces DP, d'p', &c. or their equals cs, c's', &c. 
they fail under the deductions in arts. 75 ... 79* Whence the 
truth of the proposition is manifest. 

87# Cor. If we consider the forces reduced to ax to have 
either positive or negative signs according as they act towards 
or from A ; and the parallel forces on different sides of ax to 
have contrary signs : then will the sum of the forces reduced to 
ax, the sum of the parallel forces cs, c's', &c. and the sum of 
the moments of the forces with respect to any point on ax, be 
each equal to nothing. 

88. ScHOL. Since the preceding proposition is true, what- 
ever direction the parallel lines cs, c's', &c. make with the 
assumed line ax, we may readily deduce from hence ^ the 
formulfB for several forces acting at different points in various 
directions in the same plane, according to the method of rect- 
angular co-ordinates. To this end, let cs, cV, &c. (fig# 7.) 
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be perpendicular to ak, and let the ordinate ay be drawn 
parallel to cs. Then if the angles which the directions of 
the forces c, &c. make with ax, be denoted by a, a!, d'. 
Sec. and the angle made by n the resultant with the same be r ; 
also if the Is from a upon cp, dp, cV, &c» be represented 
by jp, p\ &c« we shall have sp n c cos a, sV d cos d, 
&c. and cs =: c sin a, dd rz sin d, &c. And in the case of 

an equilibrium, we shall have the following equations, the re- 

sultant being absolutely nothing. 

^ c cos a + "d cos d -f d' cos d' + &C* = 

(I.) . 4 c sin a 4- d sin d + d' sin d^ 4* &c. r::y =: 0. 

{_cp A- dp + dp + &c. 3 ; r: 0. 

These equations are (like those in arts. B% 70, 81,) each 
composed of as many terms as there are forces, unless one of 
the forces should have its direction coinciding either with ax, 
or ay, or parallel to either of them, or passing through a their 
assumed origin ; when one term will manifestly vanish, in the 
corresponding equation. 

89. If the system of forces is not in equilibrio, the subse- 
quent equations will assist in finding the resultant, its mag- 
nitude, and its point of application. Besides the above cha- 
racters, let p denote the perpendicular hn (fig. 7.) from the ori- 
gin of the axes upon the direction of the resultant: then, since 
an equal force to the resultant applied in a contrary direction 
restores the equilibrium, making it to subsist between c, c^, &c. 
and — R, by introducing the expressions — R cos — r sin 7*, 
and ~ Rf, into the equations, we shall get, 

(11.) , . R cos 7’ zz .r, . . Rsinriz?/, . , ro ir tt. 

Adding together the squares of the two first of these, there will 
be found 

(III.) . . . . R ZZ \/ 

And from the equation (11.) we deduce, by division, 

(IV.) . cos 7 ^ zz — , . sin n — . . tan r n — . . p zz | 

Of these equations III. determines the magnitude; either of the 
first three of IV. ascertains its direction, and the last gives the 
perpendicular distance of its direction from the origin of the 
ordinates. Thus, drawing a line A 7 i zz ^ , making wdth ay an 
angle zz r, and drawing 7 iq perpendicular to A7^, the line nqii 
will be the position of the resultant ; any point in this line may 
be considered as the point of application : the signs of 7 * and of 
f, will determine on which side of ay and of ax, the line a7J 
must be drawn. 

90 . When the three equations (88. 1.) all obtain at the same 
time, they denote that a system of forces disposed in the same 
plane, but not concurring in the same point, is- perfectly in 


CHAP.: II. 


PAIIAX.LEL:F011CKS'.IN '.'PIFFERENr PLANES. 57 


equikbrio : but it will not be entirely uninteresting to consider 
what will be the eonsequence when all three have not place at 
once. When only the first, or the second exists, we may apply 
the remarks made at the end of art. 59 ; so that it only remains 
for us to examine^ here, what will occur when the third only 
exists. Thus, if instead of the system being in absolute equi- 
librium, we have the three following equations : 

B cos r zz X, B sin r =z j/, 

_ q? + 4. cy + 

Here Bp 0, gives p zz 0, that is to say, the resultant passes 
through the origin A of the co-ordinates : it is obvious that if 
that point in the system is fixed, this resultant ought to be anni- 
hiiated, and that there is an equilibrium whatever x and 3 / may 
be* The equation cj; 4 cy 4 cy 4 See. = 0 , therefore, 
suffices solely to Indicate that there is an equilibrium, on the 
supposition that the origin is a fixed point: and hence 

In order that a system of forces disposed m the same plane 
he in eqtdlibrio about any fixed pointy it will be stifficient if the 
sum of the moments f iJie forces^ with respect to this point, he 
ecpial to zero. 

Supposing that a body subjected to the action of several 
powers is retained by a fixed point, it follows necessarily that it 
can only have a motion of rotation about this point: if, there- 
fore, the equilibrium does not exist, neither can the resultant 
pass by this point, nor can we have cp 4 dfi 4 cy 4 &c. zz 0 . 
Hence, when tt zz 0, there can be no rotatory motion, and when 
both X zz 0 , and 2 / zz 0 , there can be no rectilinear motion. 


IV. OF FORGES NOT CONFINED TO ONE PLANE, AND DI- 
EECTED TO VARIOUS IWNTS OF A BODY. 

91. Def. Any point in a system of parallel forces, through 
which the resultant passes, and which retains the same place y 
although all the ^forces change their directions, provided they 
continue respectively parallel, may be called the Centime of 
Parallel Forces. 

9^. Prop. To findy by a graphic process, the resultant <f 
any number cf parallel forcesy however disposed. 

Conceive any plane to be intersected by the directions of the 
several forces, and the points of intersection to be joined by 
right lines falling on the plane. Then, by the method already 
given (71 , 79.) find the resultant of any two of the forces and 
its point of application at the imaginary plane : then take this 
resultant and its point of application, and in like manner com- 
pound with a third force, and ascertain their resultant and its 
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point of application : let this new resultant be com]30untled 
with a fourth force, and so on through the whole. Ihus, for 
example, let the five forces represented by c, c\ c, have 

p, p^, &c. for their points of application in the plane 

(fig. 8. pi. II.) In the right line pp^ make pg^ : gr' : ; c/ : c, 
and q will be the point of application of n =: c 4" 
sultant of c and Join the points g, v\ in the same plane, 
and make ; g'p'^ : : : R, then will g' be the point of appli- 

cation of the new resultant r^ rz n >-{-■ zn c -j- d 4" Again, 
for the fourth force d^\ join and make g^g^^ : i : 

r'', then g'^ will be tbe point of application of the third re- 
sultant r" z: 4" zi c -h d d' + Lastly, join 

and make g''g‘^^ : g'^^p : : c : R^', then will g^'^ be the point of ap- 
plication of the resultant vF n 4“ ^ ^ 4" ”1“* 

Had any one or more of these powers been exerted in an oppo- 
site direction, as for instance d^ and c, the point of application 
of the resultant would still have been the same; but its 
magnitude would then have been c 4” — d^ 4" 

evident from art. To. 

93. CoR. 1. If the components c, d, d', 8cc. all change 
their directions in such a manner as to remain parallel to eacli 
other, their resultant will still be applied to the same point in 
the plane ppV^ or, if all the powers change their magni- 
tudes in one and the same ratio, although the resultant will un- 
dergo a corresponding mutation in its magnitude, its point of 
application will still be the same ; and will, therefore, be the 
centre of parallel forces in the system whose variations are thus 
regulated. 

94. Cor. % Hence it will be easy to put any system of 
parallel forces into an equilibrated state : for it requires nothing 
more than to find, by this proposition, the magnitude and point 
of application of the resultant; and then to apply an equal 
force to the same point in an opposite direction. 

95. Scholium. Here also it may be proper to deduce a few 
general theorems which may be useful in future inquiries rela- 
tive to parallel forces however disposed. For which purpose 
let us begin with three parallel forces c, d, d^, in a state of 
equilibrium, which, it is obvious, must necessarily be in one 
plane: let yax (fig. 9. pi. 11.) be the plane of the rectangular 
co-ordinates to which we mean to refer; this plane must be cut 
(Euc. xi, 3.) by the plane in which are the directions of the 
forces, in a right line, suppose Acdd^ in the figure; in this 
line let c, c', d', be the points where those three forces are 
applied in the plane of the axes. From any point a in the 
line Ac/^ draw any rectangular co-ordinates ax, ay, and on 
these lot fall from c, d, d^y the perpendiculars cdy cW, 

and CD, oV, cV'; let Ad zz ao?' =: a# z: d\ ad zz n. 
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A d' =: b', a b" =: B^V Then, since what has been shown in 
art 81. is applicable here, we have, in addition to the con- 
dition that the points 0 * 1 ® right line, these 

equations: 

c . AC + d . Ac^ + €■' . Ad^ = 0, and c +• d -f d' = 0. 

But by reason of the parallel lines, we have ac : ac^ : ac" :: Ad 
: A(i^: A#’ :: AD : AD^: ad'', and substituting the consequents 
of these for their respective antecedents in the first preceding 
equation, we obtain the following equations ef condition for 
three parallel forces in equilibrio: 

i cd-^ ziO 

(I.) . . . . . c ci>+ c^B' ^ d'n" zz O 
I c + d4.c" = 0. 

Some persons, from a slight consideration, might conclude, that 
since the quantities in the two first of these three equations are 
proportional, they need not both be taken at the same time : 
but it should be recollected, that when any one of them is taken 
together with the third, this does not ensure the essential con- 
dition of the three points c, c^, d', bein^ in one right line; for 
while rf, d% remained the same, the points might not be found 
in Ac", but in any unlimited positions upon cd, cVP, cW; 
whereas the contemporaneous existence of all the three equa- 
tions establishes the proper magnitudes of the forces, and con- 
fines their points of application to the intersections of Bc, dc, 
&c. upon Ad^ 

96.^ A force — a which is equal and applied in an opposite 
direction to the resultant B of two forces c, d, will manifestly 
establish the equilibrium. Therefore if and y be put for the 
distances at which perpendiculars from the point of application 
of the resultant will cut the axes ax, and at; and — ii, 
and j/, being substituted for # and b^V die equations I. 
they will be transformed to 

r: cd + dd^ 
mj zz CD + dB^ 

, , . R =, c + d, ■ ' 

And these equations will evidently serve to determine the mag- 
nitude and position of the resultant of two forces. 

Having four forces c, d, c'^, if we compound two of them, 
as c, d, into one force r, we may establish the equilibrium be- 
tween this and the other two by causing them to satisfy the 
equations (I.); we shall have, therefore, 

Ea? + dW + zr 0 
+ dV = 0 
R 4. d' + zz 0. 

But the first terms of eacli of these equations being already 
known, we may substitute for them their values, and wc shall 
thence obtain the equations for four forces in equilibrio: 
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viz CD + c'd^ -f c'^d'' -i- r: 0 

tc 4-' -r c'^ + r: 0. 

Here, however, it is not necessary that the directions of all 
the four forces should be in one plane ; it is merely requisite 
that the three forces r, c, c\ should act in one plane, and ii, 
c'', in one plane; or that the plane which contains the 
directions of c, c\ should intersect that which contains the di- 
rections of in a right line which will be the resultant 

of both these pairs of forces. Now, on comparing the equa- 
tions last exhibited with the equations (95. I.) it will appear, 
that they are exactly the same, excepting that each of the latter 
comprises one term more than the former: and, if a similar 
process were adopted with respect to a fifth force, similar equa- 
tions would be obtained with another additional term in each. 
Hence, we may generalise without hesitation, and for as many 
parallel forces as we please may lay down the following equa- 
tions, as conditions of equilibrium. 

( cdJ 4- ddJ 4- d'd!^ 4' =: 0 

(II.) 4 CD dd 4“ d'd -}- &c. = 0 

tc 4- d 4- d^ 4 &c. n 0. 

Each of these equations will comprise as many terms as there 
ai'e forces, unless one of these forces have its direction passing 
through the origin a of the axes, in which case one of the terms 
will vanish from each of the first two equations : as to the signs, 
they will be positive or negative according as the forces to which 
they are attached act in the same or a contrary direction, or as 
their points of application fall on the same or different sides of 
either of the co-ordinates- 

97* When the equilibrium does not obtain, we shall by 
proceeding as in the former part of art. 96. have these equa- 
tions: 

I Ra? z= 4- dd^ 4- cW 4- &c. 

(HI.) 4 R?/ zz CD 4“ dd 4 - cV -f- he, 

I.R zz c + + d^ 4" 

If the plane xay be perpendicular to the directions of the 
forccKS, a supposition which will not diminish the universality of 
the deductions ; and if we conceive ax and ay to be two planes 

E erpendicular to xay, the rectangles Rr, and Rj/, will then 
ecome moments (3 i .) of the resultant, taken with regard to each 
of those two planes; and cd^ cn, will in like manner he mo- 
ments of c ; and so of the others. Hence, then, taking the 
word stwi in the sense we have so often explained, we may de- 
duce the following theorem for all parallel forces, however 
situated : 

The resultant of any mimher of parallel forces t^hatever is 
parallel to iliem) equal to their sum^ and has its moment ( esti- 
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mated with respect to ever ij parallel plane) equal to the sum 
the mofuents (jf'the componc?its. 

Thus the resultant is determined in magnitude and direction, 
and the |)oint in which it intersects the plane x ay may be 
readily found by means of these equations : 

cd -t- + ^0. 

R 

CD 4- cV -h cV 4- 
R 

98, The equilibriuiii will be absolute when all the three 
ajimtioos (IL) obtain at once; but it will not be useless if we 
inquire what will be the consequence when the equations of 
condition are taken partly from equa. 11. and partly from equa. 
III. If, for example, we have the following equations : 

, , , R 3: C'+ d "-\- 

lie zz ed + dd^ + ^ 

lip 3 CD + cV “P db' + &c. 

Here iir being 3 0, and r an absolute quantity, we conclude 
that r 3 0 ; in this case the direction of the resultant will inter- 
sect the plane xay somewhere in ay. If therefore this axis 
is fixed in the system, whatever n and p may be/the only 
necessary condition of equilibrium is indicated by the equation, 
cd + dd 4" d^d' 3 0. 

In like manner the equation 

CD + cb' 4 cb'' 0 

has place when the direction of the resultant passes through 
some one of the points in ax ; and when this axis is fixed in 
the sy stein, this equation is alone necessary to indicate an ex- 
isting equilibrium. 

If we suppose that the plane xay is perpendicular to the 
directions of the forces, the terms of these two equations denote 
the moments of these forces with relation to planes passing 
through ax and AY perpendicular to their plane. Hence it 
follows that, 

In order to have a spstem of parallel Jorces m eqimlihrio about 
anp Jiooed axis^ it is necessarp that the sum of the mom of 
these forces xoith respect to a plane parallel to their forces^ and 
passing through that axis^ shall he equal to zero. 

If the two equations Ea: = 0, and ixp 3 0, exist together, 
there will result .r = 0, j/ “ 0 ; that is, the resultant will pass 
both through some point in ax and some point in ay ; that is, 
it will pass through a the origin of the axes : if, therefore, this 
point be fixed, these two equations denote an equilibrium. 

Again, if ive have only this equation 

E 3 c 4 4" d^ 4“ 3 0, 

we are not to conclude that because r 3 0, the equilibrium 
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obtains; for this isolated equation merely denotes that the sum 
of the forces which act in one direction, is equal to the sum of 
those which are exerted in the contrary direction ; and this may 
take place independently of the positions of the forces : but the 
equilibrium exists only when the equal and opposite forces are 
applied at the same point. In this case, howeveiV we may 
always establish the equilibrium by means of one additional 
force ; or we may restore it in an endless variety of ways by 
means of two additional forces. 

99. Pnoi?, To ^ndilie resultant^ or resultants^ of a system 
of Jbi'ces applied to different parts of a body ^ and acting in 
various directions in different planes* 

The best method of performing this will be by the method 
of rectangular co-ordinates, as follows. Suppose the directions 
of the several forces prolonged till they meet the plane yax 
( fig. 9. ph n. or fig. 13. pi. L), and conceive them all applied 
at their points of intersection with that plane : then each of 
these forces may be resolved into two others, the one perron- 
dicular to the plane y ax, the other situated in the plane. The 
perpendicular forces will have for their resultant a force in like 
manner perpendicular to the plane, and the forces situated in 
the pane will obviously have their resultant lying in the same 
plane. If the directions of these resultants meet in a point, they 
may be compounded by art. 44. and the system will have one 
resultant : but in many, indeed, in most cases, these directions 
wiU wo^ meet; and then, as the effects of perpendicular forces 
not meeting in a point are independent, the system will have 
two distinct resultants , 

Cor. Ill the first of the above cases a single additional ’force 
may restore the equilibrium ; in the latter, two at least will be 
requisite." 

100. Prop. If a tody be Icept in equilihrio hy several forces 
acting at different points and in various dwections not in one 
plane^ the forces are such as •would he in equilihrio if applied to 
one pointy and in directions respectively parallel to the former. 

For in any assumed plane the forces parallel and perpendi- 
cular to any line, will be the same whether applied at one point 
or many: and when the directions of any of the forces are out 
of this plane, such extraneous forces may be reduced to others, 
one set acting in the plane, the other perpendicular to it; and 
both these will be equal in quantity in each case ; therefore if 
the equilibrium obtains in the one ease, it must in the other, 
both with respect to the perpendicular and parallel forces, all 
which will be sufficiently obvious after recollecting what was 
shown with I'egard to several forces in one plane (arts, 83... 86.) 
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If the weight of the body be consideration, it 

may be regarded as a single force applied Tertically at the centie 
of gravity! the reason of which will appear from the discussions 
in the next chapter, 

SCHOLIUM. 

101. We might now proceed to deduce the equations of 
eQuilibriiim, &c. for forces acting at different points and in 
various planes i but as the process W'ould be complex and in- 
tricate, and after all but of trifling utility in elementary me- 
chanics, except in the case of parallel forces all eady treated in 
arts. 95...98. it is thought best to omit them. We add here 
what follows at once from a comparison of the preceding pro- 
position with art. 70v namely that ' , . 

When a system of forces acting. nj)on^ different po%nts 
body in wrioiis pluncs hceps it in equilibiio^ the sum oj the 
moments taken relatively to each of three rectangidar co-or- 
dinates, of the components estimated in a p/a7ie perpendicular 
to that ordinate, is equal to zero. 
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CHAPTER III. 


CENTRE OF GRAVITY. 

lOS. Def. T'HB Centre qf Gravity of any body or system 
f bodies is that point about which the body or systeyn^ acted 
upon only by the Jhixe of gramty will balance itself in all post- 
tions : or it is a, point zeliich when supported^ the body or system 
will he supported^ however it may be situated in other respects. 

The centre of gravity of a body is not always zcithm the body 
itself: thus the centre of gravity of a ring is not in the sub- 
stance of the ring, but in the axis of its circumscribing cylinder ; 
and the centre of gravity of a hollow stalF, or of a bone, is not 
in the matter of which it is constituted, but somewhere in its 
imaginary axis. Every body, however, has a centre of gravity, 
and so has every system of bodies, as will soon be made evident: 
but it will be proper to premise a few brief remarks with re- 
spect to gravity itself^ and its eifect upon bodies subjected to 
its operation. 

103. It is a fact established by general observation in all 
ages and all countries, that whenever bodies are unsupported 
or left to themselves, they begin to move downwards in vertical 
lines, and continue thus to move until they meet with something 
which interrupts their motion or prevents their further descent. 
This is observed to take place not only with respect to large 
and very ponderous bodies, but to smaller ones, and even to 
the most minute particles into which they can be separated, 
provided they are not so small as to elude the observation of our 
senses. And if certain substances, such as smoke, and vapours, 
&c. seem to contradict this universal fact ; it is because they 
are only in appearance left to themselves, while in reality they 
are supported, and put into an ascending motion, by the action 
of the fluids, &c. that compose the atmosphere which surrounds 
the earth. All bodies, and their most intimate particles, tend 
towards a point which is either accurately or very nearly the 
centre of the terraqueous globe ; yet this tendency is certainly 
not essential to matter, it is an effort which matter of itself is 
not able to make, being indifferent to either motion or rest (18, 
^6.) : we are authorised, then, to conclude that this tendency to 
motion is caused by a power not existing in the matter on which 
our observations are made, but in something exterior ; and this 



OHAP» Iir. 


CENTRE OF GRAVITY. 


45' 


forGe, without attempting to its nature and esseneej we 

designate by the teim the general fact or event of 

bodies falling is denoted by the verbal noun Gravitation ; and 
it is a part or consequence of a more universal property,, not 
here entered upon, —that of the mutual Attraction of the dif- 
ferent bodies in the universe towards each other. 

104. Since gravity impresses, or has a tendency to impress, 
on every particle of bodies, in an instant, a certain velocity with 
which they would begin to fall, if they were not supported; 
and since, abstracting the influence of the air, this velocity would 
be the same for each of the moleculae of bodies, whatever be 
their substance, it will not be difficult to attach a just and scien- 
tific meaning to that which is commonly called weight : it is the 
effort necessary to prevent a body from falling. But bodies fall 
in consequence of the action of the force of gravity upon each 
of their particles, and they can be prevented from falling by a 
force equal and opposite to the resultant or equivalent of all these 
actions. Hence, we may readily distinguish between the effect 
of gravity and that of weight, by adopting the language of Cow- 
dorcet ^vihexi he says, the former is the power of transmitting, 

or a tendency to transmit, into every particle of matter a certain 
velocity which is absolutely independent on the number of 
material particles ; and the second is the effort which must 
be exercised to prevent a given mass from obeying the law of 
gravity. Weighty accordingly, depends 07i the 77iass^ but gi'a- 
vity has 710 dependence at all upon it*’* 

A verbal distinction is also made between and heavi^ 

ness* Thus heaviness is that quality of a body which we feel 
and distinguish by itself : weight is the measure and degree of 
that quality, which we ascertain by comparison. Absolutely 
and in an undetermined sense, we say that a thing is heavy ; 
but relatively and in a manner determined, that it is of such a 
weighty as of 2, S, 4 pounds, &c. In illustration we may add 
that many circumstances prove the heaviness of atmospheric 
air; but the mercury in a barometer determines its exact 
weight, 

105. Every particle of which bodies are composed receiving 
from gravity equal solicitations towards the centre of the earth, it 
follows that if the supports of bodies, whether large or minute, 
were taken away, and they were permitted to fall from equal alti- 
tudes, they would arrive at the surface of the earth after equal por- 
tions of time : and this is confirmed by experience ; for under the 
exhausted receiver of the Air-pump (where the resistance of the 
air is removed) the heaviest metals and the lightest feathers, or 
down, fall in the same time. If, therefore, a body is divided 
into ever so many parts, each of them left to itself would arrive 
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at the surface of the eaith in the same lime as would have 
been employed by the whole body in descending. All bodies 
being more or less porous, and possessing difierent degrees of 
density (10.) they will contain a greater or less number of equal 
moleculse in the same volume or bulk ; hence all bodies of equal 
bulk are not equal in weight. But since the weight is equal 
to the sum of all the efforts exercised by gravity upon the con- 
stituent moleculje of a body, it is proportional to its density or 
to its mass. If p, p\ 82c. be the several particles of which a 
body is composed, and m its mass, then will m p -P H- -f 
&c, and if g represent the force of gravity soliciting each par- 
ticle, we shall have the weight rz gM = gp 4* gp^ + + &c, 

106 . When bodies are composed of moleculge, which are of 
the same size and substance, and similarly posited throughout, 
they are said to be homogeneous : such are the bodies which w^e 
shall consider in this chapter ; and in which the mass will mani- 
festly be proportional to the extension or the magnitude, so that 
the one may be substituted for the other in our investigations. 
The vertical lines which would be described by bodies if sub- 
jected to the free action of gravity, are frequently called lines of 
direction* Since they would, if produced, meet at the centre of 
the earth, they cannot, strictly speaking, be parallel : but, with 
respect to any body or any system of bodies connected for 
mechanical purposes, the whole space occupied by all their par- 
ticles must be so very minute compared with the magnitude of 
the earth, that their several lines of direction may be considered 
as parallel without any danger of sensible error; just as we 
speak of a moderate portion of the earth’s surface as a plane, 
aithougli it is, in fact, nearly spherical Hence, then, the 
actions of gravity upon a body, or system, may be considered 
as those of parallel forces applied to tlieir various particles ; and, 
of consequence, the conclusions and theorems which were 
deduced, arts, 9 ^..* 98 . with regard to such forces, may be 
adopted in our present Investigations relating to tlie coitre of 
gravity. This being admitted, the ensuing particulars are with- 
out difficulty inferred. 

I, By the definition of the centre of gravity, when it is sup- 
ported the body is in equilibrio ; and from the nature of equili- 
brium it can only be produced singly by the exercise of a force 
equal and opposite to the resultant of all the other forces acting 
upon the several particles of the body, that is, since in this case 
the forces are parallel, by a force ( 104 .) equal to the weight of 
the body applied at the centre of parallel forces ( 91 .): conse- 
quently the centre of gravity coincides with the centre of parallel 
forces. 

II. Varying the oaition of the body will not cause any 
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change in the centre of gravity ; since any such iniitation will 
be nothing more than changing the directions of the forces, 
without their ceasing to be parallel ; and if the forces do not 
continue the same, in consequence of the body being supposed 
at different distances from the earth, still the forces upon all 
the moleculss vary proportionally, and their centre remains un- 
changed. (93.)' 

III. Let any system be conceived in which no other forces 
than weights are applied ; and let it be imagined of any form or 
construction whatever, but without any motion. In this case, 
whatever be the disposition of the bodies of the system, it is 
clear that if there be an equilibrium, the sum of the resistances 
of the fixed points or obstacles, estimated in the vertical direc- 
tion, will be equal to the total weight of the system. But if any 
motion arises, a part of the force of gravity will be employed in 
producing it, so that it is only with the surplus that the fixed 
points can be charged. Therefore, in this case, the sum of the 
vertical resistances of the fixed points will be less at the first 
instant of motion than the entire w^eight of the system : conse- 
quently, from those two forces combined, there will result a 
single force equal to their difference, which will solicit the 
system downwards. Hence the centre of gravity will necessarily 
descend with the velocity due to that difference : and hence it 
follows that to assure ourselves that several weights applied to 
any system or machine whatever are in equiltbrio, it suffices 
to p}rove that if' the system be l^t to itself yitS €e7itre (f gravity 
teill not descend. 

The immediate and universal consequence of this principle is, 
that if the centre of gravity of any system is at the lowest point 
possible, there will necessarily be equilibrium : for, if not, the 
centre of gravity must descend ; yet, how can it descend if it be 
already at the lowest point ? 

It would not, however, be correct to say, reciprocally, that 
always when equilibrium obtains the centre of gravity is at the 
lowest point possible : for that point might be (and in many 
cases of unstable equilibrium often is) in the highest possible 

i iosition ; or it might be found at neither the highest nor the 
owest point. The exceptions occurring with sufficient fre- 
quency in the usual theoi'y of maxima and minima. But the 
principle^ as above stated, has no exception* 

IV. When a heavy body is suspended by any other point than 
its centre of gravity, it will not rest unless that centre is in the 
same vertical line with the point of suspension : for in all other 
positions the force wliich is intended to ensure the equilibrium 
will not be directly opposite to the resultant of the parallel forces 
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of gravity upon the several particles of the body, and of eoiirse 
the equilibrium will not be obtained. 

V. If a heavy body be sustained by two or more forces, their 
directions must meet either at the centre of gravi ty of that body , 
or in the vertical line which passes through it. Thus, let b (fig. 
10. pi. II.) be a heavy body whose centre of gravity is G, it will 
be at rest if the string gb by which it is suspended hang verti- 
cally, whether the string itself be fixed at a, or be attached to 
two other strings whose lengths are ba, ca^ and fixed at 6 and 
e. If the string aE were either longer or shorter, the point a 
continuing fixed, and the positions of 5 and c being unchanged, 
the body would still hang at rest, and the strings have 

the same tension. If the body were removed vertically to the 
dotted situation in the diagram, it would be sustained in that 
position by the strings bd and which would suffer the same^ 
tension as when they were united in the point a. If instead of 
the strings we applied props //i, in the same directions on 
the opposite sides of the body, their feet li^ being fixed ; or, 
if other props mn^ op^ were applied, either parallel to the former, 
or having their directions meeting in the vertical line q&y the 
body would still be supported : and if the directions of the props 
and of the strings were parallel, the compression in the one case 
would be equal to the tension in the other. Either the com- 
pression or the tension may in every case be readily estimated 
by means of the parallelogram of Forces, &c. (46.) the weighty 
of the body being known. 

VI. When a body stands upon a plane, if a vertical line pass- 
ing through the centre of gravity fall within the base on which 
the body stands, it will not ; but if that vertical line 

pass without the base, the body will fall, unless it be prevented 
by a prop or a cord. When the vertical line falls upon the ex- 
tremity of the base, the body stand, but the equilibrium 
may be disturbed by a very trifling force; and the nearer this 
line passes to any edge of the base, the more easily may the body 
be thrown over ; the nearer it falls to the middle of the base, 
the more firmly the body stands. 

VIL The various motions of animals, if attentively con- 
sidered, will appear to be regulated consistently with the prin- 
ciples just stated. 

Thus, when a man endeavours to rise from his seat, he 
thrusts forward his body, and draws his feet backward till the 
vertical line from the centre of gravity falls just before his feet ; 
this enables or indeed compels him to rise; and to prevent 
falling forwards he advances one of his feet, till the vertical 
line or direction is brought between his feet in consequence of 
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which he may Stand ^ In walking, he first extends bis 

hindmost leg and foot almost to a right line^ and at the same 
time bends the knee of his fore leg a little; by this means his 
body is thrust forward, and the line of direction from its centre 
of gravity falls beyond the fore foot, on which account he is 
ready toiall, but prevents it by immediately taking up the other 
foot, and putting it forward beyond the line of direction. After 
the same manner, he thrusts himself forward by the leg which 
is now the hindmost, till the line of direction from the centre 
of gravity be beyond his fore foot, when he again sets his hind 
foot forward : and thus he continues the motion of walking at 
pleasure. While walking, a man always sets clown one foot 
before the other is taken up ; so that at each step he has both 
feet upon the ground. But in running he takes one up before 
he sets the other down ; so that his feet toiieh the ground al- 
ternately for moments of time, and m the intermediate portions 
he does not touch it at all. 

In walking up hill a man bends his body more forward than 
in walking on a horizontal road, that the line of direction may 
be thrown before his feet : . in walking down hill he rather leans 
backwards to prevent the line of direction from being too for- 
ward, which would occasion his fall. In carrying a burthen a 
man always leans the contrary way to that in which the burthen 
lies, in order that the common centre of gravity of both may 
have its line of direction between his feet. 

When a quadruped, as a horse, moves, he leans forward, all 
at once lifting up one of his fore feet and one of his hind feet ; 
when the right leg before is pushed forward the left leg behind 
is moved on at the same time ; and this motion being made, 
the left leg before takes its turn conjointly with the right leg 
behind, and so on : as the body when standing is supported by 
four props which form a rectangle, the most commodious mode 
of moving is to change the positions of two feet at a time dia- 
gonally, and thus to cause the centre of gravity of the animafs 
body to make but a small movement, and to remain always 
very nearly in the direction of the two points of support. This 
rule of motion is always observed, but with these differences 
in the pace there are four times in the complete movement ; if 
the fore right leg be moved first, the left leg behind follows the 
instant after ; then the left fore leg has its turn, which is fol- 
lowed the next instant by the right foot behind. Thus the fore 
right foot comes first to the earth, the left foot behind next, 
the left fore foot third, and the right hind foot last: so that 
there , are four motions, and three intervals, of which the first 
and last are shorter than the middle one. In trotting, he takes 
up two feet together, and sets down two together, diagonally 
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opposite. In galloping he takes np his feet one by one, and 
sets them down one by one ; but he strikes with the two fore 
feet nearly at once, and the two hind feet nearly at once : all 
the time the line from the centre of gravity lies forward, so that 
the animal requires the fore feet to come to the ground at short 
intervals to prevent a fall. If the various motions of other ani^ 
mals be considered, they will all be found conformable to the 
same principles. 

VIII. To find the centre of gravity mechanically, it is only 
requisite to dispose the body successively in two positions of 
equilibrium, by the aid of two forces in vertical directions, ap- 
plied in succession to two different points of the body ; the point 
of intersection of these two directions will show the centre. 

This may be exemplified by particularising a few methods. 
If the body have plane sides, as a piece of board, hang it up by 
any point, then a plumb-line suspended from the same point 
will pass through the centre of gravity ; therefore mark that line 
upon it : and after suspending the body by another point, apply 
the plummet to find anotlier such line, tlien will their intersec* 
tlon show the centre of gravity. 

Or thus : hang the body by two strings from the same point 
fixed to different parts of the body ; then a plummet hung from 
the same tack will fall on the centre of gravity. 

Another method : Lay the body on the edge of a triangular 
prism, or such like*, moving it to and fro till the parts on both 
sides are in equilibrio, and mark a line upon it close by the edge 
of the prism : balance it again in another position, and mark the 
fresh line by the edge of the prism ; the vertical line passing 
through the intersection of these lines, will likewise pass through 
the centre of gravity. The same thing may be effected by lay- 
ing the body on a table, till it is just ready to fall off, and then 
marking a line upon it by the edge of the table : this done in 
two positions of the body, will in like manner point out the 
centre of gravity. 

107. When a plane or a line can be so drawn as to divide a 
solid or a plane into two parts equal and similar, or so that its 
moleculm shall be disposed two by two, in the same manner, 
with respect to such plane or such line, we may call the body 
symmeti'ical with regard to that plane or axis. And in all such 
bodies, it is obvious that the sum of the moments of its several 
moleculaa with relation to such plane or axis, will be nothing : 
for, if we take two particles disposed in the same manner but 
on different sides, their moments will be equal but with contrary 
signs ; and, consequently, their sum will be equal to zero : and 
the same may be shown of every other pair of moleciilm, simi- 
larly situated: whence, as (by hyp.) there are none but what 


CHAP.. HI. 


CENTRE 'OF 'GRAVITY. 


:.5i 


are similarly situated, tlie resultant of -the system will be in 
such plane, or line, (97.) and, of consequence, its centre of 
gravity will be there also. The same reasoning may be ex- 
tended to the centre of figure or of magnitude, that is, the 
point with I'espect to which a whole body shall be symmetrical 
Hence we conclude that the centre of gravity of a right line, or 
of a parallelogram, prism, or cylinder, is in its middle point ; 
as is also that of a circle, or of its circumference, or of a sphere, 
or of a regular polygon ; that the centre of gravity of a triangle 
is somewhere in a line drawn from any angle to the middle 
of the opposite side ; that of an ellipse, a parabola, a cone, a 
conoid, a spheroid, &c. somewhere in its axis. And the same 
of all symmetrical figures. 

108. Prop. To deduce some general theorems which may be 
us^ul in finding the cenire (figrmity of any proposed body. 

The determination of the centre of gravity, being reduced 
to that of the centre of parallel forces, we may here adopt the 
theorem for the moments laid down at the end of art. 97. From 
which it will follow, that if p, y, yV (%• Id. pL II.) be 
equal material particles, and g the point through which the re- 
sultant R of the gravitating forces upon these particles always 
passes ; and abcd be a vertical plane, on which perpendiculars 
from^,p', and g are let fall, then will the sum of the pro- 
ducts of the forces upon p, p\ into their respective distances 
from ABCD, be equal to the product of the resultant r into its 
distance, where the force r would be equal to those upon 
p -fjpf The same would likewise obviously hold with re- 

spect to perpendiculars upon the other plane aecg : and since 
the same will also obtain with relation to any vertical plane, 
although the position of p, p', and be changed, provided 
they retain their relative situations, it will of course obtain 
when the position of the system is so varied that aebf becomes 
a vertical plane: consequently the equality of the products 
may be affirmed with regard to all the three planes at the same 
time; and if the distances from the several planes be referred 
to the rectangular co-ordinates ax, ay, az, we may readily 
appropriate the equations {97. III.) to our present purpose. 
Denote, as before, the force of gravity by g, the distances re- 
ferred to AX by dy dy d!^^ &c. the distances referred to ay, 
by D, D^, D^^, &c. and those referred to z by ^5 ^'^5 &c. the 

distances from the centre of parallel forces to the same axis 
being denoted by x, y, and z ; then we shall have 

R X in gp d^^- gfi d &c. 

RY nrgpD +g’p'D' ^ 4* 

E z zn g'p^ + gp^ + &c. 

But nzzgp + gfi +gp‘^ + &c, and uzzp +p' -f p^' -f &c. whence 
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/T 'i ) jyp4.yD^4.yV^+&C» 

V V • » * ‘A Y 

t _ jp$+/y4-yy^+&c. 

\ 7i , ^ , , 

Here, if we adopt the language of fluxions, and put x, ^5 and 
z, for the variable distances from a upon ax, ay, and az, 
respectively, we may convert these equations into the following, 
which will render them more useful in many investigations. 

Suent of X m fluent x m 

X = r=: . 

fluent of M 

^ i fluent of ?/M fluent VM 

(11.) y r: ^ — r — — — -» ■ ' 

*' fluent of M 

fluent of afM fluent of 

zzz- . 

fluent of M ^ 

As these values together determine only one point, we see 
that a body has but one centre of gravity ; of which the three 
equations determine the three co-ordinates, and of consequence 
the distances of the centre from three planes respectively per- 
pendicular to each other. 

These results being entirely independent of g, that is, of the 
force of gravity, some philosophers have preferred the term 
centre of inertia to that of centre of gravity : other philosophers 
have, on account of other properties, preferred different terms, 
which will be mentioned as we proceed. 

When it is required to find the centre of gravity of any line 
whatever, it is considered as composed of a series of material 
heavy particles contiguous to each other, and connected by a 
law which is expressed by the equation of the curve, with respect 
to any two rectangular co-ordinates x and y. In this case the 
centre of gravity will manifestly be in the same plane as the 
proposed line, so that the plane yax may contain the centre of 
gravity, whence z z: 0, and the value of y being deduced from 
the equation of the curve in terms of y, the centre of gravity 
may be determined by these two equations : 

If the curve have two legs symmetrical with relation to any 
axe, then we may reckon the vertex of that axe the origin of 
the co-ordinates, and y being = 0, we shall only require x =: 

— ; but in this case, the fluxion of m the curve being 
we have also. 
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flu. a? f jlt* 


If the figure is a plane, its centre of gravity will be in the 
same plane, and of course we may take z = 0 : and because m 
— ^3 our equations become, 

C ^ ?/ ^ ^ y ^ 

■■ j _ — 

^ V . j Iflu. g/^ay ^ 

flu, y X M 

Here again, if the plane be symmetrical with respect to the 
axe, the equation for y becomes similar to that for which 
will alone be wanted. Or, when it is expedient to deduce the 
result by two integrations : 

(V,). . 

^ ^ 

I ff^y 

When the figure is the superficies of a body generated by the 
rotation of any line about an axis, then will y = 0, and z = 0 ; 
and putting ti* = 3’14159, &c. ^ y will denote the circumfer- 
ence of the generating circle, and S ?/ m the fluxion of the 
surface, wherefore 

^VT J ^ ^ ^ flu, 

flu. 2 TT y M flu. y ia. 

When the figure is a solid of revolution, the centre of gravity 
being upon its axis, we have Y = 0, z rr. 0 : and m denoting 
the area of the circle whose radius is y^ and ^ y^ x = m the 
fluxion of the solid, we readily find, 

/’VTT \ flu. IT 2 / ^07 0 ? flu. 

' V • • V “**' my^x flu, y^k * 

Coe. When x =: 0, y n 0, z = 0 ; that is, when the centre 
of gravity is at the origin of the co-ordinates, the equations (I.) 
will give p d dJ + + &c. =: 0, or d --f- d' + 

= 0 ; in like manner, B -f 4- b" + &c. = 0, and 5* + -f 
4- &c. r: 0 : and the same will hold with respect to any other co- 
ordinates whose origin is the centi’e of gravity ; that is, the sum 
of perpendiculars from all the particles affected with contrary 
signs as they lie on different sides of either axis is then equal to 
zero: and consequently, ^ on any plane passing through the 
centre of gravity of a hody^ perpendiculars he let jail from each 
(f its moleculce, the sum of all the perpendicular distances .on 
one side of the plane will be equal to the sum of all those on the 
other side. 
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109* Teof. The position j distance^ and motion the 
of gravity of any body is a medium of the positions ^ distances'^ 
mid ^notions (f all the particles in the body . 

First, the distance of the centre of gravity of any body from a 
given plane, is an average of the distances of each of its consti- 
tuent particles from the same plane : For, let ab (fig. 1. pi. III.) 
be a body whose centre of gravity is g, and cn any plane, from 
which the distances are to be estimated : then is the distance of 
any particle asp, beyond the plane ab (drawn through the body 
parallel to cn), equal topE + eh == pE + gk ; and if n be the 
number of particles p on the same side of ab, then will the sum 
of all the distances pH, be equal to the sum of all the perpendi- 
culars pE, added to all the distances eh or gk, that is, n . pii 
rz [n . ok) (n .ps). Again, letp^ be a particle of the body 
between the parallel planes ab, cd, its distance from the plane 
CD will be equal to Fi-Fp^=; gk — Fp'; and, if n' be the num- 
ber of all the particles p' of the body between ab and cd, we 
shall have the sum of all their distances, that is, . ph =: (?^^ . 
gk) — , Tsf) : Hence {ti . pu) + 0^^ = (a + nf gk + 

(71 . pE) — ('?i ♦ rp')« But by the corollary to the preceding pro- 
position, the sum of all the perpendiculars, on one side of the 
plane ab, is equal to the sum of all those on the other : conse- 
quently 71 . pE — 71^ , isf = 0, and 7i . pH d- 7i^ = (n -h ij) gk ; 

that is, GK is the mean of all the distances from every particle 
of the body to the plane cd. And the like may be shown of 
any other plane, or, of the body in any other position. 

Secondly, the motion of the centre of gravity is an average of 
the motions of the several particles of which the body is com- 
posed : For, suppose the body to have moved towards the plane 
CD, its centre of gravity having passed from g to g, along the 
right line gk, and the body itself now situated as in ab. Here, 
it might be shown, in the same manner as in the first case, that 
(n is the sum of the perpendiculars from all the par- 

ticles in the body to the plane CD : consequently, (71 + n^) gk 
— (71 71^) gK = (n “j- 7t) Gg^ is the sum of the approaches of 

all the panicles towards cd, and eg being the of this sum, 

is evidently their mean. And if the motion of g were along a 
curvilinear path, the same conclusion would be deduced, if we 
conceive the curve to be separated into its infinitely small ele- 
ments, and the motions with respect to each determined. The 
conclusion will likewise be the same although the body may 
have turned round some centre or axis. 

This property of the centre of gravity has occasioned it to be 
called, by some authors, the centre of position ^ by others, the 
centre of mem distances. 
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110. Pbop, The common centre of gravity ^ or qfpositimij 0/ 
two bodies^ dirndes the right Ime dr ami between the respectwe 
cervtres (fthe two bodies in the inverse ratio (f their masses. 

Let A and B (fig. 12. pL IL) be two bodies whose centres of 
gravity are united by the inflexible line ab, then^ if ao : gb : : b 
: A, G will be the common centre of gravity of those two bodies, 
that is, if G be supported, those two bodies actuated by the 
force of gravity will be in equilibrio in any position : for, 
through G let the vertical line co be drawn, on which let fall 
the perpendiculars af, be, from the centres of gravity of the 
two bodies, then, because of the similar triangles beg, afg, 
we have ag : gb : : af : be : : b : a, whence a . af =: b . be. 
But A . AF, is equal to the sum of the products of all the par- 
ticles in A into their respective distances from cb, by the last 
prop, and, in like manner b . be, is equal to the sum of the 
products of the particles in b into their respective distances; 
therefore g . a . af = g . b . be ; that is, the sums of the mo- 
ments of the forces of gravity upon A and B, with respect to 
CD are equal. If a and b be removed to any other position as 
a, 5, the point g remaining fixed, it will appear In like manner 
that g , a , afzz. g ,b .be \ so that g is the centre of the forces 
of gravity with respect to a and b, that is, it is their common 
centre of gravity. In a manner bu t very little different, g may 
be shown to be their common centre of position : and the two 
bodies, if considered as united by their centres of position at g, 
will then, as well as when their centres are separated by ab, have 
the sum of the perpendiculars from the several particles on one 
side of any plane passing through g, equal to the sum of all 
the perpendiculars on the other side of it. 

Cor. The centre of gravity of three or more bodies may, 
hence, be found, by considering the first and second as a single 
body equal to their sum and placed in their common centre of 
gravity, determining the centre of gravity of this imaginary 
body, and a third. These three again being conceived united 
at their common centre, we may proceed, in like manner, to a 
fourth ; and so on, ad libitum^ 

SCHOLIUM. 

111. It may not be altogether useless to show that the centre 
of gravity of three or more bodies, as determined this pro- 
position and corollary, will be the same by whatever steps the 
process is conducted. Let, therefore, a, b, c, denote the masses 
of the three bodies placed at a, b, c (fig. 2, pi. III.) ; and let 
G be the centre of gravity of a and b : make eg : ec :: c: 
a + b^ and draw aef ; then f will be the centre of gravity of b 
and c, and ae : ef : : 6 > c : a. Draw gd parallel to bc, and 
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yH parallel to ba ; then will ag : ab : : gd : bf =: gd . — ^ r: 

■ "A.® . ' 

^ _ -f. 1 EC <2+ 5 

GD . ; and GE : EC : : GB : CF = gb ■. “ == gd — - : 

b . . . GE C 

wherefore, bf : cf : : : i c : b. and f is the centre of 

6 c 

gravity of b and c. Again, cb : cP : : BG : fh = bg . = 

h f , b b h 7 

BG . but AG rz BG — ; and fh : ga : : . : : fi: : b + c 

5 + c a 5 + c <2 • 

: : EF : ae, whence E is the same point as was determined from 

A and E, From this the same may be shown true in cases 

where the number of bodies is greater, following the changes, 

step by step. Thus, in 4 bodies d, the order c, d, 

will give the same result as c, d, b; since (a, 5, c,) d, is 

shown to give the same as (c, 5,) d,* and (c, a,) b, d, the 

same as (c, a,) d, 5, or as c, aj, d, S. 

11^, ^ the part ic/es or bodies of anp system be moving unU 
formly and rectilineally^ with any velocities and directions 
a)hatever^ the centre of gravity is either at resiy or moves nni- 
formly in a right line. For, let one of the bodies, as c (fig. 3. 
pi. lU.) move uniformly from c to d : then, g being the centre 
of gravity of the remaining bodies, join Dg, and take gE to ed, 
as the mass D, to the sum of the other masses ; then is ge ob- 
viously parallel to CD, and CD : g.e : : a -h b &c. : c, ge being 
in this case the path of the common centre. And thus may the 
motion of the centre of gravity be found, which would be pro- 
duced by the uniform rectilinear motion of each body in the 
system. Then, because each corresponding motion of the centre 
of gravity is uniform and rectilinear, the result of the whole 
will be either a uniform rectilinear motion ; or none at all. 

Hence, if a rotatory motion be given to a body and it be 
then left to move freely, the axis of rotation will pass through 
the centre of gravity : for, that centre, either remaining at rest 
or moying uniformly forward in a I'ight line, has no rotation. 

Here too it may be remarked, that a force applied at the centre 
of gravity of a bocly^ cannot produce a rotatory motion* For 
every particle resists, by its inertia, the communication of mo- 
tion, and in a direction opposite to that in which the force ap- 
plied tends to communicate the motion ; the resisting forces, 
therefore, act in parallel lines, in the same manner as the gra- 
vitating forces : consequently, since the latter balance each other 
on the centre of gravity, the former will do so likewise. 

The truths thus briefly shown in this article, are often dis- 
cussed more at large ; but a bare statement of them must suf- 
fice in this plac^, since they fall naturally under the province of 
Dynamics. 
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IIS. Prop. 3^^^ of gravity ^ the perimeter 

of any right-lined fgure^ 

If the figure be a regular polygoB, the centre of gravity of 
perimeter will be the centre of its circumscribing or inscribed 
circle. But if it be irregular, we conceive the particles of each 
line to be all placed at their respective centres of gravity, that 
is, at the middle of each line (107), and proceed thus. Join 
the middle points of any two of the sides, as pb, bc, (fig. 4. 
pi. III.) by the linens : make jfe : g5 : : bc : bf, or :fb : : 
Bc : BC + B F, and G will be the common centre of gravity of 
the two sides bc, b f. Then join oe, o being the middle point 
of a third side CD ; make gg^ : cgI : : CD : bg 4- bf, and g^ will 
be the centre of gravity of the three sides, fb, bg, CD. ^ In like 
manner, join and the middle point d of a fourth line, and 
find the new centre of gravity G^^ : and so on, for all the sides 
'of the figure. ■ 

Gr, drawing through any point a in the same plane, the rect- 
angular co-ordinates ax, ay, and denoting the lines fb, bg, 
CD, 8ic. by py f i p V &c. the distances of their middle points 

from AX, bjr d, d, d V &c. and the distances of the said middle 

points from ay, by d, n', &c. we shall have (108. L) 

_ _ ^ ^ j>p V + 

X -J: AI ^ ; Y — A &c. 

Then, drawing hg'^^, parallel to ax and ay, their inter- 
section will be the centre of gravity required. 

114. Prop. To fiiid the centre of gravity of a plane triangle. 

Let ABC (fig. 5. pi. III.) be any triangle: draw ae from 
one of its angles to the middle of its opposite side, then will ab 
divide every line which can be drawn in the triangle parallel to 
BC into two equal parts ; consequently the surface of the tri- 
angle is symmetrically disposed with respect to ae, and the 
centre of gravity will be found in that line (107). Pop 
reason, if from any other angle, as c, we draw cn to the middle 
of its opposite side, the centre of gravity of the triangle will be 
somewhere upon that line : it will, therefore, be at g the inter- 
section of those lines. 

Now, since the points d and e divide the sides ba, bc, of 
the triangle proportionally, the line de which joins them must 
be parallel to the third side ac: hence the triangles bde, bag 
are similar, and so are the triangles gde, go a. Consequently, 
CD : GC : : GE : ga : : de : AC : : bd : BA : : 1 : 

Therefore ag = f-AE, and cg = |.CD, also bg =: |-BF. 

Cor. If AB, BC, ca, be denoted by d, 6, and e, and ag, bg, 
CG, by m, and r, w^e have, by a well-known theorem m geo- 
metry, the three following equations : 
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ab” 4- BC^ 
AC® 4- BC® 


2cF® + 
: 2ad® + 


^3^^ 4 c:4c® ;4 1-7^2 


,+;62 3 : 


Adding together these equations and clearing them of fractionsj 
there results a® 4 6" 4 4 + Sr® ; which gives 

this curious theorem: l7i a7ty plane triangle the sum of the 
squares of the three sides ^ is equal to tJirice the simn of tlie 
squares the distances of each of its angles f^om the ee^ih'e of 
gravity* 

Gob. % From the thr ee equations in the prece ding corollary , 
we readily fin d m zz -f 4 Sc® — 7i rr 2a® 4 “ — e® ^ 
and r zz ^ s/%b^ -)- — a^\ by means of which the distance 

of the centre of gravity from either angle of any given triangle 
may be soon found, 

115. Prop. To find the centi'e of gravity of a trapezium. 

Let ABCD (fig. 6. pi. in.) be any trapezium. Divide it 
into two triangles by the diagonal ac : find their centres of 
gravity h and i, by the last proposition ; then join ih, and 
make lo, to oh, as the triangle abc, to the triangle abc, and 
o will be the centre of gravity of the trapezium. 

Or, divide the trapezium into two other triangles by the dia- 
gonal BB ; find their centres of gravity e and f, and draw ef. 
Then the centre of gravity of the trapezium must be in the line 
hi; and it must luce wise be in the lineEF; consequently it 
must be in g their point of intersection. 

When two sides of the quadrilateral, as ab and bc (fig. 7. 
pi. III.) are parallel, the centre of gravity is somewhere upon 
the line kl joining their middle points ; and it is somewhere 
upon the line ef joining the centres of gravity of the two com- 
ponent triangles abb, cbb: it is, therefore, at o the point 
of intersection of ef and kl. And in this case kg zz |.kl . 

■:BK4-AI>„ . . .. ^ 

BSC-{-AL*. "■ ■ ■ ■■ ■ 

For, drawing the lines e^, vf parallel to ab, bc; since 
EL |bl, and kf zz |kd, we liave ec = Jbk zz J.bc, and 
Ff zz |lb zz 4ad. Also -L€ ZZ ^-KL, aiid Kf zz J-KL. Whence 
^KL. Now, the similar triangles Ge?E, G/i? give : gc : : 
f/; g/, therefore e<? 4 f/*: 4 f::Kf\ (f; that is, ^-bc 4 


l-AB : |kl : : ^ab : of z 


Jk;l. 


s.|kl + 1 


:^KL 


IC ”h AB 
BC -f 2 ab 


Hence then, kg =: jTa 


Jkl. 


BK 4- AT) 


BC + Al>. BC+AB ^ BK+AL 

116. Thus also, to find the centre of gravity of the area of 
any rectilinear figure, divide it into triangles, and find their 
respective centres of gravity, by art. 114, then conceiving each 
of the triangles collected into their respective centres of gravity, 
their common centre of gravity may be found, cither by the 
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method described in art. Ill, or by the theory of moments 
(equa. I. 108), 

117. To find the centre of gramty of any triangular 

pyramid. 

Let ARCB (fig, 8. p]. III.) be a triangular pyramid : on one 
of its faces, as bcd, draw ni from the angle d to the middle of 
its opposite side bc; set oflP ly = and y will (114) be the 
centre of gravity of that face. From a the vertex of the pyra- 
mid, draw Ay, and it will pass through the centres of gravity of 
every section of the pyramid parallel to bcd: consequently, it 
will pass through the centre of gravity of the pyramid. Again, 
on the face abc, draw At from a to the middle of the opposite 
side; set ofi‘ ig 4-1 A, and join ^’O : the centre of gravity of 
the pyramid will, it is obvious, be found upon this line also. 
But the two lines Ay, ng, being both in the plane of the tri- 
angle adi, must intersect each other, and o their point of inter- 
section must necessarily be the centre of gravity of the pyramid. 

Now, if we conceive gy drawn, it will be parallel to ad, 
since igv: ia : : ly : in : hence the triangles og-y, gda, are simi- 
lar, and, 

Gg \ GD : .vGy : GA : : gy : An : : 1 : 3. 

Therefore, Gg = |Gn 7= ^gn ; cy = *1- ag n |Ay, &c* 

CoR, 1. If AB be put = a, ac r: An =: c, bc == d, bb =: c, 
CD rrjT; and the distances from the angles to the centre of 
gravity, ag zz bg r= n, cg = r, bg rz $ i then, by a well 

known theorem, Ai^ n — — ^ zz - ^ ; and, by the 


same, ni“ = 






2;:,,,,,: \ 2 - y. 

again, since ag f Ay, we have ag® 

l)y + AD’ . ly - ID . ly , y®. ^ ^ 

the Lemma 

Simpson’s Select Exercises.) Substituting in this 


(- 


at p. 1^8. ^ ^ 

expression the literal values of ai, ny, &c. and reducing, we at 
length obtain ag^ =: ^ {3a^ + Sb^ + 3c^ ~ A 

like equation being in the same manner deducible for bg% cg\ 
bg", we have the folio wung general theorem : In any triangular 
pyramid the distance of any one (f the angles of the pyramidy 
from the centre (f gravity^ is equal to one fourth of the square 
root of the diffei'ence of thrice the sum of the squares of the three 
ed^es meethm at that anale. and the sum of the squares of the 
other three edges. 

Cor. 2. Adding together the four equations found by the 
preceding corollary, viz. 

AG- = -f 3 ao^ + Sad®) — + bb’" + cn®) 

BG*" rz -j~U(8ba® -f Sbc® + Sbd®) — v5*(ac^ -f ab"^ 4- CD®) 

CG^ n y-g(ScA® 4- oCB® 4 ScB®) — t%(ab^ 4- ab*" + bi>®) 

JDG^ zz yg(3Ai)® + 3 bc® 4 Sbb-) — -r^(AB^ + AC^ + bc®) 

there arises the following : 
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== |:(ab2 ^ + AB® -|- BC® + BB^ 

-|- CB®). 

That isj the mm the squares of the distmces tJie 
angles of any triangxilar pyramid to its centre of gravity ^ is 
equal to a fourth of the sum of the squares of ihe szs edges of 
the pyramid. 

These two corollaries are manifestly analogous to those of 
art, 114 

Cob. 3, If the sides of the base are equal, as bb = bc = cBj 
we have AG® = -^(ab^ + AC^ -f ab"^ -- bc®). 

Cob. 4. If, moreover, ab =: ac zr: ab, then ag® =: 

— BC^)» 

Cob. 5. If all the edges of the pyramid are equal, we have 
for the regular tetraedroiij ag^ = bg® = cg^ zr bg^ == |-ab% 
whence AG =: ^ab^/O. 

Cob. 6. A pyramid whose base is any polygon, will have its 
centre of gravity upon the line drawn from the vertex to the 
centre of gravity of the base, and at the distance of |: of its length 
from its vertex. Which will be sufficiently obvious if it be con- 
sidered, that any such pyramid is composed of triangular pyra- 
mids, whose centres of gravity all lie in one plane parallel to the 
base ; consequently their common centre of gravity must be in 
the same plane, and must likewise be in the line drawn from the 
vertex to the common centre of gravity of all the triangles 
which constitute the base. 

118. Peop. To find the centre qf gravity of a circular arc. 
Prom the middle point of the proposed arc mam^ (fig. 9. 
pi. III.) conceive the line AC drawn through c the centre of 
the circle, on which let ap be denoted by vr, the variable ordinate 
PM by y^ and the radius ac of the circle by r, the half arc 
being denoted by js. Then accounting a the origin of the co- 
ordinates, since the curve is symmetrical with respect to ac, 
we need only make use of the equation (100. IV.) which, sub- 

stituting z for M will become, x zz ^-— - — Now the equa- 
tion expressing the relation between the rectangular co-ordi- 
nates of a circle is y^ == 9,rx — a'® ; by means of which we have 

X n= — The fluent of this is x = . — w) = r— 

^ : which needs no correction, because when y =: 0, 2 ; = 0. 
Hence then, g being the centre of gravity, we have AG = r — 
^ = AC — Consequently cg = ac — ag = that is, 

* Here, as well as in the subsequent parts of this work, we make the character 
y* denote the fluent of the expression which stands after it. 
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the M§tc^e circular arc from its 

centre^ is a Jvwrik proportional to the arc^ the radius^ and the 
chord of 0ie arc. 

Cor. 1. When the arc is a semicircle, the chord is double 
the radius, and CG = 5 ^^ = 

Cor. % When 0, and consequently cq=z~ == 0 : 

that is, the centre of gravity coincides with the centre of the 
circle ; as is sufficiently obvious, independent of the fluxional 
process. 

119. Prop. To find the centre of gravity if' a circular seg* 
ment. 

Xet MAM^p in the figure last referred to be the segment 
proposed, and let the parts be denoted as before. Here we 

take the first of the equations (108. V.), that is x r: 

where m denotes the area of apm. Now, since J®, 


we have xm zizf xyx zuf xx s/^rx — 3o^‘=i — 


+ rM : 


. Conse- 


this divided by m gives x=:ag nr— ~ =:ca . Conse- 

® 3 m SareaAm 

PM® mm3 

quently cg n — n -- — . 

Cor. When the segment becomes a semicircle, we have 
m'm n gr, and cg = — n •42441 r. 

120. Prop. To find the centre of gravity of any parabola. 

Here the general equation is y n . And by sub- 

. flu. 072/5? /07”“^X «+l 

stitution “5 — r- n ~*=T~ = X ^ = X. 
fL\x,yx fx^x w + 2 

Cor. 1. If n zz -J, which is the case in the common or Apol- 
lonian parabola, That is, AGn|.Ac. (fig. 10. pi. HI.) 

Cor. 2. If = 1, the figure becomes a triangle, and then 
AG = |..r: which agrees with art. 114. 

121. Prop. Tofnd the centre of gravity of a common semi-- 
parabola. 

In this case the distance on the absciss, or the value of x is 
determined by the foregoing problem ; we have now to find Gg 
(fig. 10. pi. IIL): in order to which we take the second equa- 
tion (108. V.) Y = ; where, integrating for x first, it 

must be taken from ap = .r, to ac == A ; consequently 
V — yy 
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Now, in the common parabola pw being the parameter* 

Hence 




f{h-^)yy 

v-^ 


h ?/* 


4p 


h y 


JL' 

: becomes 

3 & 

4. 




THsj for the area amdc, where a/ z: cn 

_ 67ii? 6® “ 3 Z>4 _ 3 & 2^) /i - 5® _ 

I¥¥fT^4&3 4 • 3i?/»“ ““ 

Hence, if ao = 4 ac* og = I- cn, ^ is the centre of gravity of 
the semi-parabola! ^ 

ScJioL If we had taken the general parabola whose equation 

is j/ = -a?” a similar process would give y r: , 

122. Prop. To find the centre of gravity of the segment 'Of 
a spheroid. 

Here the figure may be divided into two parts symmetrical 
with respect to the axis: so that if we account the vertex a the 
origin of the co-ordinates, we shall need the equation for x 
(108. VII.)* Let the fixed axis of the spheroid be called a, 
the revolving axis c, then the equation of tlie curve is zz 




I ax^ 


X (a<27 ■— w^) : consequently 

4a— 3ci’ 

X zz AG* 

6 a— 4 a" 


flu. y^ XX 
flu. y^ X 


f (ax — m') , XX 
J (ax — XX) . X 


-J aips— f ' 

Cor. 1. When the segment becomes a hemispheroid, so zz:La^ 
and for the distance of the centre of gravity 

from the vertex, therefore |. x is its distance from the centre of 
the base. 

Cor. 2. When c zi the spheroid becomes a sphere, and 
as the theorem is independent of c, it is alike applicable to both 
solids, and to their corresponding segments* 

Cor. 3. Since the equation to the hyperbola is zz (ax 

4- x"^) which differs from that to the ellipsis only in the sign of 

4rt + Sx 


the second terra, we get by a similar process for the 

distance of the centre of gravity from the vertex of a hyperboloid* 

123. Prop. To find the centre of graxhby ofi a sector of a 
sphere. 

A spheric sector may be considered as a solid of rotation ; 
for it may be generated by the rotation of a circular sector : 
thus, in fig. 9 . ph III. if the circular sector cma make a com- 
plete revolution upon ac as an axis, it will describe the spheric 
sector of which cmam^ will be a section* This solid is composed 
of a spheric segment and a cone : the centre of gravity of the 
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first of these we suppose at that of the secoiid at If af 
be denoted by and Ac by r, we shall have ag = aj, 

and, the cone being a hind of pyrarnid, eg ~ |^(r— A’): 

consequently Ag e=; ac — eg = Let tt denote, as before, 

the number 3*141593, and by well known theorems the solid 
contents of the respective figures will be thus expressed : 

The content of the spheric sector = 
the segment . 

the cone . . == ym' (^ra: . (r— .r). 

Now, if we conceive each solid to be condensed into its centre 
of gravity, we must first take the sum of the moments with re- 
spect to A, which are, 

For the segment, ^ - B? -Sa,' 

the cone 






4 




4si 

Then, dividing the sum of these moments by the sum of the 
masses, or •I'tt 7'^ x, the content of the sector, we shall have 

X = s.r); an 

equation expressing the distance of the centre of gravity of the 
spheric sector from a the centre of its base. 

SCHOLIUM. 


1S4. Since the knowledge of the position of the centre of 
gravity in any body or system of bodies is of very great import- 
ance in almost every part of Mechanics, we have thought it 
right to be tolerably copious in the discussion of this subject; 
and have, therefore, given instances of various methods of ascer- 
taining the situation of the centre of gravity, one or other of 
which may be applied in most cases which can arise. To save, 
however, the trouble of a distinct investigation in some in- 
stances which often occur, we may now state in addition to the 
preceding propositions, a few known results. 

1. In a circular sector, the distance from the centre of the 

circle is ; where a denotes the arc, c its chord, and r the 
radius. 

The centres of gravity of the surface of a cylinder, of a 
cone, and of a conic frustum, are respectively at the same di* 
stances from the origin as are the centres of gravity, of the 
parallelogram, triangle, and trapezoid, which are vertical sec- 
tions of the respective solids. 

3. The centre of gravity of the surface of a spheric segment, 
is at the middle of its versed sine or height. 
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4. The centre of gravity of the convex surface of a spherical 
zone, is in the middle of that portion of the axis of the sphere 
which is intercepted by the two bases of the zone* 

5. In a cone, as well as any other pyramid, the distance from 
the vertex is f of the axis. 

6. In a conic frustum, the distance on the axis from the 

centre of the less end, is ih . ; where h the height, 

It and r, the radii of the greater and less ends. 

7. The same theorem wiE serve for the frustum of any re- 
gular pyramid, taking n and r, for the sides of the two ends. 

8. In the paraboloid, the distance from the vertex is f axis. 

9. In the frustum of the paraboloid, the distance on me axis 

from the centre of the less end, is : where k the 

height, R and r the radii of the greater and less ends. 

OF THE CENTROBAEYC METHOD. 

Among the several uses to which the doctrine of the centre 
of gravity may be appropriated, one, which for its elegance and 
simplicity deserves being mentioned here, is that which is called 
the Centrobaryc method, and by which the magnitudes of sur- 
faces and solids may often be determined with great facility. 
The relation between the centre of gravity and the figure ge- 
nerated by the revolution of any line or plane, which is the 
foundation of this method, was first distinctly stated by Pappus 
in the preface to his 7th book : but it was not completely dis- 
cussed till the time of Father ,* who, in the 2d and Sd 

books of his Treatise on the Centre of Gravity, treated this 
method very fully, and exhibited its utility in a variety of ex- 
amples. The doctrine is comprised in the following proposi- 
tion, and the corollaries which naturally flow from it. 

125, Prop. right or curved^ or any plane figure^ 

mhether it he hounded hy right lines or curves^ revolve cdout an 
axis in the plcme qf the figure^ the surface or solid germ^atcd 
mill be respectively equal to the surface or solid whose base is 
the given line orfgure, a7id its height equal to the arc described 
by ike centre of gravity of the said generating line or Jigmv. 

Let the line or plane bob (flg. 11. pL III.) be that by whose 
motion a certain surface or solid is generated, and let qar be 
the axis about which the rotation is performed : through a the 
centre of gravity of Bcn draw abgd perpendicular to oR, and 
either suppose the various particles in bcd to be referred, by 
perpendiculars, to qr, or, which will come to the same thing, 
estimated upon abb by lines drawn from the several moleculse 
parallel to uR ; and let b and b be two of those reduced points. 
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Now, if ABB after performing a rotation, or .part of a rotation, 
be brought to the position aeh, bi) HE will represent the figure 
generated, and of the path of tbe centre of gravity; the 
generated figure being equal to all the be, or, bh, kc. But 
the arcs be, of, bh, &c. are similar (being equal parts of con- 
centric circles), and therefore their sums are as all the ab, ag, 
AD, &c. and, by art. 109. these sums are as so many times 
AG : consequently the sum of all the be, of, bk, &c. is equal 
to as many times eg-, or equal to bcd x fo ; that is, the figure 
BEHB is equal to the base drawn into the path described by its 
centre of gravity, a. E. B. 

The same thing may be shewn very concisely by means of 
the two values of y in formulae III. and V. art. 108. Annexing 
the co-efficient 2'7r to both numerator and denominator will not 
change the value of the fractions : they may, therefore, be ex« 
pressed thus : 

UttM* \ ' * * * 

The first of these equations expresses the distance from the 
axe AX of the centre of gravity of any line : a simple transform- 
ation gives us where is the circumference 

of wdiich Y is the radius, and is that w^hich is described by the 
centre of gravity of M if that curve be made to turn about ax as 
an axis; moreover f%i;yu is the expression for the area of the 
surface which is generated by the arc M during this rotation. 
Consequently, the surface generated by the rotation o any 
given curve about an axis is equal to the product of the ge- 
nerating arc into the circumference described by its centre of 
gravity.,' 

From the second of these formulae we have ; 

%vhere if we suppose a revolution upon the axis ax, the area of 
which the algebraic expression is m or generates a solid 
denoted by and the centre of gravity will describe the 

circumference ^tty. Therefore the solid generated by the ro- 
tation of any plane figure about an axis, has for its capacity 
the ^product of the generating area into the cb'ctimfere^ice de- 
scribed by its centre qf* gravity: 

If instead of we introduce any fraetion, -—'tt, into tlie 

numerators and denominators of the lame formulae, it would 
thence be equally obvious that the same property^ was ap- 
plicable to the curve surfaces or the capacities of figures ge- 
nerated by a partial revolution about a fixed axis. And if 
many curves comprised in the same plane g'enerate at once as 
many surfaces and solids, we may ripply the same proposition, 
by taking the common centre of gravity of the system* 

’ VOL. h ' 
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Coe. 1. If the distance of the centre of gravity of any line 
or surface from the axis of rotatioUj and the inagnitiule of the 
line or surface be given, the value of the surface or solid ge^ 
nerated by either a total or a partial re voliition niay be 
and consequently any two of the three being given, the third 
may be easily determined. 

Thus, if the rectangle whose sides are m and revolve upon 
m as an axis, it wiU generate a cylinder whose altitude is m and 
radius of its base n .* now the centre of gravity of the rectangle 
will be at the distance of from and will therefore describe 
in a complete rotation the circumference lnx%Ttzz'7i7i: con- 
sequently, by the proposition, m7i x r/?, = Tiirinr^ is the ca- 
pacity of the solid ; and this is equal to x the base of 
the cylinder into its altitude, as it ought to be. 

Again, putting 5 the base and ^ the axis of a semiparabola, 
which by its rotation generates a paraboloid; we have 1-6 for 
the distance of the centre of gravity of the semlparabola from 
the axis, and x := the circum. described by the 
centre of gravity : and, since the area of the parabola is 
wc have x fai rr for the content of the paraboloid; 

which is manifestly equal to half the circumscribing cylinder, 
as it ought to be. 

For another example, let us take a sphere whose radius is r, 
and capacity l-Ti’r®, being generated by the rotation of the semi- 
circle whose area is Here -r- n l-r, the circum- 

ference described by the centre of gravity ; and this divided 

by gives ~ zz*4i24i4<l r, for the distance of the centre of 

gravity of a semicircle from its centre: agreeing with the 
result in art. 119. 

Cor. 2. If the generating or revolving lines or surfaces are 
equal, but the distances of their centres of gravity unequal, 
tlieu the generated surfaces or solids will be directly as the di- 
stances of tlieir centres of gravity from the axis of motion. 

Thus, if two solid rings of iron have botli the same thickness 
of metal, but have different diameters, the capacities of the 
rings, or their weights, will be as the arithmetical means be- 
tween their respective inner and outer diameters. 

Cor. 3. If the distances of the centres of gravity of the 
generating or revolving lines or surfaces from the axis of 
motion be equal, but the generating lines or surfaces unequal, 
then the generated surfaces and solids will be as the generating 
lines and surfaces. 

Cor. 4. If neither the generating lines or surfaces nor the 
distances of their centres of gravity from the axis of motion be 
equal, the generated surfaces or solids will be to each other in 
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a ratio compounded of the ratio of the generating lines or sur- 
faces^ and the ratio of the distances of their centres of gravity 
froni the axis of motion. 

fhus, for example, the triangle is to its circumscribed paral- 
Idogram^ as 1 to and the distance of the centre of gravity 
of the triangle from its vertex is -f- of the axis ; but the distance 
of the centre of gravity of the parallelogram from its side is ^ 
of the other side, or of the axis, therefore the distance of the 
centre of gravity of the triangle from the axis of rotation is to 
the distance of the centre of gravity of the parallelogram, as 
to 8. So that, if both the spaces are supposed to revolve about 
a line touching the vertex of the triangle, and parallel to its 
base, the solid generated by the triangular space will be to that 
generated by the parallelogram as 4 to 6, or as 2 to 8. 

Again, the common parabola is to its circumscribing paral- 
lelogram as 2 to 3 ; and the distance of the centre of gravity 
of the parabola is to the distance of that of the parallelogram 
from the same point of suspension, as 6 to 5; wherefore the 
solid generated by the parabola is to that generated by the 
parallelogram, each revolving about the same common axis 
passing through the vertex of the parabola, and parallel to its 
base, as 12 to 15, or as 4 to 5: and consequently, the solid 
generated by the triangle Is to that generated by the parabola 
in a ratio compounded of the ratios of 5 to 4, and or 4 to 6 ; 
that is, of 20 to or 5 to 6. 
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CHAPTER IV. 


ON THE MECHAKICAE POWERS. 


126. Def. a ?? 2 acfe^ is any thing tliat serves to augment or 
to regulate moving forces or powers ; or it is any body destined 
to produce motion so as to save either time or force; or, we 
may in general apply the term machines to the material agents 
by the aid of which forces operate one upon another, and which 
when employed to second the eftbrts of certain powers enable 
them to overcome others which may be more considerable. 

1^7. Machines are distinguished into simple and €ompou?id. 
The only machines which we think can be strictly called simple, 
are the leve7'^ the inclmed plane, ^ cords: it has been cus- 
tomary, however, to consider as simple machines those of which 
all compound machines are found to be constituted, and into 
which when their combined powers are estimated they must be 
divided in the investigation ; these are in number six, viz. the 
lemry the wheel and axle^ the pulley^ the inclined plane, the 
screxv, and the wedge. These are most commonly known by the 
name of \he mechanical pcmers. In all these the mechanical 
advantage arises from distributing the power to be overcome 
among the different parts of the machine, so that the part sus- 
tained by the contrary power shall bear but a small ratio to the 
whole: thus a power incapable of communicating motion to a 
body, or of supporting its pressure, without mechanical assist- 
ance, may effect its designed purpose by transferring a part of 
the weight upon a ftilcrum, distributing it among a system of 
pulleys, placing it upon an inclined plane, screw, &c. 

128. Forces of different kinds may, it is obvious, be made to 
operate so as to counteract each other’s effects, by the interven- ' 
tion of machines: as for example, the muscular force of men 
and animals may be applied to machines so as to oppose and 
counteract the force of gravity; but in any such cases, since the 
just and adequate measures of these forces are their simultaneous 
effects in similar situations, the theoretic processes must be con- 
ducted in the same manner whether the forces exerted are unlike 
or the same, as when the force of gravity soliciting two bodies 
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causes tliem to act as moving powers by means of their weights. 
Hence then, whatever is shown to obtain with relation to any 
two forces whose elFects at'e known, while their nature is un*. 
defined, may be safely applied to all which are respectively 
equal and operate in a similar manner, whether they are dead 
weights, living powers, or forces existing naturally. 

In the theory of simple machines, and indeed of ma- 
chines in general, they are first considered as in a state of 
balanced i*est : and when the ratio of the forces is ascertained 
which by the intervention of any given machine produces such 
equilibrium, it is manifest that a slight change in the magnitude 
of either of the forces, or in their points of application, by 
causing a preponderance on one side or other, will produce 
niotion. In actual practice the change must always be made 
in favour of the power which is to produce the motion: and 
this may easily be accomplished when the conditions of the 
equilibrium are once established. When forces act upon each 
other by means of machines, they meet with various obstacles 
on account of the roughness of surfaces, the stiffness of cords, 
&c. which if introduced at the commencement of our investi- 
gations would render them very embarassing and intricate : we 
therefore, at first, suppose surfaces to be perfectly smooth, 
cords to be perfectly flexible, &c. and afterwards blend with 
the deductions from the theory those w^hich have resulted from 
experiment with regard to these obstacles. As to what relates 
to the disposition of powers upon machines so that when in 
motion their effects shall be greatest or least, it is a distinct 
branch of the theory, and falls under the heB,d ot Dynamics. 

160 . Writers on the subject of mechanics have often at- 
tempted to demonstrate the properties of the several simple 
machines, by means of a celebrated theorem, which is this : 
When i*mo heavy bodies counterpoise each other by means of 
any machine^ and are then made to mom together , the products 
of each mass into its velocity, or, as it is technically expressed, 
the quantities of motion with which one body descends and the 
other ascends perpendicularly^ will he equaP^. Since an equi-^ 
librium always accompanies this equality of motions ; it bears 

® This theorem is due to GaUko, who is justly reckoned the father of the science 
of Dynamics, It is nearly analogous to the celebrated principle of the mrtml 
veloeUies, from which M. La Grange has deduced many ingenious and elegant 
solutions of some difficult problems in Ms Mccanique Analyiiquc, The principle is 
thus enunciated: Ni wi sysitmc qnclcouque esi soUicitS par des pnmaiices en 
equlUhrCi et qi^on donna d ce sysiemc mi petit mouvement guekmguei en vcitu 
dnquel cheque point parcourc un espacc mjinlment petite la sommo des puissances 
miiUlpUees cliacune par respace que le point oil elle est appUqu^e parcourt suivant la 
direction de cette meme puissance^ sera toujour s egak a zero: en regardant comme 
posiiifs ks peiits cspaces purcourus dans le sens des puissances, et comme nigatifs 
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such a resemblance to the case whetem two moving bodies 
stop each other when they meet together with equal quantities 
of motion, that many have thought that the cause of an eqiiih- 
brium in the several machines might be immediately assigned 
by saying, that because one body always loses as much motion 
as it communicates to another, two heavy bodies counteracting 
each other must continue at rest when they are so circumstanced 
that one cannot descend without causing the other to ascend at 
the same time, and with velocities inversely proportional to 
their masses ; for then, should one of them begin to descend, it 
must instantly lose its whole motion by communicating it to 
the other. But this argument, however plausible it may seem, 
is (as Dr. Hamilton remarked) by no means satisfactory ; for 
when we say that one body communicates its motion to another, 
we must necessarily suppose the motion to exist first in the 
one, and then in the other; but in the present case, where 
the two bodies are so connected that one cannot possibly begin 
to move before the other, the descending body catmot be said 
to communicate its motion to the other, and thereby make it 
ascend: but whatever we should suppose causes one body 
to descend, must be also the immediate cause of the other s 
ascending, since, from the connexion of the bodies, it must 
act upon them both together, as if they were really but one. 
And therefore, without contradicting the laws of motion, we 
might suppose the superior weight of the heavier body, which 
is in itself more than able to sustain the lighter, would over- 
come the lighter, and cause it to ascend with the same quan- 
tity of motion with which the heavier descends ; especially as 
both their motions, taken together, may be less than what 
the diflerence of the weights, which is here supposed to be 
the moving force, would be able to produce in a body fall- 
ing freely. For these reasons, and various others which 
might easily be assigned, we are of opinion that all proofs 
founded upon this theorem as a basis, are necessarily unsatis- 
factory : we have, nevertheless, thought it right to notice it ; 
and, as it may serve as a good hide^v of an equilibrium in many 
machines, and admits in some instances of a useful application, 
we may again refer to it in the practical part of this Treatise. 

ht cspace^ ^arcminLS dans un sens This principle, or rather universal fact, 

La Grange expresses by a very simple formula, from which he deduces his whole 
system algebraically, without a single diagram : a mode of procedure which, though 
it displays astonishing analytical skill, is certainly far from the best way of teaching 
mechanical philosophy ; since the whole may be gone over, without either a distinct 
,or even an indistinct idea of the things represented by the symbols. M. Carnot in 
his Geonietrm de Position, pa. 339, demonstrated a purely geometrical theorem 
which is very similar to this celebrated mechanical principle. 
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Our present Investigations will be made to depend upon the 
principles of equilibrium explained in the second and third 
chapters. 

I. OF THE LEVER. 

181 . K lever ^ is an indexible bar or rod, which may 

be subjected to the action of two or more forces or powers, at 
different points, while it is supported on a fulcrum or prop, 
about which it may move freely. 

Of levers there are two kinds which differ essentially : L e^ 
those in which the forces mt on conk'arij sides of the centre of 
motion, or fulcrum, and those in which they act on the same 
side. They are, however, usually distinguished into kinds, 
according to the x*espective dispositions of the prop, the powci% 
and the resistance. In levers of the kind, the fulcrum is 
between the power and the resistance : such are, the balance, 
steelyards, scissars, pokers, pincers, snuffers, &c. In levers of 
the ^second kind the resistance is between the fulcrum and the 
power : such are, cutting knives fixed at one end, the oars and 
rudders of boats, which may be considered as having their 
fulcra in the water, doors whose hinges serve as a fulcrum, &c. 
In levers of the tMrd kind the power acts between the prop and 
the resistance; as in tongs, shears for sheep, a ladder while raising 
up, Sec. This too is the kind of lever which is found most 
to obtain in the animal fiinctions : for the muscles, by means 
of winch the bones are turned upon their joints, are inserted 
much nearer to the centre of motion than the poiht in which is 
the centre of gravity of the weight to be raised. The mecha- 
nical contrivances in different parts of animal frames furnish 
a very curious and interesting topic: but as we cannot, without 
widely digressing, enlarge upon it here, we would beg to refer 
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Ofj if instead of the three cords ha, ed^ iBj the two pieces 
were attached to the line hi, by cords gl, fm, fixed to 
middle points l, m, the equiliorium will still obtain, in like 
manner as at first. So that we may consider two heavy bodies * 
AD, and DJB, suspended from the terms g, and f of the beam, 
to be in equilibrio upon the fulcrum c. Here, since ge=:| eh, 
and EFr=-|Ei, we shall have GF=:|Hr, and consequently rz ci: 
whence, taking away of which is common, there remains 
GC = FI n FE. Therefoi’e, adding cE, we have ge == CF. 
Hence then, ge : ef : : fc : eo : : 2 ge : 2ef : : ad : db ; where- 
fore, convertendo, gc : cf : : the weight bd : the weight ad. 
And if these two prisms ad, db, were reduced to cubes, or 
spheres, or any other figures, the equilibrium 'would still remain, 
provided the points of suspension g and f continued the same : 
whence the proposition is manifest. Had the prism a b been 
supposed laid upon hi, the steps of the demonstration '^vould 
still have been the same. 

This demonstration, which, in our opinion, is far more simple 
and obvious than that of Archimedes for the straight lever, is 
given by Galileo in his Second Dialogue on the Resistance of 
Solids. It appears but little known : for Dr. MaMliex^ Young, 
the late learned bishop of Gionfert, has, in his Analysis of the 
Principles of Natural Philosophy, deduced this property in a 
manner nearly similar, without seeming at all aware that the 
same thing had been long since effected by the illustrious 
Pisanian philosopher, 

1S3. Prop. When three forces act upon an mflexible lever, 
mid of gratify, in any parallel directions in the same plane, 
and keep it in equilihrio, any txm of them will be to each other 
inversely as iherr distames from the point to zekich the third 
force is applied. 

This proposition has been already demonstrated in Ghap. II. 
For all that was shown there (in arts. 71... 81.) with respect to 
parallel forces in one and the same plane, will evidently apply 
to the case of the lever. So that, instead of repeating the de- 
monstration, we refer to those articles ; and shall here deduce 
from them a few evident corollaries more immediately appli- 
cable to what is before us. 

CoR. 1 . If two weights or parallel forces balance each other 
upon any straight lever in any position, they will balance each 
other in any other position of the lever while the same fulcrum 
is retained : for in this case the fulcrum corresponds with what 
is named the centre of parallel forces, (art. 91.) 

Cor. 2. In the straight lever of the first order (fig. L. pi. IV.) 
we have p x af w x BF, and the pressure upon the fulcrum 
in the equilibrate state equal to the sum of the two weights, 
or of the power and the resistance p+w. 



CHAP. IV. 


MECIIA>JICAL POWEUS — THE LEVER. 


Cor. 3. In the straight lever of the second kind (%. we 
have likewise i>-ae=:W'BE : but the pressure upon the fulcrum 
is = w— p.> 

Cor. 4 In the straight lever of the third kind (fig. S,), p*af 
is again r= w-BF : but the pressure upon the fulcrum is r: p — w*. 

Coe. 5. If a given weight u be moved along either arm of a 
straight lever (as FA. fig. 1.) the weight w which it will balance 
at B on the other arm is proportional to the distance from 
the fulcrum at which the given weight acts. For, in the case 
of equilibrium, w*BF = ; wherefore, since fb and u are 

invariable, w oc FA. ^ 

Cor. 6. If a weight w (fig. 5.) be placed upon a lever which 
is supported by two props a and b, in an horizontal position, 
the pressure on a : pressure on b : : Bc ; ca. Or pressure upon 

A =: Pressure upon b (art. 80.) 

Cor. 7. In the common balance (fig. 4) where the arms of 
the lever either are equal or ought to be so, the weights in the 
two scales must be equal also. 

CoR. 8. In the false balance, where arms of unequal lengths 
are made to balance each other when the scales are empty, the 
true weight is a geometrical mean proportional hePmeen the 
apparent weights* 

For if X be the unknown weight, w the weight which puts it 
in equilibrio, x and w being the corresponding arms of the ba- 
lance, we have xx = v/ze* If we put the weight x into the 
bason at the end of the arm w, some new weight as will 
restore the equilibrium, if put in the contrary bason, and we 
shall have xr 4 :?=:w'.r. By multiplying these two equations to- 
gether we obtain x*xw whence x = v" w. 

In all cases where great accuracy is required, we may apply 
this rule advantageously, even though the balance be thought 
correct: if the difference between the apparent weights wmen 
tried in the opposite scales is but trifling, the arithmetical mean 
may suffice. 

Cor. 9. When several weights, as t, u, v, w, (fig. 6.) keep 
a lever in equilibrio upon a fulcrum F, the pressure upon that 
fulcrum is equal to t -f u -h v -f w, and the sums of the moments 
of the weights on different sides of the fulermn are equal, i. e* 
■W‘AF4U*CF::=T*BF;4T*nFf 

CoR. 10. If a straight lever be kept at rest by any number of 
parallel forces acting either at the same or different points, the 
sum of all the forces acting on one side will be equal to the 
sum of all the forces on the other. 

SCHOLIUM. 

134 The observation in the first corollary above, is equally 
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applicable to several forces as to two ; that is, if they balance 
each other in any one position of a straight lever, they will like- 
wise balance in any other position, provided the fulcrum is not 
changed. But it must be remarked that in any other position 
than that in which all the forces are perpendicular to the lever, 
and consequently their resultant perpendicular to it, the lever 
will have a tendency to slide along and change its fulcrum, 
unless prevented. For, since it is evident that a force f soli- 
citing a material point, or body, in a direction perpendicular 
to any plane ab may be entirely destroyed by the resistance of 
the plane, and that a force acting in the same direction as the 
plane must have its entire effect for aught that depends upon 
that plane ; it follows that, in order that when a single force acts 
upon a body it should remain immoveable, this force must be 
cxei'ted in a direction perpendicular to the plane on which the 
body is supported. If any other force as acting obliquely 
should be affirmed to keep the body at rest, we might resolve 
it into two, the one in the direction of the plane, the other 
perpendicular to it ; of these the first producing its entire effect, 
the body must move in consequence of its action, which is con- 
trary to the hypothesis. 

l'S5. Piiop. To establish the equilibrium on a straight lemr^ 
having regard to its weight. 

When we take the weight of the lever into our investigation, 
we may consider it as acting at its centre of gravity ; or in levers 
of the first kind we may consider the weight of each arm of the 
lever as a new power acting at its centre of gravity ; and in 
either case the equilibrium may be established as in Cor, 9. of 
the foregoing proposition. Let us consider each of the levers 
as prisms or cylinders ; then will their centres of gravity reside 
in tlieir middle points, and the centres of gravity of the arms in 
their middle points estimated from the fulcrum. Hence, in tine 
lever of the first kind (fig. 1. pi. IV.), we have in the case of an 
equilibrium, p-af + weight af-Jaf rz w*bf + weight bf» Jbf. 
In the second kind of lever (fig. 2 ) p * af r: w • bf + weight 
AF • ^AF. And in the third kind of lever (fig. 3.) p • af r:: w • 
BF + weight BF • |bp. Here we have supposed throughout, 
that the forces are ail parallel to that of gravity. 

SCHOLIUM. 

136. As it is often requisite to pay a regard to the weights of 
levers, we shall here exhibit a few algebraic formulae for each 
kind of straight lever, which may be found of utility in various 
calculations. 

In all the figures (1, % 3, pi. IV.) let fa and fb = zy, 
and let the weight of the lever divided by its length be denoted 
by m ; then will m represent the weight of a unit of ab, in the 
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same terms as P and w are expressed in. And we shall have, 
For a lever of the Jirst kind: Tp'+-k‘^7ip^ 


From which we get (I.) ..!?=: 


ww + 

7p + 


■ (II.V . 

/TTT \ 2 rp CQ 2 \V53C? 

(III.) , . m = — 1- — - — . 
(IV.). .'Ze == + 


(V.) . . p rr 5-^ ./ ^ + p2) — ^p. 

Or, when pnO.* (VII.). ,p zz s/{zd^ 4--;;^'vw). 

The latter formula manifestly has place^ Avheri the longer arm 
of the lever balances the shorter arm together with the weight 
attached to it : so that p has no proper minimum here. 

For a lever of the second kind : pp = wee; + -Jw^p®. 

Whence, ... . (i^ . . . . p 


(iii.) .... ?n 


2r;7 — 2ww 
p;?— 


(v.) ... , p ZZ pdh — \/ (p*— 2 mwxv)» 

' ^ * m 7n ^ ^ 

When w =: 0, that is, wlien the power just sustains the lever, 
wc have (vi.) . . . p n 

In this case it is evident the equation for p is susceptible of a 
minimum : for, adopting the fluxionary process, since 

j> ..^zrzviw Xjp -t" — we have 

-^pr=wtiip~p 5 and consequently when p is a minimum 
we have 

.... - 2wtc? 

(vii.) , , . p zz \/ 

For ct lever of the third kind: pp = w«a? + hnnf. 
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When w = 
we have 


(3.) • . m 
(4.) 


^ ■2 pj? — 2 w£c 




Z£} «— ^11 \/ W'^ -^'tiiiUVp 

: 0, Of the power just sustains the lever. 


(5.) . .07 =:iv'(2®Pp) 
(6-)- •T = r • 


■/ 




Or, when the powder just sustains the lever alone 
(7.)..i> 


wa-2 


i87. Def. The Roman statdra^ or steelyard, is a lever of 
the first kind 3 having unequal arms ; and is so contrived that 
one \veight alone may serve to counterpoise a great variety of 
others, by sliding it to different distances from the point of 
suspension upon the longer arm of the lever. 

138. Pjaop. Upon the steelyard the distances at which the 
constaiit weight must be hungjrom some certain point will vary 
as the weights suspended from the shorter arm. 

Let w, &c. denote the weights which are suspended 

successively from B (fig. 7. pi. IV.) w the invariable distance 
FB, p, p\ &c. the variable distances fd, rn^, &c. at which 
the constant weight p must be hung from the fulcrum to keep 
the equilibrium : let also n, denote the weights of the 
brachia bf, fa, respect! velyj n, n\ the distances of their centres 
of gravity from f. Then, by the last proposition, we have 
these equations : 

wr^ + Jsn = -f* , 

Now subtracting in succession the first equation from the se- 
cond, the second from the third, &c. we thence deduce. 




-22? 


.pu 


. f- 

W. &C. 


r 


• ro* 


Here, if the weights are in arithmetical progression, we have 
^ w zz &c. consequently f — p *— 

\ &c. that is, the divisions on the graduated arm arc 
then equal to each other, or the distances from a certain point 
on the steelyard will vary as the weights w, w^, &c. 

The beam, with its appendages of scales or hooks, is either 
so contrived as to be in equilibrio upon the point f, without 
the weights p, w, &c. or so that the arm fa when both are un-» 
loaded shall preponderate. ' In the former case f is the point 
from which the equal divisions on the beam are to be estimated : 
in the latter, to find the point where the divisions are to com« 
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mence, proceed thus. Find experimentally the point c, at 
which if a single weight equal to the constant weight p be sus- 
pended, it will keep the lever at rest ; that point will be the 
one from which the graduations must be measured. For, when 
w and p are suspended upon the beam and the whole is in 
equillbrio, w; sustains p together with a weight whicii would 
support p if placed at c ; hence ww == i?p +• p * or w • bf == 

. Dj’-pp . fgzzf • BC, where, because bf and p are invariable, 
w must vary. aS: DC.' \ 

139. This instrument is very convenient, because it requires 
but one weight, is easily carried, and the pressure on the ful- 
crum is less than in scales, when the substance to be weighed is 
heavier than the constant weight. But when the constant weight 
is greater than that of the su&tance to be weighed, the pressure 
on the fulcrum is greater in the steelyard than in the common 
balance ; for which reason, together with the following, it is not 
so accurate as scales in determining the quantity of small weights. 
1st. Because, the length of the beam being given, the arms in 
the steelyard will be shorter than in the balance, whenever the 
substance to be weighed is equal to, or less than, the constant 
weight. My, The balance admits of a more nice adjustment. 
3dly, The subdivision of weights for the balance can be effected 
with greater precision than the subdivision of the arm of the 
steelyard. 

140. Prop. Anp two forces acting upon a bent lever (consi^ 
dered as without weight ) In dfjferent directions but in the same 
plane^ are in equilibrio^ when they are to each other Inversely 
as the perpendiculars let fall from the fulcrum upon their di- 
rections. 

Let the two powers w, p, (fig. 8. pi. IV .) act upon the lever 
WFP, whose centre of motion is f, in the directions wm, pl, 
in the same plane; and let fm, fl, be the perpendiculars upon 
the directions of the powers : from f as a centre with radius fl 
equal to the longer perpendicular, describe a circular arc in- 
tersecting the direction of the force w in n: and, because the 
efficacy of forces is the same (352.) to whatever points of their 
directions they may be applied, we may conceive the two forces 
applied at b and l. Now, the forces being in equilibrio when 
acting at B and l, may be conceived the same in effect as forces 
acting at the periphery of a wheel bhl, perpendicular to its 
radii bf, lf, and preventing it from turning upon, the centre 
F, and in this case the forces acting in the direction of the cir- 
cumference at their points of application must manifestly be 
equal. Hence, if be in the direction of w represent the 
magnitude of that force, and be resolved into the two, bg in 
the direction of radius fd, and ge perpendicular to it, the 
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line GE will represent the part of w which tends to produce 
the motion on the centre, and is therefore equal to p. Conse.. 
qiiently, by the nature of equilibrated forces and similar triangles 
w : p ; : DE : EG : : DF (=: 1 ^'l) : FM. o. e. d.. 

This demonstration is the same in principle as the one given 
by Newton in the Principia : we have adopted it, because, not- 
withstanding the various objections which have been lU'ged 
against it, we think it more concise, and at the same time more 
satisfactory, and more universal in its application, than any 
other isolated demonstration extant. The two principles as- 
sumed are, 1st. That any force w will have the same energy in 
the direction edm whether it be applied at n, w, or m ; a truth 
which cannot well be denied (art And, 2dly, That equal 
and contrary forces acting perpendicularly to any two radii of 
a wheel at equal distances, will prevent it from turning about 
its centre: and this presents itself to the mind as remarkably 
evident. With this view of the matter, we shall not here attempt 
to controvert the arguments of Dr. Hamilton and others; who 
do not seem to have attended very carefully to the nature of 
Newton's demonstration^. 

Coe. 1. Ifiovr andph^ the directions of the forces (fgs* % 
10. pZ. be produced till they and from the fuU 

crum F the line fi he drawn parallel to the dwection of one 
force till it meets that of the other ^ then will si, if represent the 
two forces^ and sf the pressure upon the fulcrum^ 

For, If SF be radius, fm and fl (perpendiculars to sn and 
sp respectively) are the sines of the angles fsm, fsl, or of the 
angles fsi, ifs ; hence si : if : : sin sfi : sin isf : : fl : fm ; 
ana therefore the forces w and p are, by the proposition, repre- 
sented in magnitude and direction by si, if, and (art. 8^.) may 
be supposed to be applied at s. But the third force by which 
tlie equilibrium is sustained is represented by sf, in the triangle 
siF ; and that third force is (by hyp.) no other than the re-action 
of the fulcrum, which is equal and opposite to the pressure 
upon it ; consequently that pressure is denoted by sf. 

Cor. The magnitudes of w, r, and the pressttre^ are each 
as the sine of the angle formed by the directions of the other 
two ; or any km of them are mversely as the perpendiculars 
let fall upon their direction from any point in the direction of 
fJie third. So that these deductions coincide with what has- 
already been demonstrated in arts. 8^, 83. &c. Ch. IL as they 
certainly ought to do. 

^ They, however, who are desirous of seeing this detiionstratiori defended against 
the usual objections, aud its application to the case of parallel forces acting .ou a 
straight lever fully shown, may turn to my paper on this subject in number 82 oi' 
tlie Bepertory of Arts^ or to the article Lever, in the Tantohgia. 
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Cor. 3. Since the energy of the powers is the same at what- 
ever point in their respective directions they may be applied, a 
bended or an angular lever may be reduced to a straight one, 
making an invariable angle with it, and the powers miay there- 
fore be always supposed to act upon different points of one 
straight line passing through the centre of motion. 

Cor. 4. If the directions of forces acting upon a straight 
lever are parallel, and keep it in equilibrio, they will be inversely 
as their distances from the fulcrum, either both measured along 
the lever, or both estimated perpendicular to the directionsi 
This, therefore, agrees with what has previously been shown 
with respect to the straight lever. 

Coil. 5, If more than two forces act upon a lever, there will 
be an equilibrium when the sum of the products arising from 
multiplying each into the nearest distance of its direction from 
the fulcrum, on one side, is equal to the sum of the products 
on the other. 

CoR. 6. If the weight of the lever is taken into the account, 
that of each arm is to be regarded as a new force acting at its 
centre of gravity. 

Coe. 7. If any body ab (fig. 11. pi. IV.) is moveable about 
its centre of gravity c, and two forces p, act upon it at those 
points in the figure in the directions pn, pd', in the same 
plane: then joining cp, gpV the body may be considered as a 
lever pcp^, and there will be an equilibrium when the powers 
are inversely as the perpendiculars upon their respective direc- 
tions; that is, when p : p^ : : CM^: cm- 

Cor. 8. If two weights are suspended from the ends of an 
angular lever, whose fulcrum is at its angular point, the whole 
will be at rest when the vertical line passing through the ful- 
crum divides the right line joining the extremities of the lever 
into two parts, which are inversely as the weights suspended 
from the contiguous arms of the lever. 

For, let the lever wep (fig. 1. pi. V.), having the weights w 
and p attached to its extremities, be in a state of equilibrium ; 
the directions WL, pm of the forces being in this case parallel, 
the perpendiculars fl, fm, form one straight line, and (Cor. 3.) 
FL FM : : p : w. But the vertical line fg is parallel to wl 
and PM : so that, if l^fm be drawn through F, parallel to wp, 
we shall have wo (=l'f) : gp (= fm^ : : lf : fm : : p : w. 

CoR. 9. If the arms of the angular lever be prisms or cylin- 
ders of uniform matter and thickness, the weight of the arm 
WF being denoted by and that of pf by p, then in the case 
of the equilibrium WG : gp : : p -f - -Ip • 

only to suppose ~ of the weight of either arm to act at double ’ 
the distance of its centre of gravity from the fulcrum, which is 
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manifestly the same in effect as the whole weight acting at the 
single distance. 

141. Prop. In miy comhination of straight leva's ab, 

&c. whose cenh'es of motion are f, &c. the whole 

lying in one direction^ the 7'atio of ^ to w actmg in the sa7nc 
plane at their extremities^ is that • B'F' • bf : af • a^f^ • 

FoPj, let the forces a, Q'j &c. (fig. 2. pi. V.) acting at the 
points By b\ &c. in directions parallel to those of p and w, be 
those ^vhich would keep each lever in equilibrio : then (art. LS2.) 
p : Q : : bf : AF. 

0,: q! : : bV : aV. 
ah w : : bV: &c. 

whencej by composition of ratios p : w : : bf • b'f' • : af = 

aV * aW o. e. d. 

Cor. 1. The pressure upon the fulcrum f rr p -4** ^ 
the pressure upon f =r a + ~ 

the pressure upon f" a- + w r: w + 

Cor. If p and w act in different dlrectionSj as well as 
a, &c. and the whole be in equilibrio, we must substitute 
perpendiculars from the points f, f', &c. upon the several 
directions of the powers, for af, fb, &c. in the original pro- 
portion. 

SCHOLIUM. 

142. Before we close our discussions respecting the lever, it 
may not be amiss just to remark, that in every attempt to de- 
termine the advantage gained by this machine peculiar atten- 
tion must be paid, not only to the directions in which the forces 
are exerted, but to the points on the lever to which their action 
is to be referred. Without a due regard to these particulars, the 
mechanist will often be involved in error, even in simple cases 
where there might be supposed but little probability of mistake. 
In fact, even the simple property of the straight lever that equal 
weights acting at equal distances from the fuicram on opposite 
sides will be in equilibrio, while at unequal distances the one 
which acts most remotely from the fulcrum will preponderate, 
has more than once been a source of error in unskilful hands ; 
and in particular, it has lain at the foundation of most of those 
ill-fated and useless contrivances which have been struck out by 
such as were in pursuit of the perpetual motion. In these con- 
trivances the object of the projector has generally been to apply 
different weights to a rotatory machine in some sucli manner, 
that, at successive mommits of time, first one and then another 
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should be brought to greater distances from the centre, and so, 
by being placed at the extremity of a longer lever, should pro- 
duce a constant motion. To prevent, therefore, such waste of 
time and iogenuity, we shall here describe an apparatus invented 
by Dr. Desaguliers (See Phil ^ Tram* No. 419. Or, Not 
AI)ndg\ voL Yl, ;pa, 54^.) in which two equal weights may be 
placed at any unequal distances whatever from the centre of 
motion, and still remain in equillbrio. In fig. 3. pi. V. ab re- 
presents a balance with equal arms, and ef another of equal 
dimensions : they turn freely upon the centres c, b, and their 
extremities are connected by equal inflexible bars ae, be ; the 
whole being permitted to move freely at theioints, a, b, g, b, 
so as to assume the forms of varying parallelograms, in con- 
sequence of any motion upon the points c and i). Across the 
bars AE, BF, are fixed others as wu, po, from any points of 
which equal weights P, w, may be suspended. Now, on what- 
soever part of the bar ra the weight p is fixed, it is manifest 
that it will, on account of that bar being firmly connected with 
the vertical rod bp, act as though it were placed at f : and, in 
like manner, in whatever part of the bar wu the weight w be 
suspended, it will act as though it were placed at e; so that, 
however great maj?’ be the dirPerence of the distances of the 
bodies p and w from cn, they will still, if equal in weight, ba- 
lance each other in any position of the system. Nor is this in 
any respect incompatible with the principle of the equal pro- 
ducts of weight and velocity, which we have mentioned (130.) 
as a useful indication of an equilibrium : for, suppose this com- 
pound balance to be brought by motion on its centres into the 
position abed, the weights being then at and p ; those weights 
will have moved through the arcs while the extremities 

of the levers will have passed through the equal and respec- 
tively parallel arcs Aa, ep, of consequence the velocities 

of the two weights will have been equal, as they ought to be, in 
conformity with that principle. Thus, then, it appears from 
this simple contrivance, that weights do not preponderate in 
machines merely on account of their difiPerent distances from 
the centre of motion ; and consequently a mere increase of di- 
stance does not tmiversally give a raSchanical advantage. 

IL OF THE WHEEL AXB AXLE. 

143. Def, The Wheel and Axle, or, as it is often called, the 
Axis in Peritrochio, is a machine which consists of a cylinder 
and a wheel having the same axis, at the two extremities of 
which are pivots on which the whole may turn. The power is^ 
applied at the circumference of the wheel, generally in the di- 
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rection of a tangent, and a cord is wrapped about the eylindef, 
in order to overcome the resistance, or elevate the weight. 

This machine is sometimes, without any impropriety, named 
the perpetual lever; it being, in reality, a lever on whose arms 
the power and weight may mways act perpendicularly although 
the lever turns round its fulcrum. It is often constructed of the 
form represented fig. 4. pi, V. where cb is the cylinder, at the 
ends of which are the pivots fe, turning in the solid pieces of 
timber hf, ae ; the weight w is raised by means of a rope 
coiled about the cylinder; the power being applied to the wheel 
SSB, either by the cord ii, or by the handles s, s, s. Some- 
times, instead of the wheel, we find this machine made up of 
levers, fixed into the cylinder, as spokes into the nave of a 
wheel ; at others, a simple handle serves for the application of 
the power, as in fig. 5: but the effect is still the same, except 
that the rotation is less uniform. In some cases the cylinder is 
horizontal, as in the figures, and in some kinds oi crams ; in 
others, it is vertical, as in the capstan, &c. But whether the 
cylinder be horizontal or vertical, this machine has a manifest 
advantage over the simple lever in point of convenience : for, 
by the continual rotation of the wheel the weight may be raised 
to any height, or from any depth; while it could be elevated 
only a little way by any lever. 

144, Prop. Li the wheel and ailey if the power act perpem 
dicularly to the radius of the former^ and the weight perpem 
dicularly to that of the latte7\ there will be an eguilibrium 
when the weight and power are reciprocally as the radii of the 
circles at which they act. 

Conceive fig. 6. pi. Y. to be a vertical section of the machine 
perpendicular to the axis : and, since the effort of the weight 
to turn the axle round is the same at whatever point of that axle 
it be applied, suppose both p the power, and w the weight or 
resistance, to be applied at a and b, in the same plane, per- 
pendicular to the axis of rotation. Then, whether the power p 
act at A, or a^, since it acts perpendicularly to the radius CA, 
CA^, (by hyp.) while the weight acts perpendicularly to cn, it is 
manifest that either acb, or a^cb may be considered as a lever, 
whose fulcrum is c ; aiiS consequently (140.) P : w : : cb : ca. 
Q. E. B, 

Cor. 1, If the power act in any other direction than the 
tangential one, as in a^p'^, for example ; then, drawing from c 
the line cb perpendicular to the direction of the power, we 
have p : w : : CB ; CD ; whence, because cb is always less than 
CA, it is obvious that the tangential is the most advantageous 
direction in which the power can he applied. 

Cor. 2. Since we have always p : w : : cb : ca, or ca-f 
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CB*w, it follows, that when the power is variable, if the dia^ 
meter of the wheel increase in the same proportion as the power 
diminishes, and mce versa^ the force with which the wheel will 
continue to be turned will always be of the same magnitude.— 
This principle is ingeniously applied in the action of the main 
spring on the fo zee of watches, and of the main spring on the 
.tumbler of gun-locks. > 

Con. 3. When the moving force is applied by means of 
handles, as at s, s, s, (fig. . 4.) it often happens that many forces 
act simultaneously, one at each handle : then, if they all act in 
directions perpendicularly to the respective radii, there will be 
an equilibrium, when the sum of all the powers is to the weight, 
as the radius of the wheel, to the mean distance at which the 
powers act ; or, when the sum of the moments (31.) of the 
powers is equal to the moment of the weight. 

Cor. 4. When the power and weight act by means of a rope, 
and it have a sensible thickness compared with that of the axle, 
there will be an equilibrium when the power is to the weight, 
as the sum of the radii of the axle and rope, to the sum of the 
radii of the wheel and rope. 

For the action of both forces is transmitted by the axis of 
the rope, and consequently its radius ought to be added both 
to that of the wheel, and that of the axle. 

Cor. 5. In the case of the last corollary the ratio of the 
power fo the weig;ht is greater than when the thickness of the 
rope is not taken into tiie account: if, therefore, the rope is so 
folded upon the axle as to cover the surface, and the weight 
acts by a second spire of rope, the power must be augmented 
to maintain the equilibrium ; and so on continually for every 
increased course of rope upon the. axle. 

Ggr. 6. The distance which the weight hangs from the axle 
will make no difference in the result, except that which may be 
occasioned by the weight of rope, or that which might be caused 
by a varying force of gravity at different distances from the 
earth’s centre. 

145. Prop. To determine the pressure upon the pivots of 
the wheel and accle^ when in equilibrio. 

Here we shall merely consider the'^most common and useful 
case, in which the power and the eight act in parallel direc- 
tions, and on opposite sides of the horizontal axis of motion. 
The pressures upon the pivots will arise from the action of the 
weight, that of the power, the weight of the wheel, and that of 
the axle. Call the weight of the axle a, that of the wheel v, 
the power and the resistance to be overcome being denoted by 
p and w. Then (fig. 8. j)l. V.) the weight a may be considered 
as acting at the middle of the axle, and the consequent preskire 
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upon each pivot will be«^A. The weight v will act at c, the 
centre of the wheel: therefore ( 133 . cor. 6.) pressure upon a 

n — — -5 and pressure upon b 


— — . The forces P and w 

,AB. 

may be conceived to act together at their common centre ; that 
‘ if I be the centre of a section of the axle where w acts^ and 
D ; DO : ; p : w, d will be the point where p + w will act 

together : hence, the third pressure upon a=:(p + w)— ^ 

corresponding pressure upon b r: (p -p w)— . Consequently, 
in the case of equilibrium, the aggregate pressure upon a =: 
q- y : t . Tl— and the whole pressure upon b 

V • AC -1- (p + w) • AB . 


The pressure upon the pivots when the machine is in motion 
will be investigated in the second book. (art. 321, ) 

146 . Prop. If a series of wheels and axles be so connected , 
by cords as to act upon one another^ the power being applied 
tangentially to the first wheels and the Weight in like mmmer 
to the last axUy there will be an equilibrium when the power is 
to the weighty as the continual product of the radii of all the 
axleSy to the continual product of the 7'adii of all the wheels. 

Let such a system of wheels and axles be represented in iig, 
9, and let the force a in direction op balance f acting at g, 
and the force q- in direction i^E balance a : then, by art, 144, 
we have 

. p : Q : : 5 d : DG. 

q : q! : : CK: : cw, 

■ '■ q! : w: : AB :, ae .:, ■ 

Whence, by composition of ratios, p : w : : do • on • ab : dg • 

• AE, Q. E. D. 

Cor. 1 . If the wheels and axles, instead of being at a distance 
from each other, and connected by cords, are placed as in fig, 7. 
and the axle of one wheel made to act upon the circumference 
of the next by means of equal teeth, the proportion between the 
power and the weight will, nevertheless, be as stated in the 
proposition: for each wheel and axle will act as a lever whose 
fulcrum is at the centre of the axle, and its arms respectively 
equal to the radii of the wheel and the axle ; and the joint effect 
will be as above, (141.) 

This is generally called tooth and pinion work^ the axle when 
its surface is indented being called o pinion. And because the 
number of teeth in the wheels and pinions are to each other as 
their peripheries, or as their radii, it follows that the power is 
to the weight, as tlxe continual product of the teeth in the pi« 
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nions, to the continual product of the teeth in the wheels. 
Or, if p acts on the wheel a by a cord, and w is suspended 
from the axle e by another, we shall have p : w : : teeth in a x 
teeth in & x teeth in c x teeth in d X rad. e: md. a x teeth 
in B X teeth in c x teeth in b x teeth in E. If the wheels 
and pinions, instead of being disposed as in fig. 7, are disposed 
in any other manner, as in fig. 10. for instance, the ratio of the 
power and weight will still be determined by a similar process. 

Cor. 2. If the wheels be equal to each other, and the axles 
equal to each other, or if each wheel be to the axle on which it 
is fixed in a constant ratio, r : s/ then being the number of 
wheels, we shall have in the case of equilibriiun, p : w : : 

Thus, if there be three wheels and axles, the radii of each 
being as 10 :1; then ^ill p : w : : 1 : 1000: if there be four 
such wheels and axles, p : w ; ; 1 : 10000, and so on. 

Cor. 3. Since, when a toothed pinion works a wheel the 
peripheries of both move with the same velocity; and the pinion 
of the second wheel moves the third wheel with a less velocity 
then the second moves, being at a less distance from the centre 
of motion ; and the same thing obtains throughout the system ; 
hence, in a combination of wheels in motion the number of re- 
volutions of the wheel where the power acts, is to the number 
of synchronal revolutions of the wheel where the weight acts, 
as the product of the radii (or teeth) of the wheels, to the pro- 
duct of those of the axles. 

SCHOLIUM. 

147. In forming the teeth it is of considerable importance 
to determine their proper curvature, so that the motion may be 
communicated equally, and with as little friction as possible. 
Two methods of accomplishing this end have been recommend- 
ed : of these the first was originally proposed by M. de la Hire, 
who affirmed that the pressure would be uniform the teeth 
were formed into epicycloids ; and M. Camus, in bis Cours de 
Mathematiques, has pursued M. de la Hire’s principle, and 
applied it to the various cases which are likely to arise in prac- 
tice. The construction, however, is subject to a limitation : on 
which account a second method has been proposed, which 
secures the perfect uniformity of action without any such limit- 
ation, This method consists in making both teeth portions of 
involutes of circles. Thus, let ihf, ke 6, (fig. 1. pi. VI.) be the 
wheels to which the teeth are to be accommodated : the acting 
face GCH of the tooth a must have the form of the curve traced 
by the extremity h of the flexible line Fan, as it is unwrapped 
from the circumference ; and, in like manner, the acting face of 
the tooth b must be formed by the unwrapping of a thread from 
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the circumference of the circle ke6. The line fce drawn to 
touch both circles will cut the surfaces of the two teeth in c, 
the point where they touch each other ; the faces of both teeth 
will always touch each other at a point in the common tangent 
to both circles, and the force arising from their mutual pressure 
will always act in the direction of the circumferences of the 
wheels at e and f. This form, by allowing the teeth to act on 
each other through the whole extent of the line ece, will admit 
of several teeth to be acting at the same time ; and thus, by 
dividing the pressure among several teeth, will diminish its 
quantity upon any one of them, and therefore, diminish the cause 
of the indentations they unavoidably make upon each other* 
Consequently, a considerable number of teeth thus formed 
acting at once render the communication of motion extrmnely 
smooth and regular. But this by tiie by : tlie consideration of 
teeth and pinions, &c. will be farther pursued in the second 
¥olume. 

III. OF THE PULLEY. 

148. Def. The pulley is a wheel of wood, brass, or iron, 
turning on an axis, and enclosed in a kind of frame or case 
called its blocks which admits of a rope to pass freely over the 
circumference of the pulley, in which there is usually a groove 
to prevent the slipping out of the rope. The pulley is said to 
or moveable according as its block is fixgd or rises and 
falls with the weight. An assemblage of several pulleys is 
called a system of pulleys, a muffle^ or polyspaston : of which 
some are in a fixed block, and others in a moveable one. 

The nature and effects of the pulley have by some writers 
been explained by considering a fixed pulley as a lever of the 
first order, and a moveable pulley as one of the second. But, 
Professor Hamilton and others have been of opinion that “ the 
pulley cannot properly be considered as a lever of any kind ; 
for when any power sustains a weight by means of a system 
of pulleys, that power will sustain the same weight if the pulleys 
be removed, and the ropes be brought over the axles on which 
the pulleys turned. If the w-^eight were to be raised up there 
would, in this case, be a very great resistance from the friction 
of the ropes on the axles; and it is merely to avoid this re- 
sistance that pullej^s are used, which move round the axles 
with but little friction,” One of the most simple and natural 
methods of computing the power and explaining the effects of 
the' pulley, is by considering that every moveable pulley hangs 
by two parts of the same rope equally stretched, which must 
.sustain equal parts of the weight ; and therefore, when one and 
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the same rope goes round several fixed and moveable pulleys^ 
since all its parts are equally stretched, the whole weight must 
be divided equally among all the ropes by which the moveable 
pulleys hang. And consequently, if the power which acts on 
one rope be equal to the weight divided by the number of ropes, 
that power must sustain the weight. This principle may be 
applied to many of the cases which occur, with great facility ; 
|mrticulariy when the cord in dircction^ nearly parallel, as 
in the systems exhibited, %. 8, pL VI. But when the ropes are 
drawn in directions which are not parallel, this method may lead 
to error, on which account we shall give a general proposition, 
depending on the pure principles of equilibrium, from which 
the application to particular cases may be easily deduced. 

149. Prop. Each of two forces in equilibrio about a pulley 
is to that which retains the airis^ as the radius qf the pulley, to 
the chord qf that arc with which the rope is in co^itacL 

Let DEC (fig. o, pi. VL) represent a pulley which is kept in 
equilibrio by three forces p, w, r ; of which the two former act 
by a rope PEOBW, which touches the pulley throughout the arc 
EGB, the latter acting by a rope or a bar eg whose direction 
passes through c, the axis of the pulley. Now, since the whole 
IS in equilibrio, the force R is equal and opposite to the re- 
sultant of p and w ; and since the moment of r with respect to 
the point c is zero, the moments of p and w must be equal 
(60. 6L): wherefore, since bc = CE, w must be equal to p. 
Produce, therefore, wd, pe, till they meet cr, and setting off 
from the point of concourse the equal distances ra, rb, on the 
directions of the powers to represent them, complete the 
rhombus raib ; then we shall have r ; w : r : : rb : bi : ir. But 
the triangles rbi, ecb, having their sides respectively perpen- 
dicular to each other, are similar ; and consequently p : w : r : : 
cE : CB : BE. a. E. B. 

Cor. 1. When wb and pe are parallel, cb and ce will 
coincide with the semi-chords eb, fe, and we shall have p == w, 
or the power equal to the weight, as in the fixed pulley with 
ropes parallel. Or, supposing the figure inverted, the rope 
fixed at one end as w, and the power acting at the other end 
F, R would then be the weight and would be equal to ^p. 

Cor. In this case the pressure is easily estimated front 
hence, and from (133). Thus in fig. 2. the pressure or stretch 
upon hook h is n: p =: ^w; that upon the axis of the pulley c 
is zz p + |w = 2 p; that upon the support x is evidently 
sn p “h w :z: p + rfcp zi ( 1 + where n denotes twice the 

number of moveable pulleys. 

Cor. 3. If the angle dee be denoted by then will a 
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Sp COS a. For. since p : r : : ce : be, we have r =: p 
and since, moreover, be iz £ef =: £ce • cos cef =: Sen • cos a ; 
consequently r r: p. — izSp cosa. 

Cor. 4. If the angle bre be equal to 1£0®, then will cos a? 
n= f, and p = w zz r. 

150. Prop. In a system of motieable pulleys^ each of which 
has a separate rope^ the power is to the weighty as radius to the 
continual product of the cosines of the half angles made by the 
rope sustaining each pulley y into that power of 2 whose exponent 
is the nurriber of pjutlei/s. 

Let the weight w (fig, 5. pi. VI.) be kept in equilibrio by the 
power p through the medium of the pulleys a, a^, the angles 
n aa ^5 n A^A'^, made at each being denoted by 2a, %a!y &c. 
and let fy kc, be the tensions of the cords by which the 
puljeys A, a", are supported. Then by Cor. 2. last prop, 
we have 

w :z: cos a, 
i zz Sid cos aC 

cos ■ 


a” . 

Multiplying together the two first, three first, &c. of these, we 
shall obtain the tensions of the several cords in succession ; and 
if we multiply togetlier the whole, we have for the relation 
between p and w, the following equation : 

w zz £" p (cos a - cos d • cos d ^ ..... cos .) 

Whence the proportion stated in the proposition is manifest. 

Cor, 1. If the cords are parallel (as in fig. 4.) then will cos a 
zz cos d zz cos d\ &c. = 1, and the preceding equation be- 
comes w zz 2”p, whence p : w : : 1 : that is, the pozoer is to 

the weight, as unity, to that power of 2 which is denoted by the 
number of pulleys > 

Cor. £. If the angles at a, d, are equal to each other, 
then will p : : : 1 : 2'* cos'' a, a denoting the angle at each 

pulley. 

SCHOLIUM. 

151. A system of pulleys, being tolerably portable and not 
very heavy, can be readily conveyed from place to place, and 
thus made use of in many instances where other machines 
cannot be employed. In a judicious combination of them a 
considerable weight may be moved by a very small power, 
though 111 this, as in all other machines, the power must pass 
over a proportionably greater space. But the chief disadvan- 
tages to which pulleys are liable, arise from their great friction, 
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and tlie stiffness of the ropes which pass over and under them. 
Some ingenious eon trivances have been devised to remove in a 
great degree these and other inconveniences ; which will be 
described under the article Pulley in the second volume of 
this work* 

IV. OF INCLINED PLANES. 

15^. Kn Inclined Plane^ as its name imports, is one 
which forms with an horizontal plane any angle whatever. It 
is reckoned among the mechanical powers because when anj^ 
body is laid upon it a part of its w^eight is supported, and it is 
therefore moved with greater ease. The inclination of the plane 
is measured by the angle formed by two lines drawn upon the 
sloping plane and the horizontal plane, perpendicular to their 
common intersection, and meeting at a point in that intersect- 
ing line. 

153. Before we demonstrate the general properties of this 
simple machine we shall premise a few observations on the 
manner in which bodies are supported upon any planes what^ 
ever. 

I. If a body of any figure touch a plane in a single point, 
and be solicited by one force only ; two conditions are requisite 
to its continuance at rest on that plane. Firsts that the direc- 
tion of the single force be perpendicular to that plane. Secondly^ 
that its direction pass through the point where the body is in 
contact with the plane. The necessity of the first of these 
conditions appears from art. 134. As to the second, it is no less 
necessary, since if the direction of the power, though perpendi- 
cular to the plane, pass not through the point of contact of the 
plane and the body, the resistance of the plane which is exerted 
perpendicular to the point of contact, will not be directly 
opposed to the force, and of consequence they cannot destroy 
each other although they should be equal. 

II. If the body, instead of touching the plane in one point 
only, touch it in many points, or throughout plane surfaces, then 
it is not indispensable that the single force which acts on the 
body should pass through any of the points of contact : but it 
must be perpendicular to the plane, and so situated that it may 
be decomposed solely into as many forces perpendicular to the 
plane as there are points resting on the plane, and the forces 
resulting from the decomposition must pass through these 
points. 

III. Therefore, if a body which touches a plane in many 
points be solicited by vaiioiis forces in different directions, it is 
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necessary. Firsts that these forces may be reduced to one only 
which is perpendicular to the plane : and. Secondly ^ that the 
latter in the case in which it does not pass through one of the 
points of contact, may be decomposed into as many forces 
parallel to it as there are points of contact, each of these new 
forces passing through a point of contact. 

IV. If the single force which acts upon a body be that of 
gravity, it follows that the plane must be horizontal ; and, if the 
vertical line drawn through the centre of gravity of the body, 
does not pass through one of the points of con tact, it is farther 
necessary that all the points of contact should not fall on one 
and the same side of the said vertical line. 

V. If, therefore, the body be solicited by two forces only, it 
is necessary, that these two forces are in the same plane : 
Secondly^ that this plane be perpendicular to that on which the 
body lies : Thirdly ^ that the resultant, which ought always to 
be perpendicular to the latter-mentioned plane, leave not all 
the points of contact on the same side of it. And, if one of the 
two forces be that of gravity, it is necessary moreover that the 
plane in which the resultant falls be vertical, and pass through 
the centre of gravity of the body. 

VI. With regard to bodies which rest on many planes at 
once, whether in virtue of a single force, or of many forces, 
among which we comprehend that of gravity, the general laws 
of their equilibrium are, Firsts that tne resultant of all these 
forces may be decomposed into as many forces as there are 
points on which the body rests : Secondly^ that these latter are 
perpendicular to the respective planes at the several points of 
contact. Whence, we conclude that, in order that a body 
solicited only by gravity may remain in equilibrio between two 
inclined planes, it is necessary that tliere be in the vertical which 
passes through its centre of gravity, at least one point from 
which we may let fall a perpendicular on each of these planes ; 
and that each of these perpendiculars have the conditions stated 
above. 

154. Prop. When two forces actmg 07i a body heep it in 
equilibrio upon a plane^ if we conceive tzoo other to 

which these two forces are respectively perpendicular ; the 
forces and the pressure upon the plane^ are each 7'epreseMted by 
the sine of the angle comprised hetweeii the playies to which the 
two other forces aire perpendicular. 

This is nothing else than a manifest inference from art. 48. 
It may, however, be demonstrated in a manner immediately 
applicable to the present case, thus : Let cp, cg, be the direc- 
tions of the two forces, which sustain the body whose centre of 
gravity is c at rest upon the plane : and let ad (%. 6. ph VI.) 
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be the intersection of the plane of the two forces with the:t bn 
which the body lies : draw CE perpendicular to AB, and on this 
line as a diagonal describe the parallelogram CEEO two of whose 
sides shall fall on the directions of the given powers; then, it is 
evident from the preceding article, that if the reaction of the 
plane be represented by EC, the two other forces which sustain 
the body will be represented by ec and go respectively : conse- 
quently if the pressure on the plane which is equal to its reaction, 
be called E, and p and a be the powers acting in pc, gc, then 
will p : a : E : : ec : gc : fc : : eg : EE ; EC : : siu GCF : sin ECE : 
sin GGE. Now from two points a and i taken arbitrarily upon 
AB, draw inland ab perpendicular to the directions of p aha g; 
so shall the triangle ABi be similar to cge : whence, because 
p : G ; E ; : sin gce ; sin fce : sin gce or sin Gcp, we shall have 
p : G : R : : sin zab : sin a?‘b : sin abL a* e. b. 

Coe. 1 . Since the relations j list established have place, what- 
ever the forces may be, we may consider one of them, as g for 
instance, to be the force of gravity : then will ab be paralM to 
the horizon: and the power, weight, and pressure upon the 
plane will he respectkiely, as the sine qf the plants inclindtwn, 
the cosine of the angle which the direction of the power makes 
with the plane, and the cosine of the angle which the direction 
of the power makes with the horizon: for sin xab, sin a^b, and 
sin ABi, are the same as sin iAB, cos pcp'', and cos ibh. 

Coe. 2. Hence, whether the line of direction of the power 
be elevated above or depressed helow, f the angles which it 
makes with the plane are equal, equal powers will sustain the 
weight. Thus, if the lines pep, p^cy?^, be equally inclined to the 
plane, equal powers acting in those directions will sustain the 
weight, whether they draw in the directions from c to p or p^, or 
push from p or p- towards c. But the pressures on the planes 
vary with those directions, being less and less as the direction 
is more elevated. 

Coe. 8. The power or is least when its line of direction 
is parallel to the plane: for since p : g or w : : sin ^ab : cos l^cp^' 

we have p zz w, which is manifestly a minimum, when 

cos ^ f 

cos PCP'^ zz radius, that is, when pcp^^ vanishes. ^ 

The truth of this will also appear by considering the propor- 
tion, p : w : : m : BA, in which it is obvious Ti will be the least 
possible when it is perpendicular to ad, a perpendicular being 
the shortest distance from a given point to a line; so that the 
most advantageous direction in which the power can act is that 
which is. parallel to the plane. 

Coe. 4. In this latter case, because of the similar triangles 
ABB, we have p : w : ii : : : ba : : : bb : ba : AB : : 
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sin A : rad. ; cos a. That is, when the direction of the power 
is parallel to the plane, the pozeer, weight, and pressiire on the 
plane, are re&pectwelp as the height, length, and base 
plane ; or as the sine of mclination, radius, and cosine ^ in- 
clination. 

Cor. 5. If two weights w, wV sustain each other upon two 
inclined planes ac, cb, which have a common altitude en, by 
means of a cord which runs freely over a pulley and is parallel 
to both planes, then will w : w^ : : ac : cb (fig. 7. pi. VI.) For 
let the power p acting in direction c'w, be that wdiich sustains 
the weight upon the plane ca, then by reason of the uniform 
tension of the string, the same power sustains the weight w^ 
upon the plane cb, acting in a direction parallel to it : hence, 
.Cor.'4. 

w : p : : ac : cn, 
p : w' : : cn : cb, 

And, compo. w : ; ac : cb. 

Cor. 6. Hence also, when one of the planes as cb, becomes 
vertical, we still have w : : : ac : cb. (fig. 8.) 

CoR. 7. If the pulley at c be so elevated that the two parts 
cw, cw^, of the rope are not parallel to the plane, we shall 
have an equilibrium when w : w' : : sin cbd x cos cwd : sin 
CAD X cos owV. For, in this case 

w : p : ; Cos cw'^c' : sin cad, 
p : : : sin cbd : cos cw'c^, 

Whence, w : : : sin cbd • cos cwc' : sin cad • cos cw^c^ 

CoR. 8. If the direction of the power be parallel to the horu 
^on, then xoill the power, the weight, and the pressure on the 
plane, be, respectively, as the height, the base, and the length of 
the plane ; or, as the sine of inclination, its cosine, and radius. 
For, if CP (fig. 6.) be parailel to ab, then will m coincide with 
BD, and it will be p : w : R : : bd : ab : ad : : sin a : cos a : rad. 

Cor. 9. If instead of opposing a single power to the action 
of the weight we oppose several, then all which we have stated 
in this proposition and the corollaries as relating to the power p, 
must be extended to the resultant or equivalent of those powers. 
For example, if the body w (fig. 10. pi. VI .) is sustained on the 
inclined plane by the combined action of a power p, and the 
resistance of a fixed point d to which is attached the rope dkp 
which embraces the body : then, im%ine a line hc to be drawn 
from the point of concourse of df and pe, bisecting the angle 
made by those directions. If this line intersect the vertical 
drawn through the centre of gravity of the body in a point c, 
from which we may demit on the plane a perpendicular passing 
through the point of contact f, the equilibrium will be possible ; 
and the relation between the weight w, and the effort according 
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to HC, will be determined by wliat has preceded. As to the 
ratio of the direction HG^ to the power p, it will be the 

same as in the moveable pulley. Thus, if the power F acts 
parallel to the plane, the weight will be to that power, as the 
length of the plane to half its height; viz. the power will be 
only half that which would ham been requisite had the weight 
been sustained without the aid of the jisoed point p. 

155. When two bodies whose weights are represented by 
tie/, are attached to a thread wcxd (fig. 9. pi. VI.) passing over 
a pulley at c, and are always in equilibrio upon two curves 
FA, Es, whatever are their respectiye positions, it will be easy 
to determine the necessary conditions of those two curves. In 
order to this draw the vertical cm through the point c, and 
suppose that the equations of the two curves with respect to 
that line as a common axis are y w == FJ^jj^and f being 

any functions of the axes ar, and t^ and c their common origin. 
The weight w is a force acting in the vertical direction wh ; and 
if that force be represented by it may be resolved into the 
two acting in the direction of the thread, and tiyc acting in 
that of the normal ; the parallelogram of forces being cd^ 

Here the similar triangles wdh^ ctoM, give 
CM : C'^? : \ wb i wd. 

Likewise, putting cw = we have 

CM =: a? + subnorm, rr ^ r: I- — r^ = -r. 

a? ■ X X 

Therefore, wd n \ In like manner putting czd zz' and 

operating for the weight ts?', we have for the component of 

that weight acting in the direction In the case of an 

equilibrium these two components must be equal. But the 
length of the thread wcwl being constant and known, we have 
z ^ c, whence and consequently 

Wx -f* w^i zz 0, or wv + zdt zz a. 

From this equation it appears that whatever position we give 
to the bodies w, the centre of gravity of their system will be 
always on the same horizontal line ; because the co-ordinate of 
that centre with respect to gh is constant; for, from the equa- 
tion (108. I.) that co-ordinate is 

y — — t— =; a constant quantity. 

The curve fa being given, if we demand what the curve eb 
ought to be, that the equilibrium should obtain in a ll its p oints: 
1st. We substitute in the equation for the first for y , 

and € — for z, that is to say, we make y = 
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2 dly, wc substitute for x, and thence have the equation 

of the curve be in functions of i and z. Sdly, we put y'jJTiS 
for s', and thence determine the constant quantity a from the 
position of the arbitrary point e where the cuiwe be must 
intersect the vertical line cm. . , . 

If^ for example, the line af is a right line and the pulley c is 
placed at its point of intersection F with the vertical, that line 

has for its equation y x,s and e being the sine and cosine 
of the angle acd (%. 7. pi. VI.) : and substituting (c — s')® 


a;® for y\ we have (c- s')® — or ; 

for a;, and thence will arise 

V - - 


Substituting 




This equation is manifestly that of a right line : if we wish it to 
pass through c likewise, its equation must give at the same time 

a/ = 0^ and ^ = 0 ; whence c — ^ rr 0. Put therefore 
for js:' ^^ 3 , and there will arise 


+ 




, and n zr.t !• 

? «i)2c‘2 


The last equation leads to the conclusion already announced 
(154 cor. 5 .) Por, the angle dcb being suppose^d to have 
and d for its sine and cosine, the equation of the right line bc 

is - 2 / = therefore, that the equilibrium may obtain we must 


have 


S'2 


1^3/3 , — . ^2f;2 


from which results 


Por another example, suppose the curve af to be a circle 
whose centre is M, and radius me rz r, and cm rz and let 
the curve eb be required. Here we have, from the investiga- 
tion, wx -4“ tdi zz A, and z + d zzl^2i given length. 

Now crc?- zz CM^ 4“ — ^cm * mb. 

Or zz a® 4- — 2a (a — sc) zz — a- 4* 

■zz,. — — ' froEi' "above , 


/O 5 A 


; 4 2a {a 

Or, since z zz I 

{I 4 ™ (A 

Or ^ 4 ^ ... a- 4 


zdt) 

2a 


(a — : 

This is an equation to an epicycloid; which is, therefore, the 
curve ejb'b required. 

■ 156*. If instead of supposing a weight w to rest on the cir- 
cumference of the circle azof we suppose mzo a heavy tnassj as 
a tirawbridge, turning u|)on a hinge m, the curve ez^'b along 
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which the coimterpoise must pass will evidently be determined 
in the same way. 

Here, too, it may be observed that if + C2'^ V 1^1^^ length 
of the cord, be to ch, as w to the curve is the common epi- 
cycloid, in which the describing point is in the circumference 
of the rolling circle or rota. In the case of the drawbridge, 
whose centre of gravity may be supposed at c on ww^ its 
weight must be reduced in the inverse ratio of MC to to 
obtain 

156. Pegp. When a heavy body is supported hy two planes, 
to determme the relation betzoeen the zaeight of the body and 
the pressm^e upon each plane. 

Here we apply the observations laid down in art. 153, ¥1. 
in this manner: Let o be the centre of gravity of the body 
supported by the planes (fig. 11. pi. VI.) through which draw 
the vertical OE ; then if from any point f in that vertical, per- 
pendiculars PC, PE, be demitted upon the two planes, those 
perpendiculars must pass through points of contact of the body 
and planes: otherwise a new force will be required to support 
the body, contrary to the hypothesis. Let the space p 5 on the 
vertical line represent the weight of the body, on which as a 
diagonal complete the parallelogram ci^be, two of whose sides 
fall upon PC, and fe ; then shall pc or represent the pres- 
sure p upon the plane ab, and Pc or cb, the pressure p^ upon 
the plane bb. Hence if kl be drawn parallel to hi, the sides 
of the triangle eel will be respectively perpendicular to the 
sides of the triangle cf 5, and we shall have 
w : P : : f5 : pc : bc:i kl : bl : be : : sin abd : sin abh : sin 

BBi. That is, ^ the weight of the body be represented by the 
sine qf the angle comprehended between the two planes ^ the 
pressures upon them are reciprocally proportional to the sines 
qf the inclinations qf those planes with the horizon,, 

Cor. 1. If the angles of inclination of the planes be each 60 
degrees, the sum of the pressures of the body upon both planes 
will be equal to twice its weight. 

Cor. 2 , If the angle abb be a right angle, the sum of the 
pressures upon the two planes shall be to the weight of the 
body as two sides of the right-angled triangle kbl to its 
hypothenuse. 

Cob. 3. The more inclined the two planes are, the greater 
will be the pressure upon them ; and vice versa. 

Cor. 4. If one of the planes is horizontal the body cannot 
remain in equilibrio, independent pf friction, except in the case 
where the vertical drawn through its centre of gravity passes 
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through one of the points with which the body touches the 

horizontal plane. „ , , ' n . • 

Coe. 5. In the obtainable case of the last corollary that is, 
when BA coincides with Bh, and fc becomesjertieal, toe pres- 
sure against bd will vanish, and the horizontal plane will sustain 
the wfiole weight. For then, the weight w, and the pressure 
against ba or bh will be expressed by the equal sines of the 
supplemental angles dbh, dbi; while the pressure on bd will 
be expressed by the sine of abh, an angle which is here no- 
thing, by hypothesis. , 1 A. 

Coe . 6. When a body is sustained by three planes, we must 
in a similar manner demit perpendiculars from some point in its 
line of direction (106.) upon those planes, and upon them con- 
struct a parallelopipedon whose vertical diagonal shall represent 
the weight of the body, and its three contiguous edges the pres- 
sures upon the planes to which they are perpendicular. 

157. Prop, Given the ’weighty magnitude, and position of a 
beam or other heavy body, tojind the relative position of two 
props that may support it in equtUhrio, me prop and the lomr 
end of the other having fixed situations^ _ 

Let the body, ad (whether simple or compound, as a beam, 
or a beam with a load), have its centre of gravity at g; it is 
required to find the relative position of two props wtoich will 
support it, their feet standing at c and i (ng. 1. pi._Vll.), ana 
the position of one of them as ca being fi.xed. Produce CA 
until it meet the vertical passing through g m f ; join if, ana 
it will cut AD in d, the place where the top of the prop id must 
be applied. For, drawing ab, bd, perpendicular to ca, di, 
they would be sections of inclined planes which would support 
toe body in equiiibrio, by toe last proposition ; and since the 
action of the body upon those planes would be perpendicular 
to them, that action would be completely resisted by the props 
CA, ID, their feet being supposed immoveable. 

CoR. 1. The weight of the body, the pressure upm ca, and 
the pressure upon id, are respectively, as sine qf{cAr i), cosim 
oft, and cosine of c. For, sin (c -f- 1) — sin abd, cos i ^ sin 
DBI, and cos c — sin abc : consequently this agrees with art. 

156. as it ought to do. j i .i „ 

Coe. 2. The equilibrium will be equally preserved whether 
toe body be sustained by the two props ca, id ; the two in- 
clined planes ba, bd ; or by two ropes fa, fd, fixed to a pm or 
hook at F. For in either case the forces and durections are the 

The same principles are applicable to the more complex in- 
vestigations relative to the equilibrium of vaults, arches, domes, 
&c* as will be shown in their proper place. (Chap. Vi.) 
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V. OF THE SCREW. 

158. Dee. The Screw is a nicchanical power, chiefly used 
in pressing or squeezing bodies close, and sometimes in raising 
weights. It is a very strong machine, though it cannot be ac- 
counted a simple one, as no screw can be made use of without 
a lever or winch to assist in turning it. The screw is chiefly 
distinguished by its spiral thread, of which a tolerable con- 
ception may be’ obtained by cutting a piece of paper into the 
form of an inclined plane, and then \vrapping it round a 
cylinder, as in fig. 52. pi. VI!, 

159. The screw rnay be considered as composed of the 
lever and the inclined plane ; as wdll be evident from a more 
minute account of the manner in which it may be conceived to 
be generated. If an isosceles triangle bfo turn about the axe 
AZ (fig. 5. pi. Vil.) there will be generated by that revolution 
two conic frustums united by their greater ends : conceive now, 
that besides the motion of rotation, this triangle has also a nK>-» 
tion of translation in the direction of the axe az, so regulated 
that while the triangle makes a complete re volu tion, the point 
B is moved to g, and the whole triangle is found in the position 
GF^cVand so on : the solid thus generated is called the mterior 
screw; and the height gb is called dktame of the threads. 
The exterior .scrm is so adapted to the other, as if it were its 
mould ; and is nothing else than the solid generated by the 
polygon HGFBC, supposing it to partake of tlie same motions as 
the triangle bgf. For the sake of distinction we sliall apply 
the name the spindle to the interior screw, calling the extei'ior 
one only, the screw. The spindle, then, is a cylinder invested 
with a spiral band of uniform thickness, and of w^hich the in- 
clination with respect to the axe of the cylinder is constant : 
the screw, on the contrary, is a solid having a corresponding 
spiral hollow. In some cases the spindle is fixed in a solid 
block, as AB, fig. S. while the screw E is moved upon it by 
means of a lever bc. At other times the screw is fixed and the 
spindle moveable: but this causes no difference in the theory. 

The curve which any one of the points of the generating 
polygon, as n for instance, describes about az, is obviously 
traced on the surface of a right cylinder whose axis is az, and 
radius of its base en (fig. 5.) If we develope thi% then dc 
(fig. 6.) being the circumference which has en for its radius, 
and taking the perpendicular bc equal the distance between two 
contiguous threads, the hypothenusal line db will be the deve- 
lopement of an entire revolution of the point n. In effect, the 
helix being throughout of constant inclination with respect to 
any position whatever of the generating line of the cylinder, 
VOL. I. H 
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every parallel to ad will make with the developement of that 
curve the same angle; thus, the developement will be aright 
line, as db\ and in like manner the right line be the 

developement of a second revolution. This being granted, we 
may demonstrate in a very satisfactory manner the truth of 
the following proposition. 

160. Vb.oi\ There will be an equUibrmm m the screw tehen 
the power is to the resistancey as the distance between ttm con-- 
tiguous threads m a direction parallel to the aaiisy to the cir- 
cwrrvfh'ence described by the power. 

Let us suppose the spindle ab to be fixed (fig, 3.) and that 
the screw is moveable by the aid of a power i> applied to the 
extremity c of a lever ce^e, acting horizontally perpendicular 
to the lever. Let w' be the weight of the screw, or that which 
the screw supports, or the resistance opposed by the screw to 
the power f. If the screw passed only on one of the points of 
the spindle, suppose it to be at the distance r from the axis> and 
that its position on the developement dS of the spiral be at n 
(fig. 6.) ; then will the pressure on the spindle be exactly the 
same as on the inclined plane db. From the theory (154. cor. 
8.) tlie power m which we suppose applied horizontally in direc- 
tion must, to retain the equilibrium, satisfy this proportion : 

M : w : : cb i cd^ whence m zzw-^zzw ' ^ 

cd 27rr 

where h = he, and tt = S-14I59S, as heretofore. The force m 
which is supposed applied in n, when the helix is not developed 
is perpendicular to the edge of the cylinder, or acts in a tan- 
gential direction to the cylinder, and of consequence always 
parallel to the power p- 

Now, substituting for this subsidiary power m, the power p, 
acting at the distance R, we have from the principles of the lever 
PR iz Mr, the lengths of the arms being r and r. For m in 
this equation, substitute its value in the former one, and there 
arises ^ttrp = This equation, not containing r, is entirely 
independent of the distance at which the point n is supposed 
from the axis; it will therefore be the same if we suppose 
that point any where else on the spindle. Hence we deduce a 
general result : for this equation will even be true, if the screw, 
instead of touching the spindle in a single point, as we have 
hitherto supposed, touch it in any number of points whatever. 
In this latter case every point on the thread of the spindle bears 
a portion of the weight w; these portions being denoted by 
w'', w'^^, &c. give 4- &c, = w. But, on the other 

hand, the force p which supports the weight of the screw, may 
be considered m the sum of as many forces p', p^^, f'", &c. as 
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there are points of coDtact, each of which is employed in sup- 
porting the x^xights w ^5 &c. To each ot these the last 

equation applies, we have, therefore, yv^'h zz j527rRp^, 

&c. their sum manifestly producing the equa- 
tion w/^ Sttius whence p : a. Ei i>. 

Cor. 1. If the screw had a square or rectangular fillet in- 
stead of a triangular one, the conclusipn would be the same, 
for it is independent of the form of the generating polygon. 

Cor. 2. In the same screw the effect is always the greater, 
as the power is applied farther from the axis. 

Cor. S. In two different screws, a force acting with the 
same distance of lever, produces a greater effect in proportion 
as the threads of the screw are nearer together. 

Cor. 4. In the endless or perpetual screw t^c (fig. 7.) which 
drives the teeth of the wheel fd, we shall, in the case of an 
equilibrium, have p x ab x Rad. of FD ri wx dist. of threads 
Xrad. of axle. For the perpetual screw is a combination of 
the axis in peritrochio and the screw. 

SCHOLIUM. 

161. The screw is of very extensive use in Mechanics, its 
great power rendering it more eligible for compressing bodies 
togetlier than most otlier machines; while the great uisparit}^ 
betwixt the velocity of the handle and that of the threads of 
the screw renders it proper for dividing space into an almost 
infinite number of parts. Hence, in the construction of many 
mathematical instruments, such as telescopes, where it is ne- 
cessary to adjust the focus to the eyes of different people, the 
screw is always made use of in order to move the eye-glass a 
very little farther from or nearer to the object-glass. Indeed, 
in all the more refined constructions of practical astronomy, 
the screw is of admirable utility, in reference to adjustment, to 
micrometrical operations, &c. 

VI, OF THE WEDGE. 

162. Dep. a Wedge is a triangular prism, or a solid con- 
ceived to be generated by the motion of a plane triangle paral- 
lel to itself upon a straight line which passes through one of 
its angular points. The wedge is called isosceles^ rectangular^ 
or scalene^ according as the generating triangle is isosceles, 
right-angled, or scalene. 

It is very frequently used in cleaving wood, as represented 
fig. 12. pi. VIL and often in raising great weights. The 
theory of knives, swords, coulters, nails, &c. is generally rer 
ducecl to that of the wedge. The doctrine of the wedge how- 
ever is very imperfect, and can only be exhibited at all by 
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making gratuitous assumptions: such of those as are most 
likely to obtain in practice are made the basis of the three 
succeeding propositions. 

168. Prop. When a resisting body is sustained against the 
face of a wedge^ by a force acting at right angles to its direc-^ 
tion, in the case of equilibrium the power is to tfie resistance^ as 
the sine of the semiangle of the wedge^ to the sine of the angle 
which the direction of the resistance makes zolih the face of the 
wedge; and the snstaming force wiH he as the cosine of the. 
fatter angle. 

Let ABC (fig\ 9. pi. VIL) l)e a rectangular wedge, whose 
edge is c> fa{‘e bc, and back ab. Let this wedge slide freely 
along the plane ln ; let a body e be drawn or urged in the 
direction KE against the face of the wedge, and let it be kept in 
that direction by a force acting in the direction pf, at right 
angles to ke. There are now three forces acting on the body 
E, viz. the resisting force KE, the sustaining force de, and 
the re-action of the wedge in the direction ae, perpendicular 
to the surface Bc. On eb demit the perpendicular ao ; and 
since the three forces are in equilibrio, they will be to each 
other as the sides of the triangle AEG drawn parallel to their 
directions. Draw ef perpendicular to ac, and the force ae 
will be resolved into two, one of which ef presses the wedge 
perpendicularly against the plane ln, and is balanced by the re- 
action of the plane ; the other fa endeavours to move the wedge 
upwards along the plane ln, and is balanced by the power on 
the vvedge* If, therefore, ao represent the force 
be the sustaining force, and af the power applied 
of the wedge, when these forces balance each other. 
A E radius, ap is the sine of the angle aef or 
the sine of the angle aeo or kec, these two 
angles being the complements of AEK. 

If the wedge be isosceles, or composed of two rectangular 
wedges, the force ef, which in the former case was counteracted 
by the plane, will now be counteracted by the other half of the 
wedge: and the power, resistance, and sustaining force, will 
reinain in the same ratio as before. ^ o e. n. 

Cor. 1. When ek is parallel to ba, ag becomes equal and 
parallel to ef y and eg equal and parallel to af ; and the power 
is to the resistance as af to ei^, or ab to ac, and equal to the 
sustaining force. 

Cor. 2. If EK be perpendicular to ba, the direction of the 
resisting force will be parallel to ab ; therefore the resisting 
and sustaining forces changing denominations, this will be a 
ease corresponding with the former. 
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Coe. S. When ke is perpendicular to bc, the sine of the 
angle kec is radius ; and its cosine, which represents the sus.- 
taining force, vanishes: therefore, the power is to the resist- 
ance, as the sine of the semiangle of the wedge, to radius.— ^ 
See Ludlanfs ^Ed Essay. ' 

164. Peop. When ike resistance is made against the face of 

a wedge 'by' a body which is not sustained^ hut wiil ad hare to 
the f lace to which it k applied without sliding^ the power is to 
the resistance, in the case of equilibrkmn, as the cosine of the 
difference between the semi angle (f the wedge and the angle 
mich the direction of the resutance makes with the face of the 
tiiedge, to radius. . ■ 

I?rom any point ic (fig 10. pL VII.) draw the line ice 
through the middle point of the back, meeting the face of the 
wedge in e ; let e be the iinsliding body, which acts iti the^ di- 
rection KK, and let the magnitude of the force with which it is 
urged be represented by ae : from e let hill the perpendicular 
EF upon AC ; and the force ae will be resolved into two, one 
of which EF will be balanced by the opposite lialf of the wedge, 
and the other a f will be counteracted by the power; therefore 
the power is to the resistance as af to ae, that is, making ak 

radius, as the cosine of the angle EAF to radius. 

Cor. 1. When ke is perpendicular to bc, the power _ is to 
the resistance as af to ae, that is, as the sine ot the semiangle 
of the wedge to radius. 

Cor. % When ke is parallel to a ii, a p vanishes, that is, the 
power is indefinitely less than the weight. 

Cor, 6. Wlieii ice is perpendicular to aBj EF vanishes, and 
AF and AE, which represent the power and resistance, become 
equal. 

165. Prop. When the resisting body is mither sustained nor 
adheres to the point to which it is applied^ but slides freely 
along the face of the wedge, the j)Ozoer is to the resistance, as 
the product of the sines ff the semiangle of the wedge and the 
angle in which the resistance is inclined to its face, to the 
square (f radius. 

Let AE (fig. 11. pi. VII.) be perpendicular to bc, and let the 
body E be urged against the face of the wedge in the direction 
ke;‘ and let ke represent the magnitude as well as the di- 
rection of that force. On a E produced let fall the perpen- 
dicular KO, which will be parallel to bc ; thus will the force 
KE be resolved into two, one of which ko will carry the 
body down along the face of the wedge, and the other oe wdll 
propel it perpeiKlicularly against it. Now in the case of cqui- 
lihrium, the power is to oE, that part of the resistance which 
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acts perpendicularly against the face of the ’v^edge^ as the sine 
of the angle acb to radius ; and on is to the whole resistance, 
as OE to KE : that is, making ke radius, as the sine of the angle 
OKE, or its alternate keb, to radius. Therefore, 
componeMdo^ the power is to the resistance, as sin acb x sin 
KEB, to the square of radius. 

Coe. 1. When ke is perpendicular to bc, the sine of the 
angle in which the resistance is applied, is radius ; therefore 
the power is to the resistance, as the sine of the semiangle of 
the v/edge to radius. 

CoE. When ke is parallel to ab, the angle of inclination 
is the complement of the semiangle of the wedge ; and there- 
fore, the power is to the resistance, as the product of the sine 
and cosine of the semiangle of the wedge to the square of radius. 

CoR. 3. When ke is perpendicular to ab, the angle of in- 
clination is equal to the semiangle of the wedge, and the power 
is to the resistance in a duplicate ratio of the sine of the semi- 
angle of the wedge to radius. See Dr, M. Young’^s Lectures. 

SCHOLIUM. 

1 66. The tlieory of the equilibrium of the wedge has greatly 
engaged the attention of many philosophers, as Mr. Ludlam, &c, 
but it is not of very great use in practical mechanics, because 
the wedge is scarcely ever otherwise urged than by percussion. 
In cleaving of wood, the resistance opposing the force of the 
mallet (supposing the sides of the w^edge perfectly polished, and 
its edge a line without breadth), is the cohesion of the particles 
of the wood which are about to be separated ; and this being a 
kind of pressive force acting against the sides of the wedge, it is 
by many philosophers thought absurd to attempt to compare it 
with the percussive force of the mallet. For the greatest finite 
pressive force must, in their opinion, give way to the least per- 
cussive one, and there cannot be an equilibrium between two 
such different forces. Any percussive force (say they) acting 
on a moveable body, generates a finite quantity of motion in an 
indefinitely small portion of time ; but the time will be finite 
in which any given pressive force whatever, acting on the same 
body, can generate or destroy the same quantity of motion. 
Therefore, a body being urged in a certain direction by any 
pressive force whatever, and in the contrary direction by any 
percussive one, the pressive force will be some finite time in 
destroying the quantity of motion which the percussive one 
generated in an instant. Consequently, how great soever the 
pressive force may be, and how small soever the percussive one, 
the body will be moved (at least for some short time) by this 
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last force,” indeed^ after the stroke Is given, the pressive force 
may quickly prevail and force back the body, which the im- 
pulse of the other force had driven forward. And so it would 
frequently be in the operation of cleaving wood, if the sides of 
the wedge were perfectly smooth. For, after the stroke of the 
mallet, the wedge, unless its weight were equiv|ilent to the at- 
traction of the parts of the wood about to be separated, would 
presently be forced back from the place to which it had been 
driven by the mallet And it is chiefly the roughness of the 
sides of the wedge, and of the parts of the wood in contact with 
it, which, in that operation, keeps the wedge from receding. It 
is that roughness too, and the bluntness of the edge, which 
sometimes prevent the wedge from being moved by the stroke 
of the mallet. For were it not obstructed by such roughness 
and bluntness, it would, according to what we j ust now observed, 
be always driven forward, even by the least percussive force. 

Several of these remarks, it will be seen, rest upon the com- 
monly received doctrine of percussion : a doctrine, however, 
which, in our humble opinion, has no very durable basis. It is 
manifest that a blow may perform many things (particularly in 
effecting fractures or breaches) which a considerable pressure 
cannot accomplish: but this is probably owing to the circum- 
stance that the rapidity with which the excited pressure increases 
to its maximum does not leave sufficient time for the forces 
which connect the particles of the body struck to be excited 
throughout to its more remote parts.— We hope to place this 
matter in a rather better light when the subjects of Collision and 
Percussion come under consideration. See Book II. Chap. 5. 
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CHAPTER V. 

ON THE STRENGTH AND STRESS OF MATERIALS. 

167. The Resistance of solids, or that force with which the 
quiescent parts of solid bodies oppose the motion of others con- 
tiguous to them, is generally considered as of two kinds, in one 
of which the resisting and resisted parts, though contiguous, 
constitute separate masses ; this will be considered in another 
place, under the title oi Friction: in the other kind the resist- 
ing and resisted parts are not only contiguous but cohere, being 
parts of the same body or mass ; and it is this which now 
propose to consider. 

This kind of Resistance has exercised the sagacity of some of 
the most eminent philosophers from the time of Galileo down 
to the present period ; and different theories have been proposed 
by Mariotte, Leibnitz, Varignon, Buffon, Euler, Lagrange, and 
Girard (perhaps others whidi have not come to our knowledge), 
but none of them are so free from objection and from error as 
might be wished. Indeed, the figure and constitution of bodies 
are so variable and irregular, that we cannot with the desirable 
precision determine those elements which should precede and 
regulate this discussion. Of the theories above adverted to 
some are certainly very ingenious ; but at the same time they 
are very complex and intricate, and cannot by any means be 
relied upon independent of experiment : we therefore prefer the 
comparatively simple theory of Galileo, originally laid down in 
his dialogue On the Came of the Coherence of Solids f wdth 
which tlie other hypotheses agree in the most essential particu- 
lars, and which, when aided by proper experiments, may serve 
as a safe approximation to the strength and stress of the dif- 
ferent parts of machines. 

That the resistance of solids might be subjected to calcu- 
lation, Galileo supposed first that bodies were composed of solid 
fibres, parallel to one another; he then inquired what was the 
force with w^lnich they resist the action of a power stretching them 
in a direction parallel to their length, and found that it was 
proportional to the number of integral fibi*es : next, couvsidering 
the fibres as subjected to an effort perpendicular to their length, 
he found that die rcvsistancc of the integral fibres was proper- 
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tional to their sum nuiltiplied by an arni of a lever, which is 
always at a certain part of tlie vertical dimensions of a solid in 
the plane of its rupture.” The length of this arm of lever was 
regulated, according to Galileo, by the position of the centre of 
gravity of the plane of rupture; according to others, by the. 
centre of percussion, &c. But ^^the distinctive cliaracter of 
Galileo’s hypothesis consists in this, that the resistance of each 
of the fibres is independent of their quantity of extension at the 
instant of their rupture*” Galileo’s reasoning on this interest- 
ing topic is comprisedin 17 propositions : his of discussion 
will not he entirely adopted ; but, that the reader may know 
how lar this philosopher advanced the subject, we shall distin- 
guish by a [a.] such of the following propositions and corollaries 
as are found in his treatise* 

168 . Def, Strength, mc\ Sir e6‘S9 or Stf^ain, are terms, the 
former of which is used to denote the force or power with 
which any mass or body resists a bi'each or change in its state, 
wliich a pressure or stroke upon it has a tendency to produce ; 
and the latter are used iridiscriminately to express the force 
which is excited in any such mass and tending to break it. 
Thus, every part of a pillar is equally strmnedhyihe load which 
it supports. Hence, it is evident that we cannot make any 
structure fit for its purpose, unless the strength in every part be 
at least equal to the laid on, or the strain excited in that 
part: and hence the necessity of an acquaintance with the 
nature of the resistance of bodies, so that there shall be neither 
a surplus nor a deficiency of materials in any machine. 

W 9 * Pitop. The strength of a beam or bar to resist afrucr 
fare hj a force acting laterally, is as the solid, made by a section 
of the beam in the place where the force is applied, into the 
distance of its centre of gravity from the point or line where 
the breach will end. [g.J 

Suppose AB (fig, Ifi. }>L VIL) to be the beam (of uniform 
matter tlp-oughout) fixed firmly at its two ends a, b, at the 
middle of which is laid the weight w. In the case of a rupture 
wo conceive the beam will be separated first in the line cd op- 
posite to w and farthest from it, and the separation be gra- 
dually continued till it arrives at ab, which may, therefore, be 
considered as a fixed line till the termination of the fracture. 
Now the area abed represents the sum of all the fibres to be 
broken or torn ; and as they are equal to each other both in 
magnitude and strengtli (by hypothesis), tliis area will likewise 
express the aggregate of the strength of the fibres in the longi- 
tudinal direction. But with respect to lateral strength, we must 
consider each fibre as acting at the extremity of a lever whose 
cciilrc of motion is on the line ab: thus, each fibre in the line 



is .^^»i>5/^^ ^ 

“' I';* ijl'^lli 

'” 1 ' 


■:'BOm"I, 

cd^ will resist the breach by a force proportional to the product 
of its individual strength into its distance dh from the centre of 
motion; and consequently the resistance of all the fibres in cd 
will be represented by cd x M. In like manner, the aggregate 
resistance of another course of fibres parallel to as oo^ will 
be represented by oo x boi and of a third, as i% by the rect- 
angle ii X biy and so throughout. Therefore the sum of all 
these products will express the total strength or resistance of 
the beam in that part. But (108.) the sum of all these pro- 
ducts is equal to the product of the area into the distance 
of its centre of gravity from ab: whence the proposition is 
manifest. 

Cor. 1. In sqttm'e beams the lateral strengths are as the 
cubes of the breadths or depths, [o.] 

Cor. 2. In cylindric beams the lateral sfrengths are as the 
cubes (f the diameters. [o.J 

Cor. 3, The lateral strengths of any beams whose sections 
are similar figures^ are as the cubes of corresponding dimensions 
of the sections. 

Cor. 4. In rectangular beams the lateral strengths are con^ 
jointly as the breadths and squai'es of the depths, [g ] 

For the areas are x breadth x depth, and the distances of 
the centre of gravity are x depth ; consequently, strength x 
breadth x depths. 

Cor. 5. The lateral strength of a beam with its narrower 
face upwards^ is to its strength with the broader face upimrds^ 
as the breadth (f the broader face.^ to the breadth of the nar- 
rower. [g.] For bd^ : db'^ :: d : b. 

Cor. 6. If a beam were fixed firmly at one end into a wall, 
and the fracture were caused by a weight suspended at the other 
end, the process of nature would be similar, only that the breach 
would terminate at the lower part of the beam ; and the pro- 
position and first five corollaries would still obtain. 

170. Prop. The lateral strength of prismatic beams of the 
same materials are as the areas of the sections and the distances 
of their centres of grcwity^ directly^ and as their lengths and 
weights^ inversely. 

Let BC, GH {fig. 14. pi. VII.), be two beams of like mate- 
rials fixed in horizontal positions to the upright wall ab, by their 
ends B, G, Let a be the area of the end g of the beam gh, c 
the distance of the centre of gravity of that end from its lowest 
point, L its length, w its weight, and s its strength : and let 
Wy and 5 , be corresponding particulars in the beam cb . 


Then s : s 


fi 

ho 


: agIw : 


For, the direct strength, 


or effort tending to preserve the adhesion of the fibres, varies 
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as the product of ao, ag^ by the last prop* while the eflForts 
tending to destroy their adhesion^ and which^are therefore in 
the inverse ratio of the sti'engths, vary both in proportion to 
the weights of the beams, and the distances at which those 
weights act: but the weights of the beams may evidently be 
considered as acting at their centres of gravity j the distances of 
which from the end supported vary as the length of the beams 
and consequently the efforts tending to destroy the adhesion of 
the beams are as lw, fe. Whence, by incorporating the direct 
and inverse ratios, we obtain that stated in the proposition. 

Cor. 1. Had the beams been considered as fixed at both 
ends, ifie same thing would follow^ with this d^erence only^ 
that a bemn fixed at both ends is as strong as one of* equal 

breadth and depths and but half* the lengthy which is fixed only 
at one e7id. For, if the longer beam were bisected, each of its 
halves would be situated with respect to its fixed end, in the 
same manner as the shorter beam with respect to its fixed end. 

Cor. 2. When the strength of a beam is very considerable 
in relation to its weight, we may, instead of the proposition, 



Cor. S. Cylinders and square prmns have their lateral 
strengths proportional to the cubes of the diameters^ or depths^ 
directly^ and their lengths and weights^ mversely, 

Cor. 4. Similar prisms and cylinders have their stre7igtlis 
inversely 'proportional to iheir like tinear dimensions, [g.] For 
the cubes of the diameters or depths vary as the cubes of the 
lengths, and the weigiits and lengths are as the cubes of the 
lengths and the lengths conjointly, or in the quadruplicate ratio 
of the lengths : therefore, the strengths are as to P directly, 
and to inversely, or inversely as the lengths, L, and /. 

SCHOLIUM. 

111. From the preceding deductions it follows that greater 
beams and bars must be in greater danger of breaking than the 
less similar ones ; and that, though a less beam may be firm and 
secure, yet a greater similar one may be made so long, as neces- 
sarily to break by its own weight. Hence Galileo justly con- 
cludes, that what appears very firm, and succeeds ^vell in mo- 
dels, may be very weak and unstable, or even fall to pieces by 
its weight, when it comes to be executed in large dimension^ 
according to the model. From the same principkis he argues 
that there are necessarily limits in the works of nature and art, 
which they cannot surpass in magnitude: that immensely great 
ships, palaces, temples, &c. cannot be erected, their yards, 
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beams, bolts^ &c. falling asunder by reason of tfoir weight. 
W ere trees of a very enormous magnitude, their branches would, 
in like manner, fall off. Large animals have not strength in 
proportion to their size; and if there were any land animals 
much larger than those we know, they could hardly move, and 
would be perpetually subjected to most dangerous accidents. 
As to marine animals, indeed, the case is different, as the buoy-. 
ancy of the water sustains those animals in great measure ; and 
in fact these are known to be sometimes vastly larger than the 
greatest land animals. It is, says Galileo, impossible for Nature 
to give bones for men, horses, or other animals, so formed as 
to subsist, and proportionally to perform their offices, when 
such animals should be enlarged to immense heights, unless she 
uses matter much firmer and more resisting than she commonly 
does ; or should make bones of a thickness out of all propor- 
tion ; whence the figure and appearance of the animal must be 
monstrous. And this sentiment being suggested to us by per- 
petual experience, we naturally join the idea of greater strength 
and force with the grosser proportions, and that of agility with 
the more delicate ones. The same admirable philosopher like- 
wise remarks, in connexion with this subject, that a greater 
column is in much more danger of being broken by a fall than 
a similar small one : that a man is in greater danger from acci- 
<lents than a child : that an insect can sustain a weight many 
times greater than itself; whereas a much larger animal, as a 
horse, could scarcely carry another horse of his own size. The 
ingenious student may easily extend these practical remarks, to 
any cases which may come before him. 

172. Prop, The lateral strengths of tzm cylinder's (of the 
same matter) of e^iial weight .and lengthy one of which is hot- 
low and the other solid, are to each other as the diameters of 

their ends, „ . , , ... , 

Let ABE, HiK (figs. 1 and 2 pi. VIII.), be the ends of two 
cylinders of equal length, and containing equal quantities of 
matter, tlie former being the section of a tube constituted of 
cylinders having a common axis ; then is the strength of the 
tube to that of the solid cylinder as ab to hi. For the lateral 
strengths (169.) are conjointly as the areas and the distances 
of the centres of gravity of the sections from a or from b, ac- 
cording as the fractures terminate at the one or the other point : 
but the areas of the annulus in the first fig. and of the circle 
in the second, are here equal, and the centres of gravity of both 
are at their centres of magnitude ; wherefore, since the radii 
vary as the diameters, the strengths in this case vary in the same 
ratio, 

Cou, 1. Since, when the area of a circular section is given. 
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its diaiHeter is greater when the section is an RHOiilus, thaii 
when it is a circle without any cavity ; and since the powder 
with which the parts of the cylinder resist extraneous force 
is greater in the same proportion, it follows according to the 
theory thus stated, that the strength may be increased inde- 
finitely without augmenting the quantity of matter. 

This conclusion is, however, manifestly erroneous : bepuse 
after the diameter of the tube exceeds a certain magnitude 
(which can only be ascertained experimentally) it will become 
flaccid, and bend under the smallest additional weight. The 
fact is, the reasoning in the proposition is founded upon the 
presumption that the figure of the section will constantly 
circMlar ; and will therefore only hold true under those limits 
in which the pressure or stroke upon the tube will not cause its 
section to degenerate from the circle to an ellipsis or any other 
form. 

Cor. 2. When the two diameters of the end of a tube are 
given, the diameter of a solid cylinder of equal weight may be 
easily found (the lengths being supposed the same), by taking 
the square root of the difference of the squares of the diameters 
of the tube ; or the square root of the product of their sum and 
difference. 

Or, the same may be effected geometrically by this simple 
process: from one end of the exterior diameter ab set off‘ ae 
equal to the interior diameter on, and join EB, which will be 
the diameter of the section sought. For EB- must be equal to 
AB^ — CD-, which it is by this construction and Euc. L 47. and 
111.31. 

Or, if BE be drawn a tangent to the inner circle till it cuts 
the exterior one in two points e and b, it will be the diameter 
sought For the triangles bea, bfo, are then similar, the 
angles at e and e being right angles ; consequently ea zz 
= CD ; as in the preceding constriiction. 

Coe. 8. The lateral strengths of tubes and solid cylinders of 
equal length and similar materials, are as the areas of their ends 
and their diameters conjointly, 

SCHOLIUM. 

17f3. From this proposition Galileo justly concludes, that 
Nature in a thousand operations greatly augments the strength 
of substances without increasing their weight : as is manifested 
in the bones of animals and the feathers of birds, as well as in 
most tubes, or hollow trunks, which though light, greatly resist 
any effort to bend or break them. Thus (says he) if a wheat 
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Straw which supports an eat that Is heavier than the whole 
stalk were made of the same quantity of matter, but solid, it 
would bend or break with far greater ease than it now does. 
And with the same reason Art has observed and Experience 
confirmed that a hollow cane, or tube of wood or metal, is 
much stronger and more firm than if, while it continued of 
the same weight and length, it were solid, as it would then, of 
consequence, be not so thick : and therefore Art has contrived 
a method to make lances hollow within, when they are re- 
quired to be both light and strong;’’ in this instance, as in 
many others, imitating the wisdom of Nature. 

In all such instances, however, there is an obvious distinction 
between the works of Nature and those of Art ; ^Mn the former 
(as M. Gfmrd remarks, when treating the same subject), the 
cause and the effect essentially agree; the one cannot undergo 
any modification without the other experiencing a correspond- 
ent change; or, to speak more precisely, a new. effect always 
results from a new cause:— “in the productions of human in*^ 
dustry, on the contrary, there is no necessary proportion be- 
tween the effect and cause: if, for example, a determinate 
weight is to be raised, it is indifferent whether we use the 
thread which has precisely the adequate force, or the cable 
which has a superabundant one ; while, if the same weight had 
rested naturally suspended, it would have done so by means of 
fibres peculiarly appropriated in their organization to the ob- 
ject, and whose disposition would have presented the most ad- 
vantageous form. Perfection resides in a single point, at which 
Nature arrives without effort ; while man is obliged, by re- 

f eated trials, to pass over an immense space which separates 
im from it.” 

174. Prop. Of all hollow cylinders whose lengths^ and the 
diameters of the exterior and interior circles ^ continue the same, 
those ham the greatest lateral strength,^ in which the interior 
touches the exterior circle^ in the highest part, provided the cy^ 
Under s are fixed at both ends and in a horizontal position ; or 
xvhefi they touch in the lowest part, f the cylinders are fixed 
only at one end: the cylinders in both cases being conceived to 
exert their strength against weights acting vertically. 

Here, since the diameters of the exterior and interior circles 
are supposed invariable, the area of the space they include will 
be likewise invariable, so that the strengths of the cylinders will 
be proportional to the distances of the centres of gravity of 
their sections from the point where the fracture would end on 
the supposition the cylinders were broken. Now, when a beam 
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is fixed at both ends, and broken by a weight laid between 
those ends, tlie breach will manifestly commence at the lower 
part and terminate at the upper; and, when it is fixed at one 
end only, and the weight acts at the other, the breach will 
commence on the upper side, and terminate at the lower : CGii- 
sequently, in the first instance, the centre of gravity of the sec- 
tion must be at the greatest distance from its highest point, and 
in the second instance at the greatest distance from the lowest 
point, to ensure a maximum of strength. Let figs. 3 and ^ 
represent the section of the tubes, bc and ad being the dia- 
meters of the hollow part of both : let the area of the circle 
wliose diameter is ab be m, the distance of its centre of gravity 
from A being called o, tlie area of the smaller circle ?? 2 , the 
distance of its centre of gravity from a, g, the area of the space 
between the two circles (== m •— the distance of its centre 
of gravity from A, 7 ; then, by the nature of the centre of gra- 
vity, will MG == mg H- ^ 7 , In this equation m, g, and ft-, 
are invariable; therefore 7 must vary inversely and con- 
sequently, when 7 is a maximum ^ is a minimum, and mce versa. 
But g is a minimum when the inner circle touches the outer 
one in a, as in fig. 4; and it is a maximum when the interior 
and exterior circles touch in b, as in fig. 3. Therefore the 
maximum and the minimum values of 7 obtain when the circles 
touch in A and b respectively ; and the comparative strengths 
of the tubes are as expressed in the proposition. 

175. In cases actually arising in practice, this proposition, as 
well as that laid down in art. ITS, will require some modifica- 
tion, and for the same reason as is there stated. The strengths 
of the tubes, however, will increase as the circles approach 
nearer to each other, until they reach a certain limit, which can 
only be determined by experiment for each different kind of 
resisting body, and for various proportions of the exterior and 
interior circles. 

176. Pa OP. The strongest rectangular team ixihich can be 
cut out of a given cijl%ndej\ is that of which the squares (fihe 
breadth^ and depths and the square of the cylinder's diameter ^ 
are respectively as the numbers and 3 . 

In fig. 6 . pL VIII» let bc the breadth of the beam be denoted 
by &, AC the depth by d^ the diameter ae being denoted by d ; 
then when uc is horizontal, the lateral strength will be repre- 
sented by bd^ (art. 16U cor. 4), which is to be a maximum. 
But AC^ AB" - Bc", or d" = D* -- 6 ^ therefore 

— 5** = a max. In fluxions d4 == Wb: whence = 3 S^;; 
and d“ = — If' .= Consequently* * 

D®:.: 1:^:3. q, e. m, 
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Cor, I, Hence arises this eas}^ practical constractioo : divide 
the diameter ab into three equal parts in Ej e ; erect the per- 
pendiculars ED, FG ; and join the points c, d, to the extremities 
of the diameters : so shall acbd, be the rectangular end of the 
beam required. For, because ae, ad, ab, are in continued 
proportion, we have ae :: ab: : ad^: ab® : and, in like manner, 
AF : AB : : ac® : ab\ Hence ae : af ; ab ; : ad^ : ac""' : ab® ; : 

1 3,, 

Cor. 2. The ratio of d to d is nearly that of 5 to 7, or more 
nearly that of 12 to 17, For 5^ : 7® : : 25 : 49 : : 1 : 2 nearly ; 
and 12^ : 17^^ : : 144 : 289 - : 1 : ^ more nearly. 

Cor. 3. A square beam from the same cylinder would have 
its side z=:j> V k = Its solidity would be to that of the 

strongest beam, as |d® to V % or as | to ^ V 2, or as 5 to 
4*714; while its strength would be to that of the strongest 
beam, as (d ~y to i>' a/ ^ x ^D% or as ^ a/ 2 to V 3, or as 
3560 to 8819. 

Cor. 4, The strength of the whole cylinder will be to that 
of the square beam when placed with its diagonal vertically, as 
the area of the circle to that of its inscribed square. For ce or 
ED (fig. 5.) is the distance of the centre of gravity in both cases ; 
therefore the strengths vary as the areas. 

177. Prop. When a triangular beam is supported at both 
ends, its strength mhen the edge of the beam is uppermost i?, to 
the sti^ength when the opposite side is uppermost,, as 2 to 1. 

For in this case the fracture will terminate at the top of the 
beam ; and as the area of the end continues the same whether 
side or edge be uppermost, the strength will vary as the dis- 
tance of the centre of gravity from the uppermost point. Now, 
in the triangle abc, tl)e distance cg of the centre of gravity 
from the vortex, is double the distance gd from the base 
(fig. 8. pi. VIII.): therefore when the triangle is inverted as 
ahe^ the distance of the centre of gravity from d the highest 
point, is only half its distance from the highest point c of the 
triangle before it is inverted. Whence the proposition is 
manifest. 

Cor, If the beam be supported at one end only, it would if 
broken have the breach commence at the upper part and ter- 
minate at the lower : and in that case the beam will be strongest 
when the edge is downward, and only half that strength when 
its opposite face is downward and horizontal. 

178. Prop. If a weight he placed upon any part of a hori- 
zontal beam fixed at both ends„ the stress of' the beam at that 
part will be as the rectangle of its distances from the suppoi'ted 
ends, [g.] 

Let the weight w press upon the beam at c (fig. 5. pi. IV.), 
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then is the weight equal to the pressures upon a and b, and 
pressure upon a r: while pressure upon b (See 

Con 6. art. 133.) But the reaction of either point of support 
is equal to the pressure upon it (ax. 3.); and this may be con- 
sidered as a force acting at the point c as upon the arm of a 
lever: so that the stress at c is as the pressure at either point 
of support into its distance from c. That is^ the pressure is as 

-j-p » AC, or as • Bc, which are manifestly equal, the one 

to the other. But w and ab are given ; therefore the stress 
varies as the rectangle ac • cb. 

Coe. 1. The same thing will obtain if the weight be equally 
diffused through the whole of the beam. For, in this case as 
in the former, the sum of the pressures upon a and b will be 
equal to the whole weight: and if w be the weight of the part 

BC, its pressure upon a, will be ; and this referred back 

to the point c will give * ac, for the stress; which 

varies as the rectangle ac • bc, as before. 

Coe. 2. The greatest stress of a beam is in the middle be- 
tween its supports, whether the weight be applied there or 
equally diffused over its whole length, [a.] 

For the rectangle of the two parts of a liiie is a maximum, 
when those parts are eqiialto each other. 

Cor. 3.^ Hence in all structures we should as far as possible 
avoid placing weights in the middle of beams : thus, in roofing, 
it is better to use prick -posts than king-posts, unless where 
there is a pillar or a partition wall to support the beam in the 
middle. 

CoE. 4. If w be the greatest weight a beam will sustain at 
its middle point, and it be required to support by that beam a 
greater weight w; the point c may be found by making w : 

: : |ab X |ab’: .ac • cb.- . 

To perform this geometrically, Galileo proceeds thus : Let w 
and w be represented by lines, their mean proportional being 
a line m : find a fourth proportional s, to w, m, and ad (fig. 9- 
pL VIII). Let AD be the diameter of the semicircle ahd, in 
which draw the line ah = $ ; join H, d, and make dc rr dh, 
then is c the point sought. For, on ba describe the semicircle 
ANB, raise the perpendicular nc and join n, d: then, because 
NC* + CD- =: ND® r: ad® =: ah- -f- b.j>% and hd* = dc^, we 
have NC® rz ac * cb zz ah®, that is zz s®. But s® i ad® : : : w ; 

whence the truth of the construction is obvious. 

Coe. 5. Since the rectangle ag • cb diminishes as c ap- 
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proaches to A or b, and the stress varies as that rectangle, it 
follows that much may be taken from the thickness of beams 
towards each end without rendering them too weak for the 
load, [g.] 

Cor. 6. The strains at any two points c, and b, in a beam, 
are as the rectangles ac • cb, ad * bb ; and therefore when 
weights are laid on at c, and d, in the proportion of those rect- 
angles the beam will be no more liable to break at one point 
than at the other, [g.] 

Coil. 7. The strain at any point b caused by a weight at c, 
is equal to the strain at c occasioned by the same weight at b. 

For, when the weight w is at c, the stress there is as ac • cb, 

and the stress at b =: - — x strain at c ~ ■— x ac • cb = bd - 

BC BC 

AC. And, when the weight is at b, the strain there is as ab - 
BB ; while the strain at c is as x stress at B = x ab • 
i)B = AC • BB, the same as before. 

179. Prop. If (t beam in form of an isosceles wedge be fixed 
by its base to a vertical wall, its faces being in a vertical posu 
tion^ and a weight be attached to its vertex ^ such a beam will 
he eq^ually strong thrcmghout 

Let the wedge ba (%. 10. pi. VIIL) be fixed to the vertical 
wall BE, and a weight w be placed at a. The effort of the 
weight w upon any point b of the beam will, by the nature of 
the lever, be as the rectangle w • ab, or as ab, because w is 
constant. And the strength at any point b, will be as the 
breadth into the square of the depth at that place (all the ver- 
tical sections being rectangles), or as the breadth CD, the depth 
being constant. Therefore, since when the beam is equally 
strong throughout, the strength and stress are in an invariable 
ratio, we shall have cb constantly as AC ; and, of consequence, 
acd must be a rectilinear triangle, and the beam a wedge. 

180. Prop. If a beam is placed horizontally with cme end 
fixed to a woll^ and a weight hung at the other ^ then if its 
breadth be the same from one end to the other ^ it will be equally 
strong throughout when the vertical sides are in form of a 
rabola. [g.] 

For the stress is as ad (fig. 11.) as in the last prop* and the 
strength is as the breadth into the square of the depth, or, be- 
cause the breadth is constant, the strength is as cd®. But the 
stress and strength must remain in a constant ratio ; therefore 
Ai) must vary as cb^ throughout the figure; which is the well- 
known property of a parabola whose vertex is a. 

Cor. 1. Since the parabola is f of its circumscribing paral- 
lelogram, parabolic beams require less matter than prismatic 
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ones; a circumstance which may be beneficially attended to, 
jwticularly when iron is used. . • 

Coil. 2. In the beams of balances for very great weights, 
each arm may be constructed of a parabolic shape, as in fi^. IS. 
F being the centre of motion : which will cause a saving of ma- 
terials without any diminution of useful strength. 

181. Prop. If a beam has one eim fixed to a wall, and gra^ 
dually diniimshes towards the other end where a weight is 
placed, so that all its mrlical sections are squares, then, in order 
that' it may be eqiiaUy strwig ihroug^^ the bounding curve 
must be in the form of a cubic parabola. 

In fig. 12. pL Vlil. the stress or effort of the weight upon 
any point f will be as af : and, because the sections are all 
similar, the strengths will vary as the cubes of the depths. 
Hence, in this case af a bc^, which is a well-known property 
of a cubic parabola. 

182. pROi\ When a beam whose vertical sides are parallel 
planes is fixed at both ends, it will he equally sli'ong through-- 
out, if either the tops of those sides or the bottoms, or both, he 
terminated by ellipses. 

For, the sides being parallel planes, the beam will be of equal 
thickness throughout, and consequently the strength at any 
point DC, will be as CB% or as according as abb, or acb, is 
the bottom of the beam (fig. 13. pi. VIIL), Now, the stress at 
the point b, is as the rectangle ab • bb (art. ITS.); therefore 
CB% or cc® must vary as ab « db, to ensure equal strength 
throughout. And this is the fundamental property of the 
ellipse whose vertices are a and B. 

183. Prop. Given the length and weight of a cylinder or 
prism, which is placed horizontally with one end fixed firmly, 
and will just support a given Weight at the other end mihout 
breaking, to find the length of a similar prism or cylinder, 
which when supported in like manner at one end, shall just 
bear without breaking a second given weight at the unsup-^ 
ported end. 

Let I denote the length of the given cylinder or prism, d the 
diameter or depth of its end, w its weight, and u the weight 
hanging at the unsupported end : the capitals l, b, w, and u, 
representing corresponding particulars with respect to the other 
prism. Then the weights of similar solids of the same matter 
being as the cubes of their lengths, we shall have P : l^.: : w : 

w, the weight of the prism whose length is L. We may 

either suppose the whole weight of each beam to act at its 
centre of gravity, or half its weight at the unsupported end : 
for, on both these suppositions the stress upon the supported 
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or fixed end arising from the weight of the beam will be the 
same; hence then, the stress upon the fixed end of the beam 
whose length is Z, arising both from its own weight and the 
weight u attached to it, will be {^w + u)l ; and the stress upon 

the other beam will be -^4- xi) l, or w -f u) l. But 

the lateral strength of the first beam is to that of the second, as 
cl^ to (art. 169. cor. S.) or as P to Wherefore, since the 
strengths and stresses of tlie two beams in their respective cir- 
cumstances must be in the same ratio, to answer the conditions 

of the proposition, we have -f 2^ ^ + u) l : : P : 

This analogy converted into an equation, gives, after a little 
redaction, Zl® 4 tjZ^ rr 0: a cubic equation 

from which the numeral value of l may be determined, when 
those of the other quantities are specified. - 

Cor. 1. When u vanishes, the equation becomes 

Ih^ ; whence l =: L or w : zc 4 • • Z ; l. From which 

■ ■ ■ 

the length of the beam which will just break by its own weight, 
may be readily found. 

Coe. 2. Hence of all beams of sunilar shape and materials, 
there is one, and only one, that will merely sustain itself when 
fixed at one end, being just on the point of breaking, [g.] 

Cor. S. If a beam break by its own weight, when fixed at 
one end, a beam of twice its length fixed in a similar manner at 
both ends will also break by its own weight : or if one sustain 
itself the other will. 

For the strain or stress is the same in both of them ; each 
being equal to the stress of a beam of the double length, and 
supported at its middle point. 

184. Prop. Given the kf^gth and weight of a cylinder or 
prism ^ zvhich is fixed horizontally as in the Jhregomg proposi^ 
tion, and a weight zvhich when himg at a given point breaks the 
prism, to find how much longer a prism qf equal diameter or of 
equal breadth and depth, may be extended b^ore it break either 
by its own zeeight, or by the addition qf any other adventitious 
weight. 

Here let Z denote the length of the given prism, to its weight, 
zi a weight attached to it at the distance d from the fixed end ; 
h the length of the required prism, and u the weight attached 

to it at the distance d. Then Z : l : : te : the weight of the 

prism whose length is t; therefore the strain it will occasion 
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upon the fixed end will be 1 l — the strain 

arising from the weight u acting at the distance d will be i)U ; 
so that the whole strain occasioned by the longer beam and its 
weight will be The strain occasioned, in like manner, 

by the weight of the original beam will be and by its 
weight w at the distance d, will be du, their sum bein^ 

+ dti.. Now the strength of the beam which is just sufiicient 
to resist these strains is the same in both instances; con» 

sequeiitly - + uu =r and by reduction L = 

\/-~ 

Coe. 1. If the lengthened beam just breaks with its Own 
weight, then u vanishes, and we have l = •/ _j_ ,, — 

■y/ ^ X (Z + 


Coe. 2. If when u vanishes d becomes equal tod, we have l : 

/ , w/+ 2/ir” 7 . w + 2w 

A / I X : = I V — . 

y y<» w 


185. Prop. The streiigth of a rectangular beam in an inclined 
fositlmi is to the strength of the same beam in a horizontal 
position^ to resist a vertical pressure^ as the square of the radius 
to the squay^c of the cosine (f elevation. 

For a transverse vertical section of the beam, will be rectan- 
gular, whether the beam be in a horizontal or oblique position : 
and consequently, on the principles we have assumed, the 
strengths in both cases will be as the squares of the depths. 
Now AB (fig. 14. pi. VIIL) being a longitudinal vertical section 
of the beam, the depth of the beam when inclined will be cu, 
and cd wlien it is horizontal. Hence the strength in the one 
case to that in the other is as to cd-, or because of the 
similar triangles end, ado, as aj/ to ao^, that is, making ad 
radius, as rad- to cos'^ dao. q, e. n. 


Coe. 1. The strength of any beam resisting a vertical pres- 
sure is greatest when it is in a vertical position ; for then the 
cosine of inclination vanishes. 


Cor. SB. The same prop, and corol. will hold, with respect 
to a pressure in any other direction, provided ah, instead of 
being horizJontal, be perpendicular to the pressure, 

186. Prop. When two beams standing obliquely hear hm 
mcights upon them^ cither at the middle points or in amf slmi^ 
lar situations, or eqticdly diffused over their whole lengths ; the 
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strams upon them *uoill he directly as the weights^ the lengths^ 
and the cosines of elevation cmjohitly. 

For (art. 154?. cor. 4.) the weight is to the pressure upon the 
plane, as radius to the cosine of elevation: therefore the pres- 
sure is as the rectangle of the weight and cosine of elevation ; 
and this is the force acting against the beam perpendicu- 
larly. Whence the stress will universally be as the length of 
the beam and this force, that is, as the length x weight x 
cosine of elevation. 

Cor. 1. If the lengths of the beams, and their weights, be 
the same, the stress will be as the cosine of elevation ; and con- 
sequently it will be greatest when the beam is horizontal. 

Cor, 2. If the beams are horizontal, or at any equal inclina- 
tions, and the weights vary as the lengths, or the beams are 
uniform, then will the stress vary as the squares of the lengths, 

CoR. 6. If the weights are equal on the horizontal beam a c, 
and the inclined one ab (fig. 15.) and bc be vertical , the stress 
upon both beams will be equal. 

For the length into the cosine of elevation is the same in 
both. 

CoR. 4. But if the weights on the beams vary as their lengths, 
the strength will also vary in the same ratio. 

Cor. 5. And universally the stress upon any point of an 
oblique beam, is as the rectangle of the segments of the beam, 
the weight and cos inclination directly, and the length of the 
beam reciprocally. 

187. Prop. JLet ac (fig. 1. pi. IX.) represent a beam move-^ 
able about a centre c, so as to make any angle acb mth the 
plane of the horizon cb; to determine the position of a prop 
or supporter os of a given length, which xmll sustain it %mth 
the greatest ease in any given position; also to ascertain the 
inclinatio7i of ac to the horizon when the least force that can 
sustain it is greater than the least force in any other position. 

Let G be the centre of gravity of the beam ac, and draw on, 
and CD, perpendicular to ac, cb, and os respectively. 
Put so :ri ja, CG =: r, cm = x, and the w’^eight of the beam = w. 
Then, by the nature of the parallelogram of forces, w^e shall 
have Gm : on, or sim. triangles, as cg ( rz r) ; cm {zz x):iwi 

the force which acting at g in the direction on, is sufficient 
to sustain the beam : and, by the nature of the lever, co : cg 
( zzr):: (the requisite force at g) : the force capable 

of supporting it at o in a direction perp. to ac or parallel to 
on : and, again, as on : co : : (the force acting at o in 


CHAP* V. STllENGTH AKB STRESS- OF MATERIALS. 


119 


direction X to co) : the force or weight actually sustained 

by the given prop so in a direction X to cb. This latter force 
\v ill manifestly be the least possible when the perpendicular cp 
upon os is the greatest possible, let the angle agb be what it 
may. But of all triangles, having the same base os and ver- 
tical angle sco, that which is isosceles is known to have the 
greatest perpendicular [being an obvious corol. from the latter 
part of prob* VI. p. 171. voL iii. Hutton’s Course] : therefore 
the triangle osc will be isosceles, and the angle str angle d, 
when the weight sustained by the prop os is Q. mmmum. 

Secondly, in order to give a solution to the latter part of the 
problem, we have to find when is a maximum, the angles s 

and o being always r: each other, while they vary in magnitude 
in consequence of the change of the inclination acb. Let on 
produced meet cm in i ; then, because of the similar triangles 
CBS, cmi, we shall have cd : cw (=.r) : : sd : ?/n, whence 

— ~ ; and consequently — x rz x w. But since 

Cl bisects the angle ?wcg, we also have cg cm ( iz r -j- s) : ciu 
( = .r):: gibCzz Vr« — a;^) : im = — ./r* — a,’* = ^ V'——' • 

consequently the force tt’, acting upon the prop, is like- 
wise truly expressed by The fluxion of this ex- 

pression being taken and put equal to we obtain 

r: therefore cg : cm : :li i — radius : cosine of gcb 
= 51 ® 50 ^, the inclination required. 

188. Proi\ Suppose the beam ac instead of bemg mooeablc 
about the centre c, to be supported in a given position by^ means 
of the given yrop os ; it is required to determine the position of 
that prop so that the prismatic beam on which U stands may 
he the least liable to hreaking^ this latter beam being only sup- 
ported at its ends c and n. 

Let CB zr. 5, os z=:p^ CG — r, weight of CA zz Wy^co zz z, sine 
and cosine of angle czzs and c respectively, sine / sine 

z s zzy. Then, by trig, zz y vip : or cs“-^ : 

also the force of the beam at G in direction on zz czo. Let f 
denote the force sustaining the beam at o in the direction so ; 
then, because action and reaction are equal and opposite, the 
same force will be exerted at s in the direction os : therefore 

CG X cipzziyXy and Again, the vertical stress at s, will 
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oc K xsin S X CS*.SB = F 2 /* CS • = X (6 — -~) X rr 

(substitutiiig — for its equal — ) — x — x 

bs — px rcxt^p ^ bs \ . , , 

— ^ — » JT ) = a min. by the prop. Conse- 
quently a min, or jt a max. : that is^ a? r: 1, and 

the angle cos a right angle. Hence the point o is readily found 
by this proportion; sin c : cos c : : os : oc*. 

GENERAL SCHOLIA. 

189. We have already adverted to a general maxim, which, 
on account of its great importance, we beg to state again : it is 
this:— PFAen several pieces of timber^ h'on^ or any other ma^ 
terials are introduced into a machine or structure of any Idnd^ 
the parts not only of the same piece, hut of the different pieces 
in fhe fabric^ ought to be so adjusted with respect to magnitude 
that the strength may be in every part as riear as possible in a 
constant proportion to the strain to which they wilt be subjected. 
Thus, in the construction of any engine, the weight and pres- 
sure upon every part should be investigated, and the strength 
should be apportioned accordingly. All levers, for Instance, 
should be made strongest where they are most strained: as 
levers of the first kind, at the fulcrum ; levers of the second 
kind, where the weight acts ; and those of the third kind, where 
the power is applied. The axles of wheels and pulleys, the 
teeth of wheels, ropes. See. must be made stronger or weaker, 
as they will be more or less acted upon. Let the strength al- 
lowed be more than fully competent to the stress to which the 
parts can ever be liable ; but let not the surplus be extrava- 
gant: for such an excess of strength in any part, instead of 
being serviceable, is injurious by increasing the resistance the 
machine has to overcome, and thus encumbering, impeding, 
and often destroying the requisite motion : while, on the other 
hand, a defect of strength in any one part will cause a failure 
there, and either render the whole useless, or call for frequent 
repairs, 

i90. The propositions we have given on the strength and 
stress of materials, however true, according to the principles 
assumed, arc of no use in practice till the comparative strength 

* A geometrical solution of this problem was given in the Lady’s Diary for !75?. 
See Hutton’s Diaiian Miscellany, vol, iii. p- 38 5 and Leybourn’s Diaries. 
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of different substances is ascertained. And even then they will 
apply more accurately to some substances than others. Until 
lately tliey have been almost exclusively applied to the resist- 
ing force of beams of timber; though it is probable no mate- 
rials whatever accord less with the theory than timber of all 
kinds. The resisting body is supposed in the theory to be 
perfectly homogeneous, or composed of parallel fibres, equally 
distributed around the axis, and presenting uniform resistance 
to rupture. But this is not the case in a beam of timber ; for, 
by tracing the process of vegetation, it has been found that the 
ligneous coats of a tree, formed by its annual growth, are al- 
most concentric ; and that they are like so many hollow cylin- 
ders thrust into each other, and united by a kind of medullary 
substance which offers but little resistance: these hollow cylin- 
ders, therefore, furnish the chief resistance to the force which 
tends to break them. Now, wdien the trunk of a tree is squared 
in order that it may be converted into a beam, it is evident that 
all the ligneous cylinders greater than the circle inscribed in tlie 
square or rectangle, which is the section of the beam, are cut 
off* at the sides; and therefore, as Montucla remarks, almost 
the whole resistance arises from the cylindric trunk inscribed 
in the solid part of the beam. The portions of the cylindric 
coats which are towards the angles add a little, it is true, to 
the strength of that cylinder, as they cannot fail to oppose 
resistance to the straining force; but it is far Jess than though 
the ligneous cylinder w^ere entire. Hence we cannot by legiti- 
mate comparison accurately deduce the strength of a joist cut 
from a small tree, by experiments on another which has been 
sawn from a much larger tree or block: the latter is generally 
weak, and very liable to break. As to the concentric cylinders 
we have been speaking of, they are evidently not all of equal 
strength. Those nearest the centre being the oldest, are like- 
wise the hardest ; which again, is contrary to the theory, in 
which they a,re supposed uniform throughout. After all, liow.. 
ever, it is still found that in some of the most important pro- 
blems the results of the theory and well conducted experiments 
coincide, even with regard to timber : thus, for example, the 
experiments of Duhamel on rectangular beams afford results 
deviating but in a slight degree from the theorem of Galileo, 
that the strength is proportional to the product of the breadth 
into the square of the depth. 

190. A. Experiments on the strength of different kinds of 
wood, are by no means so numerous as might be w^ished. The 
most useful seem to be those made by Parent, Banks, Girard, 
Predgold, and Barlow : but it will be at all times highly ad- 
vantageous to make new^ experiments on the same subject ; a 
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labour especially reserved for engineers who possess skill and 
zeal for the advancement of their profession. It has been 
found by experiments that the same kind of wood, and of the 
same shape and dimensions, will break with very diiSerent 
weights: that one piece is much stronger than another, not 
only cutout of the same tree, but out of the same rod: and 
that if a piece of any length planed equally thick throughout be 
separated into three or four pieces of an equal length, it will be 
found that these pieces require different weights to break them, 
Emerson observes that wood from the boughs and branches of 
trees is far weaker than that of the body : the wood of the great 
limbs stronger than that of the small ones : and the wood in 
the heart of a sound tree strongest of all. He observes farther, 
that a piece of timber which has borne a great weight for a 
small time, has broke with a far less weight, when left upon it 
for a much longer time. This is also consistent with Mr. Bar- 
low’s interesting experiments. Wood is likewise weaker when 
it is green, and strongest when thoroughly dried ; and should 
be two or three years old, at least. Knots in wood often 
weaken it very much. And when wood is cross-grained, as 
often happens in sawing, this will weaken it in a greater or less 
degree, according as the cut runs more or less across the grain. 
There is, moreover, the consideration that when a beam posited 
horizontally, or nearly so, is ruptured by a vertical pressure, a 
horizontal stratum, from end to end, is compj'essed^ and the 
other portion extended or stretched^ the thin lamina between 
these two, being regarded as a neutral axis: this again is a 
curious topic of inquiry. Erora all which it follows that a 
considerable allowance ought to be made for the strength of 
wood, when applied to any use where strength and durability 
are required, ^ 

Iron is generally much more uniform in its strength than 
wood: yet experiments show that there is some difference oc- 
casioned by different kinds of ore; the difference is not only 
found in iron from different furnaces ; hut from the same fur- 
nace, and the same melting; this may arise partly from the 
different degrees of heat which it has when it is poured into 
the mould, and partly from the different intensities of heat 
acquired by the fused metal in different parts of the same 
furnace. 

Every beam or bar, whether of wood, stone, or iron, is more 
easily broken by any transverse strain, when it is sustaining 
any very great compression endways. Several experiments 
have been made on this kind of strain : a piece of white marble 

inch square and three inches between the props, bore 381bs. ; 
when compressed endways with SOOlbs. it broke witli 1 4?|lbs. 
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The ejfTect is much Biore remarkable in tioiber, and more elastic 
bodies; but is considerable in all. This, therefore, is a point 
which must be attended to in all experiments : as must likewise 
tlie following, namely, that a beam supported at both ends, 
will carry twice m much when the ends beyond the props are 
kept from rising, as when the beam rests loosely on the props. 
The demonstration of this is given by Girard; and many ex- 
periments furnish nearly the same result. 

Some writers, however, seem to doubt its truth : and as every 
one has not opportunities of trying the matter experimentally. 
Professor Rohison, in order to remove any doubts, gives this 
familiar representation of the case. Let lm (fig. S. pi. IX.) be 
a long beam divided into six equal parts, in the points b, b, a, 
c, E ; and firmly supported at l, b, c, m. Let it be cut through 
at A, and have compass-joints at b and c: fb and gc are two 
equal uprights, i^esting on b and c, but without any connec- 
tion; AH is a similar and equal piece occasionally applied at 
the seam a. Now let a thread or wire age be extended over 
the piece GC, and made fast at a, g, and e: and let the same 
thing be done on the other side of a, as at a, f, b. If a weight 
be now laid on at a, the wires afd, age, may be strained till 
they are broken. In the instant of fracture we may suppose 
their strains to be represented by a/ and Ag. Complete the 
parallelogram, and A^» represents the magnitude of the weight. 
Nothing, it is plain, is concerned here, but the cohesion of the 
wires ; for the beam is sawed through at a, and its parts move 
with perfect freedom round b and c. Instead of this process 
apply the piece ah below a, and keep it there by straining the 
same wire over it in the position bhc. If a weight be now laid 
on, it must press down the ends of ba and ca, and cause the 
piece AH to strain the wire bhc. In the instant of fracture of 
the same wire, similarly posited, its resistance h&, hc, must be 
equal to Ag^ and the weight /ih which breaks them must 
be equal to Aa, Lastly, employ all the three pieces fb, ah, gc, 
with the same wire attached as in the two cases combined: 
there can be no doubt that the weight which breaks all the 
wires must be = Aa + 7^H5 or twice And it is exceedingly 
manifest that the wires perform the very same oflSce with the 
fibres of an entire beam lm held fast in the four holes Bj b, c, 
E, of some upright posts. 

^ The same thing is shown rather differently at page 464, 
Emerson's Algebra. 

A cylindric rod of good clean fir, of an inch circumference, 
drawn in length, will bear at extremity 406lbs., and a spear of 
fir two indies diameter, will bear about T tons, according to 

Emerson. ■ 
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A rod of good iron of an inch circumference will bear nearly 
3 tons weight. 

A good hempen rope of an inch circumference will bear 
lOOOlbs. at its extremity. 

Hence this author concludes that if a rod of fir, or a ropcj 
or a rod of iron, of d inches diameter were to lift the extreme 
weight, then 

The fir would bear 8|. hundred weights. 

The rope i dd ditto. 

The iron . . 6^ dd tons, 

191. Mr. Banks, a late ingenious lecturer on Natural Phi- 
losophy, has at various times made many experiments on the 
real and comparative strengths of oak, deal, and iron. He 
found that the worst or weakest piece of dry heart of oak, 
1 inch square, and 1 foot long, bore 660 lbs. though it was 
much bent ; and ^ pounds more broke it. The strongest piece 
he tried of the same dimensions, broke with 97^ lbs. The 
worst piece of deal bore 460 lbs. but broke with 4 more. The 
best piece bore 690 lbs.; but broke with a little more. And 
with respect to cast iron, he concludes that a bar of the weakest 
kind, an inch square and a foot long, would break with about 
2190 lbs. The following are some of the experiments he men- 
tions. [Banks on Power of Machines, p. 80.] 

“ Experiments on the sti^enMh of cast iron, tried at Ketlcy. 

“ March m5. . ^ ^ 

The different bars were all cast at one time out of the 
same air-furnace, and the iron was very soft, so as to cut or 
file easily. 

Exp, I. Two bars of iron, one inch square, and exactly 
three feet long, were placed upon a horizontal bar so as to 
meet in a cap at the top, from which was suspended a scale ; 
these bars made each an angle of 45^ with the base plate, and 
of consequence formed an angle of 90^ at the top : from this 
cap was suspended a weight of seven tons, which was left for 
16 hours, when the bars were a little bent, and but very little. 

Exp, II. Two more bars of the same length and thickness, 
were placed in a similar manner, making an angle of 22|® with 
the base plate ; these bore four tons upon the scale : a little 
more weight broke one of them, which was observed to be a 
little crooked when first put up. In this case the pressure 
would be as the sines of the angles of elevation, viz. as 3826 to 
7071 ; and as 3826 : 4 tons : : 7071 : 7 • 6 tons ; that is, if the 
second bars broke with four tons, the first ought to have taken 
7 • 6 toils to brt'ak them; and it is likely that would, if tried, 
have lieen the case. 

Exp, HI. Another bar was placed horizontally upon two 
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suppoFt€H‘s, exactly three feet distaat; it bore 6 cwt. 8 qrs. but 
broke when a little more was added. 

I¥. The same experiment repeated, with the same 

result.' ..■■ ■ 

jEJr-p. V. The bearings were £ feet 6 inches apart, the bar 
bore 9 cwt. and broke.” Three more experiments were tried 
the next day with the prisms S feet distant ; the average result 
was 6 cwU S! qrs. T-f lbs,.” ' . ' 

Experiments tried at Colehrook-dale^ on curved bars or 
ribs of cast iron j April 

Rib £9 feet 6 inches span, and 11 inches high in the 
centre; it supported 99 cwt. 1 qr. 141bs : it sunk in the 
middle S|., and rose again when the weight was removed. 
The same rib was afterwards tried without abutments, and 
broke with 55 cwt, 0 qrs 14 lbs. 

Rib £9 feet 8 inches in span, a segment of a circle, 3 feet 
high in the centre; it supported 100 cwt. 1 qr. 14 lbs. and sunk 
I J.^ in the middle. The same rib was afterwards tried with- 
out abutments, and broke with 64 cwt. 1 qr. 141bs.” 

The thickness of these ribs, unluckily, is not specified; but 
the experiments prove that each rib exerted little more than 
half the strength when the abutments were removed. This 
corresponds with what we have stated in the last article rela- 
tively to beams being fixed at the ends, as nearly as can be 
expected, considering the necessary difierence between prisms 
and these arch ribs. ^ 

Mr. Banks made some experiments on the strength of cast 
iron, at Messrs. Aydon and ElwelFs foundry, Wakefield. 

The iron came from their furnace at Shelf, near Bradford, 
and was cast from the air-furnace ; the bars one inch square, 
and the props exactly a yard distant. One yard in length 
weighs exactly 9 lbs. or one was about half an ounce less, and 
another a very little more : they all bent about an inch before 
they broke. 

lbs. 

1. The first bar broke with .... 963 

£. Bar broke with . 958 

3. Bar broke with . 994 

4. Bar made from the cupola, broke witli 864 

Bar equally thick in the middle, but the V 
ends formed into a parabola, and weigh- [-874.” 
ed 6 lbs. 3 oz. broke with .... 3 

This gentleman made many other experiments. He con- 
cludes from the whole, that cast iron is from to 4^ times 
stronger than oak of the same dimensions, and from 5 to 6*- 
times stronger than deal. 
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With respect to the twist to which bars or shafts placed in 
an upright position are liable, between the wheel which drives 
them and the resistance they have to overcome^ he observes that 
a cast iron bar an inch square and fixed at one end, and 6Si 
pounds suspended by a wheel of S feet diameter fixed on the 
other end, will break by the twist : though some have required 
more than 1000 lbs. in similar situations to break by the twist. 
The strength to resist the twisting strain is as the cube of like 
lateral dimensions. 

191. A. Professor Robison found by many trials that a prism 
of white marble an inch square and a foot long, bears about 
500 lbs. : and that a cylinder of an inch in diameter loaded to 
one-fourth will carry, if of iron 135 hundred weight, of rope 
Sf, oak 14, fir 9 . 

Professor Robison also collected from the experiments of 
Muschenbroek and others, a table of the absolute strengths of 
several substances : from which the following is selected. The 
specimens are supposed to be prisms or cylinders of one square 
inch transverse area; and to be stretched or drawn lengthwise 
by suspended w^eights, gradually increased till the bars w'ere 
torn asunder. The avoirdupois pounds, which on a medium 
of many trials effected this, are set against each name. 

1st. METALS. ' ' ^ ■ 


lbs. lbs. 

Gold, cast . . . S£,000 Tin, cast . . « . 5,000 

Silver, cast , . . 4J^,000 Lead, cast . . , . 860 

Copper, cast . . . 34,000 Regulus of antimony 1,000 
Iron, cast ... 50,000 Zinc . . . . . . 2,600 
Iron, bar . . , *70,000 Bismuth . • . . 2,900 

Steel, bar . . .135,000 


It is a circumstance deserving notice that almost all the 
metallic mixtures have greater tenacity than the metals them- 
selves. The change of tenacity depends much on the relative 
proportions of the ingredients ; yet the law is extremely vari- 
able, differing much in different metals. The proportions of 
constituent parts selected are those which produce the greatest 
strength. 


lbs. 

2 parts Gold with 1 of silver .... 28,000 

5 Gold, 1 copper 50,000 

5 Silver, 1 copper 48,500 

4 Silver, 1 tin ...... 41,000 

6 Copper, 1 tin . . . , . . 60,000 

Brass, of copper and tin , . . 51,000 
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3 Tin, Head . . v . . . . 10,200 

8 Tin, 1 zinc V • ; • - • • 10,000 

4 Tin, 1 remdus antimony . .12,000 

8 Lead, 1 zinc . . . . . / 4,500 

4 Tin, 1 lead, 1 zinc . . . . 13,000 

These mixtures are of considerable use in the arts. The 
mixtures of copper and tin are especially important in the fabric 
of great guns. By mixing copper wlpse strength, at greatest, 
does not exceed 37,000, with tin, which in like manner is less 
than 6000 ; a metal is produced whose tenacity is almost double 
that of copper, at the same time that it is harder and more 
easily wrought : it is, however, more fusible. It appears, also, 
that a very small addition of zinc almost doubles the tenacity of 
tin, and increases the tenacity of lead five times. An addition 
of from one-fourth to one-third of lead doubles the tenacity of 
tin. These are economical mixtures, and afford valuable in- 
formation to plumbers, as to the manner of augmenting the 
strength of water-pipes. By having recourse to these tables, 
also, the engineer can proportion the thickness of his pipes, of 
whatever metal, to the pressures they are intended to sustain. 

2dly. WOODS, &c. 


lbs. lbs. 

Locust tree . . . 20,100 Elder . . ... 10,000 

Jujcb . . , . . 18,500 Pomegranate . . , 9,750 

Beech and oak . . 17,300 Lemon . . . . . 9,350 

Orange , , . . 15,500 Tamarind . . . . 8,750 

Alder 13,900 Fir . . * . . . 8,330 

Elm . . ... 13,200 Walnut . . . . 8,130 

Mulberry . ... 12,500 Pitch pine . . . 7,650 

Willow . , , . 12,500 Quince ..... 6,750 

Ash . . . . . 12,000 Cypress ... . 6,000 

Plum 11,800 Poplar 5,500 

Cedar 4,880 Horn ..... 8,750 

Ivory ..... 16,270 Whalebone . . • 7,500 

Bone ..... 5,250 Tooth of sea-calf . 4,075 


These numbers express something more than the utmost co- 
hesion ; the weights being such as will very soon tear the rods 
asunder. It will be found generally that of these weights 
will sensibly impair tlie strength after acting a considerable 
while ; and that | is the utmost that can remain permanently 
suspended from the rods with safety* Wood, however, of 
straight fibre, such as fir, will bear a greater proportional load 
than other timber. 

The strength of some metals is doubled or tripled by the 
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operation of forging and wire-drawing ; and the cohesive as well 
as the repulsive force of wood is often increased bj moderate 
compression. Oak will much more th^ but fir 

will support twice as much as oak; the curvature of the fibres 
of oak appears to be the reason of the difference ; yet oak has 
been known to support, with safety, more than 2 tons for every 
square inch. Stone will support from 250 to 850 thousand 
pounds on a foot square, brick 800 ; and sometimes they are 
practically made to support one-sixth as much. Stone is said 
to be capable of bearing a much greater weight in that position 
with respect to the horizon in which it is found in the quarry, 
than in any other position. 

192. Having thus given, in addition to the theoretic propo- 
sitions, the results of experiments made at different times by 
various persons, it remains to exhibit a few examples of the 
practical application of the whole. 

1. Let it be required to find what weight suspended from the 
middle of an oak beam (supported at each end) will break it; 
the length of the beam being 8 feet, its end a square, and each 
side six inches. 

According to Mr. Banks’s experiments, a bar of oak an inch 
square and a foot long lying on a prop at each end, will break 
with 660 lbs. on its middle, taking the lowest number* And 
in all cases where we make such comparison of strength, 
breadth multiplied into the square of the depth and divided bif 
the product the length and weight must be a constant quan- 
tity: that is, taking 5, d, I, and w, for the breadth, depth, 
length, and weight, used in the experiment, and b, d, t, w, 

those proposed in the example, we have . Hence w == 




•, which in the present instance gives w = 


LW 

1 x660 


1 X r-* X 8 


17820 lbs. 

IL Let the length of the beam be as above, the breadth S 
inches, and the weight 17820, what must be the depth of the 
beam ? 

Here 5, rf, and also l, and w, are as in the preceding 
example. From the general equation we obtain n 


hd^hw 






1 X I X 8 X 17820 
3 X 1 X 660 


8 • 45 inches, nearly. 


Coe. The latter beam, though as strong as the former, is 

. 1* . . 1 ., '.i' ' , .. 


but little more than f of it in size. 


Ill, Required the breadth of a bar of iron 8 feet long, and 
4 inches in depth, to sustain the same weight at its middle 
point ? 
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Here h, d, I, i., w, as before, *o ~ 2190, d = 4; and from 

M^l-w 1x1x8x17820 a n>^ • t i 

the theorem b = --r- = — — t 4*U7 inches, nearij. 

, 4«x'l x2I90 ■ ; , 

IV* Required the length of a piece of oak an inch square, 
so that when propped at both ends it may just break with its 
own weight? 

Here we adopt the notation in art. 184. cor. and have 
ri!) =: f of a lb. ?/=:660]bs. Then 

feet, nearly. ^ , , , 

V. Find the length of an iron bar an inch square, that it 
may break with its own weight, when it is supported at botlv 
ends. , ' 

Here i as before, u r: 52190, re m 3. Hence l r: I 
= 38 • 52^3 feet, near!}’-. 

Con. It might have been supposed this result sliould exceed 
the preceding one : but it must be considered that while iron is 
only 4| times stronger than oak, it is about 7|* times heavier. 

VI. When a weight w is suspended from e on the arm of a 
crane abcjde (fig. 3. PI. IX.), it is required to find the pres- 
sure at the end d of the spur, and that at b against the upright 
post AC. 

Here, by the nature of the lever rr the pressure at d in 

the vertical direction dg: but the pressure at n in the di- 
rection DB will be to the vertical pressure as db to hence 

DG : DB : : ^w : w. And the horizontal pressure 

against the upright post ca at b, will be to that in direction 
BB, as OB to DB ; therefore bb : gb, or db : cd : : — w : 


Mr. Banks gives the following among other instances of the 
use of tills: “ Given ec = feet, bc =: 6, DC = 6 » 7, db = 
9, w = 4. Required the pressure on the spur, and the hori- 
zontal pressure against the upright. 1. = 10 • 74, 

the pressure against the end of the spur in direction db. The 
pressure against the post is rr rr. 8. In this ex- 

ample, let AC and ce be oak beams, each 10 inches square, 
and the spur db 6 inches square. The strength of ec is 

or 94| ; which multiplied by 660 gives 3 1 132 pounds, which 

suspended at e would break the beaitilXE at d. The length of 
the upright AC is 12 feet, and has its strength expressed by 
VOL. L ' K 
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; which multiplied by 66 O 5 produces 55000 pounds, the 

weight which would break it at b. But = 6^264, 

the pressure at b, being 7264 pounds more than the beam ac 

can support. The strength of the spur .bb - is 1 4-— ^ — ' 

which multiplied by 2 gives 48 tons for the strength, or 107520 

pounds. But — 83638 pounds, which 

is 23882 pounds less than the force requisite to break the spur. 
From the above it appears that the upright ac is the weakest 
part ; but from the principles already explained, the ingenious 
mechanic will easily proportion the parts so as to be equally 
strong.” 

VII* Let it be required to make a crane of cast iron to 
bear 4 cwt. but that it may be perfectly safe let it be calculated 
for 10 cwt. and let AC = ce = 3 feet, also bc = cd := foot 
Let the thickness of the iron be half an inch, and put 2 ; == 

depth of CE. Then as 1 ; 2190 : : : 1120, from which we 

find the thickness =: 1*75 inches. The pressure upon the spur 
at D, in the direction do = 1120 pounds; the length of the 
spur is 2*12 feet, and as Da (15) : db (2'12) :: 1120 : 1583 for 
the pressure in the direction db. As a bar 1 inch square, and 
1 foot long, will bear IS tons, or 33600 pounds (at. the end), 

we say as 1 : 33600^ : j : 1583, from which we find z the side 

of the prop or spur = -46385 of an inch. Next, for the upright 

we have =: = 1120 pounds, the pressure against b, 

then aS; 1 : 2100 r : (the square of the breadth) ; 1120 

pounds, the same as CE, as they are of the same length, and the 
breadth will be the same, that is 1*75 inches,” 


SUPPLEMENT TO CHAP. V, 

(A.) What has been advanced in this chapter is principally an exhibition of the 
principles of Galileo, who assumed a perfect and equal rigidity of the fibres through- 
out ; it seeming due to that great man to retain his theory in some of our treatises. 
For the sake of comparison, however, as well as for the general instruction of the 
student, we may here present an abridged view of different theories from. VenturoU. 
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Let a prismatic solid, such as in the 
margin, be fixed at one extremity in 
a wail, and loaded at the other with a 
weight which tends to break it in the 
Kcctic? n 1.1 RSN ; if tliere be a n eq ui - 
librium between the weight and the re- 
sistance of the solid, that weight is 
taken for the measure of the resistance. 

If the weight act perpendicularly to the section, as f, tending to pull asunder the 
solid, the resistance is said to be tthsolute: if it act in a direction parallel to the sec- 
tion, and tending to break the solid crosswise, or transversely, as Q, the resistance h 
said to be relativv. 

1. Fiior. If tho codFicieiit S’ expre.ss the tenacity of each element of the section 

MRSN, and this section being referred to the axis a o, about which it is supposed 
to be symmetrical, if be the abscissa, and y the ordinate of any point in its 
perimeter; the absolute resistance of this section, or the weight f, which is in equi- 
librium with it, will be expressed thus, p ^ 2/r/^r. For the elementary trapezium 
efgh^^lyxi and its tenacity Wherefore, the resultant or the 'whole tenacity 

of the area to which the force p is to be equal and opposite, will be 2kfyx, 

Con. Wherefore, in homogeneous solids, the absolute resistance is proportional to 
their seotion.9, made by planes perpendicular to the drawing force. 

2. Prop. The preceding notation being retained, if the length of the solid Ac c, 

ty rehiivG resktance of the section mesn will be expressed by a weight q, in equi- 
librium with it, such that a = For the weight a tends to break the solid in 

the section mrsn ; making It turn about the lowest boundary rs, and it acts with the 
moment a • c. Now, the tenacity of the elementary trapezium efgh^ which === 97cyx, 
resists this force with a motnent =» 2kryv ‘ wherefore, the sum of the moments for 
the whole sectimi will be = But, in order that there may be an equilibrium, 

this sum ought to be equal to the Thoment of the weight Q,. Wherefore, Q «= 

m . ■ 

-pfxyx. 

Con, 1. Xuct the solid he of the form of a parallelepiped, as beams usually are j 
let its depth ad a, its breadth mn =» and its length ac c. Then a =» 

; whence, the relative resistances of beams are in a ratio compounded of their 

breadths, the squares of their depths, and the inverse ratio of their lengths, as before 
shown.' 

Cob, 2. The following is the ratio of the absolute to the relative resistance; 
p : Q : I c/yx : fxyx. Wherefore, in beams, the absolute is to the relative resistance, 
as the length to the half of the depth. 

Cob. Together with the weight q, the weight of the solfd itself, tends to break 
it in the section aiusN. If this weight is to be taken into account, which we shall 
call T, it must be tmderstood to be applied at the centre of gravity of the solid, that 
is, at the bisection of its length. It acts, therefore, with the moment ^vr. 

2k 

Hence, the equation of equilibrium will be q + »« -^jlryx, 

S. Quitting Galileo’s supposition of the absolute rigidity of the fibres, Leibnitz 
{Act. Erud. Lips, 1684), proposes another hypothesis, which seems better to suit 
bodies composed of flexible fibres, capable of being lengthened by stretching. Whilst- 
the weight q exerts a force to turn the section about its lowest side rs, the elements 
contiguous to this side arc not affected by it ; the others are more and more strongly 
drawn, according to their distance from b?. According to Leibnitz, their resistance 
is proportional to the separating force which they suffer; 'W'bence, if /r be put for the 

1c3j 

resistance at the upper .side mn, the resistance at cf will be =« — Therefore, the 


elementary trapezium cj'gh will resist with the moment 


2k 


Equating, ns 


before, the sum of these moments with the moment qc ofthe weight, according 

Kg 
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tb'js hypothesis, we have q =* — Hence, the ratio of the absolute to the re- 

, aC ■ ■ ■’ 

lative resistance becomes p : q : : acfyx : fx'^yXf that is, in beams, as the length to 
a third of the depth. 

Wherefore, in this hypothesis, the proportion between the relative resistances of 
beams, assigned before, also obtains. 

4. The hypothesis of Leibnitz being assumed, the solid ought to bend a little before 
it breaks. The figure, which it assumes, in the state nearest to rupture, is that of 
an elastic lamina, bent by a weight. 

4. For let abcd be the profile of the solid, and let 
it, by the weight q, be bent into the position abJc. Let 
the curve Amc be referred to the axis ap, calling the 
co-ordinates ap, and pm, and retaining, in other 
respects, the former notation. Let the point nhe inde- 
finitely near to m, and let the sections nk, made per- 
pendicularly to the curve Amc, meet in k. Tlien Tun =* 
km — K, the radius of curvature of the curve awzc at the 
point 

Let us now consider the equilibrium of the weight a 
with the tenacity of the section m//, which from the po- 
sition mi, parallel to w/r, is drawn into the position mA, by the stretching of -the 
fibres. Whilst the weight q tends to make the section m//. turn about the point m, 
removing it continually more and more from the position mi, and thus pulling asunder 
the already elongated fibres of the solid, every one of these fibres resists, according 
to Leibnitz, with a force greater in proportion as its distance is greater. Hence, in 
the point p, the resistance will be proportional to ey ; and because ym ; wm : : me \ eq^ 
if we consider the small arc nm of the curve as constant, eq will be proportional to 

Wherefore, if — denote the resistance at the point i, where x 



me X 

or to — . 

K« a 


the resistance at the point e will be equal to 


7ix 


Hence, the resistance of the ele- 

hx 

mentary trapezium corresponding to the point e will be — • Oyxj and its moment of 
, ■ hx ■ 

rotation about the point m will be — • Oxyx, Lastly, the sum of the moments for the 

■ tfR . ■■■,*■' ■ . 

2/i 

whole extent of the section m/^, will be — fx-iix. 

Let us next observe, that, so long as the solid is supposed to be prismatic# having 
all its sections equal and similar, the quantity is constant for the whole 

curve; wtience the expression fx’^yx is the same for all the sections. Putting, there- 
fore, E for this constant quantity, ~ will be the moment of the resistance. 

On the other hand, the moment of the weight q, referred to the point m, about 
which the rotation tends to take place, is — q(c — y'). Wherefore, — 

which is exactly the known equation of the elastic lamina, bent by a weight. 

5. Prop. If a solid (as in the first fig.), be placed upon two immoveable props, 
which sustain the extreme sections mrsn, and if, from the middle point as, 

there hang a weight t, just heavy enough to be upon the point of breaking the solid, 
in the section 7nrm ; the resistance of the solid, or the weight t, which is in equi- 

8/r 

librio with it, will be expressed thus, * = -—/xyk. For each of the props sustains 

the half of the weight t ; wherefore, the equilibrium will subsist, if, the two props 
having been removed, we suppose to be substituted for them two forces, each equal 
to the half of t, which, acting upwards, tend to break the solid in the middle section 
f/Lvm, The moment of each of these forces will be |t * |c‘, or Jtc. This moment 
ought to be equal to the moment of the resistance, which is okfxijx. Therefore, 
%k 

T —fxyk. 
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Cor. 1. Wherefore, Tzr 4a; so that a solid, supported at its two extremities, can 
sustain four times the weigiit, which it could sustain, if it were fiixed in a wall, at one 
end only; and this weight, in the case of beams, is as the breadth; and as the square 
of the depth, directly, and as the length inversely. 

Cor, 2. If the weight t does not hang from the middle, but from another point, 
as H, putting ah t=s z, and seeking, in the same manner as before, the equilibrium of 
the weight with the resistance of the section corresponding to the point h, there will 

2ck ^ . 

be found Hence, the further the point of suspension H is from 

the middle, the greater is the weight, which the beam can sustain ; this weight varying 
in the inverse ratio of the rectangle AH • Hc. 

Coa. 3. If the weigJit v of the beam itself is to be taken into account, it must he 
considered that each of the props sustains the half of it. Hence, substituting for 
each of the props an equal force, in a contrary direction, it will be found that this 
weight acts, on the middle section, with the momentum But, as there is op- 
posed to this ibree the weight of the half of the beam, included between the sections 
MRSK, mmi, which may be supposed to be applied at the bisection of their distance 
asunder, and which, therefore, acts with a moment = Jvc, the moment, arising from 
the weight v, remains equal only to |vc. Thus, the equation of equilibrium gives 
■■ 8 ^ 

T + |v = jflv^Jc. It will be sufficient, therefore, to add to the load t, the half of 
the weight of the beam. 


RESISTANCE OF SOLIDS TO COMPRESSION. 

6. SuFFosE a prismatic solid to stand vertically on 

the ground, upon which it firmly rests in ab, and to \ it • 

be loaded, at the top, with the weight g. Here, if 

the parts were perfectly homogeneous and rigid, the '! 

action of the weight, pressing the sections of the solid \ y 

one against another, would aid the tenacity rather than 1 

disturb it. To explain, therefore, how it happens, in K mV ., I 
reality, that columns break under heavy weights, we ^ ' 

must recur to that flexibility, of which the fibres of .. 
solids, more or less, partake, and recall, upon this oc- j / 

casion, the hypothesis of LeibnitE. Every little defect Ar B 

of homogeneity may then cause the column, giving way in one part or another, to 
bend, and to verge to a state in which it all but breaks. We shall proceed to trace 
briefly the steps of Euler, ( Mem» de T Acad, de Berlm, 1757. J 

7. Prof. When the prismatic column abuc bends under the weight g, placed upon 
it, the curvature amc, which, in the state nearest to rupture, it will assume, will be 
that of an elastic lamina, fixed vertically, and bent by a weight placed on its top. 

Let cp^x\ pm — y\ the radius of curvature to the curve Arne at or =» r. 

If we reason as before concerning the equilibrium, between the weight g and the te- 
nacity at the section mlh we shall find the moment of the resistance to be = — ^ — : 


wdiere e is equal to the quantity wdiich is constant throughout the whole 

of the curve. On the other hand, the moment of the weight is ~ g X pm *= 

Whence we have the equation — ^ which is exactly the equation of the ver» 

tical elastic lamina. 

Cor. i. Hence it follows, that, when the inilcxion is very small, the equation of 
the curve Amo, in finite terms, will be p' ;;i«. 4'' . ^ where the con- 



iBtaiit quantity ^represents the length rs of the greatest swell of the iiicurvated co- 
lumn, which will fall in the point of bisection of the column. 

Con. 2. It also follows, that, in order to have force enough to bend the column by 
ever so small a quantity, the weight g must, at the least, be equal to , Whence 

the formula — tnay be taken as an adequate expression of the resistance of the 
folumn: w being = 3 • 141593. 

Gor. 3. Let the column be of the form of a parailelepiped, and let the height ac 
= c, let AB =: r?, and let the other dimension, which is not expressed in the figure, 
be = h. Attention must be paid to the difference between these two dimensions a 
and the first of •which is posited in the plane, over which the curvature of the co- 
lumn lies, the other is perpendicular to that plane. Kow the transverse secUuii of 
such a column being a rectangle of the sides b, we shall havey/r^y^r = and 


- , which is the 


thevefore E ™ ^a‘^bh. Substituting this value in the formula - 

(fibh7:‘^ 

general expression for the resistance of columns, we shall have — — j and, hence, 

the resistance is proportional to the square of the dimension «, to the simple dimen- 
sion 6, and it is inversely as the square of the height c of the column. 

If the sections of the columns, which are compared with one another, be similar, as 

h will then be proportional to «, the resistance will be proportional to — — . Thus 

the weight, which a cylindrical column can sustain, will be in a ratio compounded of 
the cube of the diameter, and of the inverse ratio of the square of the height, 

8. These supplementary inquiries cannot, probably, be more usefully terminated 
than by presenting Mr. Trcdgold^s Tables ofihe Specific Cohesion of Substances, 
The standard degree of cohesion assumed in these tables is that oi plate-glms^ which 
is regarded as the unit, the other substances being stronger or weaker in proportion 
as they are above or below 1. If any of the numbers in these tables be multiplied by 
9420, the product will express the force in avoirdupois pounds that would tear asunder 
a bar of the respective substance an inch .square. The strength of woods of the same 
kinds is, it will be ob.served, extremely variable, depending on the age, the nature of 
the soil, and the situation and the climate where they are grown. 


Specific Co/iedm- 

Lance- wood 2*621 

Locust-tree.^..,, 2*185 
Jujube (Ziziplius) . 2*008 
Ash (Fraxinus.) 

Bed, seasoned . , - . 1 *899 

Ash 1 *804 

White, seasoned . . I *509 

Ash 1*274 

Oak (Quercus)... 1*891 

, highest result 1*86T 

, 1*836* 

Dry, cut 4 years . . 1*707 
Provence, season.^ 1*559 
English, seasoned . 1*509 
Oak.,., 1*481 


TABLE I. WOODS. 

Sipeeijic €oh <?«■«>« . 


Bay (Laurus) 

to .. .. 
Teak (Tectona 
grandis.) 

Java, seasoned... . 
Pegu, seasoned , . . 
Malabar, seasoned . 
Alder (Bet. Alnus) 
Mulberry (Morus) . 


1*547 

1*085 


1*509 
1*400 
1*395 
I *506 
1*4.92 
1*221 
1*4:32 


Elm (Ulmus) . . 

Firs (Pinus) 

Pitch pine 1*39B 

Fir 1*380 

Fir (strongest) .... 1 *3 1 8 


Sipeeijh: Cvficfiion, 


Saul, of Bengal . 
Plum, (Prurms) . . . 

to . . 

Willow, (Salix) . . . 
Willow, dry 


Mahogany. 

(Swieteuia). 

Spanish 

Citron (Citreurn) 
to.. 

Chesnut, sweet 
(Fagus castanea.) 
100 years in use. . . 


1 '375 
1*357 
1*205 
1*357 
0*809 


1*283 

1*357 

0-868 


1-291 


* Its colour brown, and it was iiaid and large-veined. 
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Specific Coheshn. 


Oak, Fr. seas,* .. 1*450 
Provence, seas6n.*|- 1*444 
Provence, seasoned 

youHfr 1*363 

Oak, dry 1*274 

Baltic, seasoned. , , 1*21 1 
Oak, lowest result . 1*146 

— , 1*107 

English 1*085 

Oak 1*070 
French, unseasoned 1*060 
White American, , 
seasoned,.,.,, 1*009 

Oak, 1*009 

French, unseasoned 0*960 

Oak..... 0*955 

English 0*936 

Bantzic 0*818 

Beech (Fagus syl- 

vaticus) 1*880 

Arbutus, from. ... 1 *845 
to... 0*814 


Orange(Auraritium) 1*764 
to.. 1*629 


Specific Cohesion^ 

Pitch pine 1*284 

Pine (Pin du Nord) 1*264 
Larch (Pinus 

Larix) 1*177 

Fir, strong red . . . 1*1 72 
Fir, Memel, season. 1 * 1 54 

Fir, Russian 1 *(»62 

Fir............. 1*061 

Fir.,....,....., 1*039 

Fir, Riga 6*963 

Fir, American. , . . 0*942 
Fir...... 0*903 

— yellow deal* , . . 0*900 
Fir, weakest . * . . . 6*879 
Larch, Scotch, sea- 
soned . , » , „ , . 0*837 
Pitch pine ...... . 6*830 

Larch, Scotch, very 
dry.. .. 0*745 
Fir, Scotch (P. syl- 
vestris) ....... 0*7 1 1 

Fir, white deal... , 0*455 
Sissor, of Bengal . . 1 *395 


Specific Cohesion. 
Jasmine (Jasmin- 
urn) ....»••• •• 1*276 
to.. 1*248 
Pomegranate (Pu- 

nica) 1*221 

to.. 0*882 
Tamarisk (Tama- 
riscus) ....... . 1*194 

to. ; 0*732 
Maple (Acer.) 
Norway.......*. 1*123 

Elder (Sambucus). 1*086 
Lemon (Limon) . . 1 *004 
Quince (Cydohia) 0*841 
to., 0*624 
Cypress (Cupres- 

sus).. 0*732 

to.. 0*542 
I*oplar (Pop. aiba) 0*705 
to,. 0*488 
Poplar (P. nigra) 
lateralcobesjon of 
the aninual rings 0*1 89 
Cedar 0*528 


TABLE IL COMPARATIVE STRENGTH OF METALS. 

(/i) and (/)raark the highest and lowest result obtained from each kind of iron. 


Specific CoheA'i fW. 
Ph QUmm I. 

Steel. 


Razor temper . . , 

15*927 

Soft............ 

12*739 

Iron. 


Wire 

12*004 

German bar, mark 


BR(/i).. ..... 

9*880 

Swedish bar (/j). . 

9*445 

German bar, mark 


L(A) 

9*119 

Wire ... 

9*108 

Bar ........... 

8*964 

Liege bar (h ) .... 

8*794 

Spanish bar 

8*685 

Bar 

8*581 

.Bat >. *■. . 

8*492 

Oosement bar (h) , 

8*142 

Cable... 

7*752 

German bar, mark 


L (0 

7*382 

German bar, com- 


mon 

7*339 

Swedish bar. 1 


Oosement > (/) 

7*206 

bar ) 



Specific Cohemon. 


Cable.. ...ii. 5*787 

Bar, fine-grained . i 5*306 

, medium fine- 
ness.. ........ S*6l8 

" , coarse-grain- 
ed ...... 2*172 

Cast Iron. 

French ... 7*470 

German 7*250 

French, soft 6*754 

English.. . 5*520 

French . . 5*4 1 2 

4*540 

English, soft 4-334 

French gray 4*000 

Gray, of Cruzot, 

2nd fusion 3*257 

Gray, of Cruzot, 

1st fusion 3*202 

Copper. 

Wire 6*606 

Cast, Barbary . , , , 2*396 

,Japan..,.,. 2*152 


Specific Cohesion. 
PL Glass as I. 


Wire, i.v 3 279 

Cast 2*171 

Tin. 

Wire.. 0*7568 

Cast, English 

block.. 0*706 

— — , idem 0*565 

, Banca .... 0*3906 

, Malacca . . 0*342 

Bismuth, 

Cast 0*345 

0*3193 

Zinc. 

Wire 2*394 

patent sheet 1*762 

Cast, Goslar, 

from 0*3118 

to.. 0*2855 

Lead. 

Milled 0*3538 

Wire 0*334 



^ This specimen lay six months in water after it was cut, and was afterwards dricdi 
When the trial was made, it had been cut four years. 

•f Middle-aged timber, fine-veined, light and pliant. 
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Specific Cokeeion. 
PL Glase as I . 

Bar ot best quality 7*006 
Liege bar (/).. .. 6*621 
German bar, mark 

6-514 

Bar* 6-480 

Bar of good qua- 
lity 5-839 
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specific Cohesion. 
PI. Glass as I. 

Platikum. 

Wire 5-995 

Wire 5*625 

Silver. 

Wire,.,.. 4-0.90 

Cast ..... . 4*342 
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Specific Cohesion. 
PL Glass as I. 

Lead wire 0*2704 


Wire . 

Cast, English 


0-2704 

0*094 


Antimony, cast . . 0*1 126 


TABLE III. COMPAEATIVE STRENGTH OF MARBLE, IVORY 
AND OTHER MISCELLANEOUS SUBSTANCES ' 


Specific Cohesion. 
„ Class as I. 

Hemp fibres glued 

together 9*766 

Paper strips glued 

together 3-184 

Ivory 1-765 

Slate, Welsh, (clay 

slate) 1*358 

Plate-glass ...... 1 *ooo 

Marble (white) . , . 0*955 
Horn of an ox ... . 0*950 


Specific Cohesion. 
. Glass as L 

Whalebone ...... 0*8 1 4 

Bone of an ox ... . 0*559 
Hard stone -j* of 

Givry 0'230 

Portland stone, 
(compact lime- 
stone) 0*083 

Soft stone X of 

Givry... 0*041 

Brick from 0*031 


Specifi,c Cohesion. 

■ . , Gku'S as I. 

Brick to.. 0*030 

Brick from Dork- 

iMg* - . 0*029 

Stone, homogene- 
ous white, of a * 
fine grain .... 0-022 
Plaster of Paris. , 0-0077 
Mortar of sand ' 
and lime, 16 
years made.. , . 0*0054 
On this important subject I beg to refer for the fullest and most correct information 
to Bariow s Easaij <m tlie stretch and stress of Timier, Tredgold’s Principles of 
Carpewiry, and his Treatise on 


* This is the mean result of thirty-three experiments, 
i "'vss hard, of a red colour, and the beds distinctly marked, 

.j. Ihis stone was white, rather soft, and the beds not distinctly marked. These 
numbers were calculated from experiments on the transverse strength. 
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CHAPTER VL 


ON CORDS, ARCHES, AND DOMES. 

193. We have already spoken of the use of cords in their 
connexion with the lever, the pulley, and the axis in peritro- 
chio : but they are sometimes used 111 a manner more compli- 
cated than what we have yet considered, and are by some 
authors regarded as a distinct machine under the name of 
Fumctdar machine. We shall, therefore, treat of them a little 
more particularly, and consider them as perfectly flexible, 
without gravity, and reduced to their axes, unless the contrary 
is* stated. The tension of a cord is the force which acts at one 
end of it when the other is fixed, or it is equivalent to that 
force ; thus in the case of the equilibrium of powers applied to 
a physical point, if we regard that point as fixed, the tension 
of each cord is precisely the force applied at each coi*d to move 
the point; but if the equilibrium does not obtain, as when, for 
example, a cord has two unequal powers acting at its extremi- 
ties, the tension is the least of the tvvo forces, for the tensb^ 
will obviously be the same as if the one of the extremities were 
fixed, and the least of the two forces acted solely at the other 
end. 

194. When three, foui', or more powers, act at the extremi- 
ties of difierent cords, all united at one node, the conditions of 
equilibrium will be the same as we have exhibited in Chap. II. 
between arts. 46 . and TO. whether the cords are all situated in 
one plane, or several. But if two forces c, (fig. 3 , pi. 1 .) 
act at the extremities of a cord cpd passing through a ring at 
F fastened to a cord of, and retained by a power o, the condi- 
tions of equilibrium are these ; 

1 . The line op when produced must bisect the angle cpck 
The forces c, must be equal to each other. For, if the 
angles cpd, ch>jr>, are unequal, the cord will slide along the 
ring ; and this condition combined with that of the parallelo- 
gram of ibrces requires the equality of c, and d. This being 
premised, we proceed to a few useful problems. 

195. PxiOP. Given the length 1 of a cord eah, arid theposi- 
ilon of the points e, 11, to xchich its ends arejisaef and suppose 
ii given xeeight r hangs bij a cord ap, the latter cord naming 
.freely along the former by a ring at the end a (fig. 4. pL IX,), 
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to dete^'mme the 'position of the whole when m equiUbrioy (^.nd 
the tension of the card eah at its extremities. 

Draw through e the horizontal line eg, and through h the 
vertical fk. Since al divides the angle eah into two equal 
parts, if EA produced meet fk in k, we shall, because of the 
parallels ea, fk, have k zz eal rr lah = ahn ; therefore the 
triangle hak is isosceles, and ka — ah ; also ek = ea + ae zr 
EA + AHrr /. I£> therefore, with e as a centre and radius = I, 

we cut the vertical fk in k, and on the middle point n of hk 
erect the perpendicular na, it will intersect the line ek in a, 
the point where the ring will rest in equilibria 

The analytical solution of the remaining part of the problem 
is by no means difficult. Thus, put ep iz A, the angle eah — 
and let the tensions of the cord at the points of suspension 
E, H, be ri, Then, since must be equal p", and eal z: 
LAH, we have (art. 41. cor.) p zz 2p' cos a. In the right-angled 

triangle efk, we have sin ekf zz sin a z:: zz — . Em- 

ploying this value in the equation p zz Sp' cos a, there arises 

P = whence p' = 

2 \/ 1 =^ 

tion which gives the tension of the cord at e or h. 

Coe. 1. The distances ha and ea may be easily found when 
required : for, since the relative positions of e and ii are given, 
PH is known as well as ef ; and because fk zz ke cos a, it is 

known also : hence JiK is known, being and ^vve have, 

by sira. tri. kf : ke : : kn : ka (zz ah) : : nf : ae. 

Coe. 2. The locus of all the points a is an ellipse whose 
foci are e, h, and transverse axis zz L 

Cor. 3. When h falls in the horizontal line eg, it will be 
EA zz ah. 

196. Prop. Gwen the weight r attached to ike point a (fa 
cord which passes o'eer two fixed pulleys in gimn positions p 
and c, the gimn weights p, q, hanging at the extremities of the 
cord, to determine the position of ac and ab when the whole is 
in equilibria, (fig. 5. pi. IX.) 

At a convenient distance from b and c, dravr the vertical da 
to represent the weight n (fig. 6.), and form the triangle dae 
such that the sides ae and de^ shall be to da, as the weights p, 
and % respectively to r. From the point b draw ba parallel 
to ea, and from the point c draw ca parallel to de, then will 
CAB be the position in which the cord will restjn equilibrio. 
For, if we take any distance At) in the vertical ag to represent 
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iij and conuplete the parallelogram aeof, we see, by the simi" 
litude of the triangles ade, adc^ that de and Dr ought to re- 
present the tensions of ac and ab, and that in this position 
they are in equilibrio with the Aveight R. 

By means of the known sides of the triangle we may 
calculate the three angles : then, drawing the horizontal line 
BG, the angle gbc will be given, since the points B and c are; 
the angle gba is known also, being the complement of gab or 
(he ; and the angle cba := oba — gbc, will be therefore known : 
thus, in the triangle cab we know the side cb, and the angles 
CAB, CBA (and consequently the third angle), from which we 
may compute, with ease, the skies ca and ab. 

Cor. 1 . When v rr a, the triangle becomes isosceles, by 
which means the computation is much simplified. 

Cor. When, besides having f = a,, we have b pci G in 
l.hc horizontal line, the process is still farther simplified. In 
tills case AC and ab will be equal to each other ; the triangle 
adu will be isosceles, and eia, similar to bga. We shall aiso 
have = Q ^ go that if bg be put=:|d 

and GA x, we shall express ai. : ie : : ag : gb thus, 

fa : : ; a ; : Id, whence a' = 


i 

1 


197. Prof. To determine the conditmis of equilibrium in 
the funicular l)olygon when many forces are acting at different 
points of the cord^ but in the same plane^ 

Let fnn'n^^, &c. (fig. 7. pi IX,) be the polygon proposeci, 
being kept in equilibrio by the powers pV acting in 

the directions pn, kc. And call f^, &c, the re- 

spective tensions of the parts of the cord pn, 

Now, since the equilibrium obtains in the system, it must ne- 
cessarily have place in each portion of tlie polygon separately. 

Hence p, p', and must be in equilibrio about the node n; 
and f must be the resultant of the component forces f, ri; the 
force which acts on the point in direction n^n, is therefore 
equivalent to the two forces f, acting simultaneously at n; 
and tlie node is acted upon as though it were solicited by 
the four forces p, f, in directions respectively parallel to 

PN, f'n, p'^n^ 5 In like manner it may be shown that the 

node is kept in equilibrio in the same 'way as it would be, if !| 

subjected to the simultaneous action of the powers p, ri, p', p'", !' 

t'% in directions parallel to pn, f'n, pV, &c. And so on ! 

throughout. Hence it foIIow^s, that when a funicular polygon [ 

is sustained in equilibrio by any number of forces whatever^ if I 

tee transport these potcers parallel to their respective directions^ 
so as all to CiVert their energies uponmne point, it will be kept I: 

hi equilibrio by their combined action, 
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Cor. L The result just obtained corresponds with that which 
was deduced in Chap. II. (art. 85.) with regard to forces acting 
at diiFerent points of’ solid bodies : consequently the other 
theorems given there may, when required, be applied to the 
case before us. 

Cor, If we neglect the two extreme forces p, p% and 
reason upon the others as in the proposition, it is clear we may 
conceive all of them applied at the same point (provided they 
make respectively the same directions with any assumed axe 
ax), without at all altering the magnitude of their resultant : 
and hence as that resultant is destroyed by the two powers p, 
p% it must necessarily pass through the point of concourse o 
of the directions pn, 

Cor. 3. If, therefore, a cord aeb (fig. 10. pi. IX.) fixed at 
two points A and b, have all its points solicited by any forces 
whatever in the same plane, it will assume a plane curvature : 
and the point of intersection o of two tangents will fall upon 
the direction of the resultant of all the forces applied to the 
various points of the cord. And if we transfer these forces 
parallel to their directions, so as to apply them all at the point 
o, their resultant being resolved into two others acting accord- 
ing to the directions ao and ob, we shall thence obtain the 
effort exerted upon each of the fixed points. 

Cor, 4. The case of the last coroL applies obviously^ to 
gravity : for, on the one hand, this force exercises its action on 
all the points of the cord, and on the other, these efforts may 
be assimilated to the weight distributed throughout the length 
of the heavy cord. Hence, the curve thus formed, and known 
by the names of fwmcular curve^ chainette^ or catenary^ is a 
plane curve. 

Cor. 5. In the catenary the total effort exerted on the fixed 
points A and b, is the whole weight of the cord : if, therefore, 
at the point of concourse o of the two tangents to the curve at 
A and B, a weight equal to that of the cord were sustained by 
two threads ao, bo, void of gravity, the points a and b would 
be acted upon in the same manner as they are by the action of 
gravity upon the cord aeb ; viz. the powers p, p', necessary to 
retain either the heavy cord aeb, or the equal weight at o, 
would be the same in both cases. As,the resultant is the weight 
of the cord, if we erect upon o an indefinite perpendicular oe, 
it will pass through the centre of gravity (art. 106. IV.), and 
the forces exerted upon a and b will be proportional to the 
sines of the angles bob and aoe (art. 48.): thus, if w be the 
entire weight of the cord, we have 

w : p : : : sift aob : sin eoe : sin aoe. 

Cor. 6. The same will obtain, wherever the points a and b 
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are Ibund in the curve, since the state of equilibrium allows us 
to consider as fixed any two points in the curve. If, therefore, 
we consider the point f as fixed instead of the point b, the 
portion aef of the curve will not change its form : nor will 
there be any change in the tension p exerted at A. 

Cor. 7. If several weights w, w^, w", &c. (fig. 8.) hang upon 
a cord Pc'crVlhe weight of which is inconsiderable with re- 
spect to either of those weights, the pressure upon any angle c 

of the funicular polygon will be oc , the line cc 

being a continuation of the vertical For, if a series of 

parallelograms of forces be described at the angles of the 
polygon, where the forces cV, <?c, co^ &c. being equal 
and opposite, destroy each other, we shall have, force : 

eV, or ec : : sin cVd or sin dcV : sin dd^d : : •“ 

Ajrain, cc : co or e'd : : sin cco or sin : sin 

S!n c‘'cV' c? ’ , ' ■ 


roe : 


or 


n cce * sin e'a/ 

appears in general tliat any force ec is as 


; and so on. 
1 


Whence it 
Therefore, 


, flin cec x ce i 

l>e<‘aiise cc =: — r— ■ — , we have cc zz 

sm cce 

sin dee 

sill cce * £iin evo* 


sin ceo 
sin cce 


Cor. 8. If the number of weights hanging from the cord 
be increased, and the distances on the cord of the points from 
wliich the weights hang be Increased indefinitely, or if instead 
of tile weights we conceive pieces of heavy cord, or of chains, 
to be Iiung from different points of the cord pop', as in fig. 9. 
our funicular polygon will then become a curve, being indeed a 
species of catenary. The angle eci will then become the angle 
of contact formed by the tangent and curve, whose sine is equal 
to the measure of the angle; and the angles cc^, cco, become 
equal to the angles ced, cc&^ which are supplements to each 
other. Hence, because the angle of contact is as the curvature 
of the arch, or reciprocally as the radius of curvature, the 
weight hanging at any point c, will be reciprocally as the radius 
of curvature at that point, and the square of the sine of the 
angle made by the curve (or its tangent) and the vertical. 

Cor. 9. Lastly, a heavy cord cannot by any force be stretched 
into a right line, except it be in a vertical position : for, the 
weight of the cord may be considered as a force applied at its 
centre of gravity; ancl then, the cord aeb (fig. 10.) being re- 
tained by the two forces p, p', if w be its weight, we have 
(cor. 5.) p : w : : sin eob : sin aob; 



where, it is obvious, the more the cord is stretched, the greater 
the angle aob becomes, and the more nearly the angle eob ap- 
proaches to a right angle : so that the cord can only be stretched 
straight horizontally, when this analogy obtains, p : w ; : 1:0, 
that is, when p is infinite* Thus, however small the weight is, 
it will cause the cord to be curved, unless it be placed verti- 
cally : which is, indeed, a circumstance experienced daily. 

198. Prop. To investigate ike most useful equatlom of the 
simple cafemria7i curve. 

Let AMC (fig. 11. pi. IX.) be a cord uniformly thick through- 
out, inextensible, and perfectly fiexible, fixed at the two given 
points A, c, and solicited by gravity in every point. Taking the 
origin of the rectangular co-ordinates in a, and estimating the 
a:, &c. horizontally, and^, See. vertically, we shall have for 

any point m in the curve ap == x, p:m zi am zz tr. The ten- 
sions exerted at a and m according to the tangents ad, md, 
give, weight of am : tension at a : : sin a dm, or sin adf : 
sin IDM (cor. 5. art. 197.); where, since the tension at a is 
constant, and the weight of the arc am is proportional to Its 
length, the first ratio in the analogy, is iz z : a, a being a con- 
stant quantity, yet undetermined. Moreover, sin idf zz , cos 

DFzz^, and denoting the angle iad by 5, we have sin ADFzzsiu 

/ V .Tsins — vcoss /> . . • . 

(iDF — IDA) ZZ : thereiore a :: x sin s —y cos 5 : 

whence we deduce the fluxional equation. 

(1 .) %x rz ax sin s — ay cos s. 

In order to eliminate one of these variables, we regard x as 
constant, and thence obtain — zz hy^ in which h ^ a cos s. 

Hence, substituting for we get — zz - 

int, the fluent of the second member is evi- 
; that of the first member is or its qor- 
; we have therefore {c — j/) x.'^z h a/''(x^ +J*0 

ig the tangent of the angle formed by the axe ax 

to the curve at every point, if we make y zz 0, 

-tan s zz this condition gives ezziOf-, 

ana tneretore 

y _ v'[(g-y)’‘-a'»] 


Now, since -|- expresses the tangent of the angle formed by 
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Ai.md the cutYe or its tangeBt at any point, in order to find 
the point where the curve is parallel to ax, or the lowest point 
of the curve where the tangent is horizontal, we must make 

r: 0, and this will give j/rra—S =: hb, and from the equa, 

(1,) it gives z:: a sin s. To determine the relations of the 
curve to bh as an axis, call bd, x, and ln, y ; then, comparing 
these new eo-ordioates with the former, we have a & — 
and X =: AH — Y, Substituting these values in equa. (^.) there 

arises 



: consequently 


± bx 


. Takinsr the fluents of this equation, we have 

Y rz ± 5 Hyp. log. [t5> 4“ 3c .\/(x^ + ^5x) 4 Hyp. log. rf]. 
Now supposing Y n 0, it will give x =: 0, and Hyp. log. d =: 
4“ S Hyp. log. i. whence we obtain the following correct 
fluent: 

(3 ) . . Y = + S Hyp. log. = ± i>. Hyp. 


This equation shows that the vertical axe passing through 
the point where the tangent is horizontal is a diameter, since 
to each value of x there are two equal and opposite values of Y. 

Other algebraic though not finite expressions for the ordinate 
Y might be easily obtained; but there will no particular ad- 
vantage arise from pursuing that part of the investigation, we 
therefore merely exhibit one more equation which flows natu- 
rally from the one just given ; it is this, y = ± 6 Hyp. log. 


The fluxional equation y == ^ gives + r^) = 

"7( ^x ^ fluent of which is bn =: ^(2dx + xx) zz z : 

from this equation we obtain 

{4.) . . • . X zi *— 4" HI** z^y. 

When we would construct the catenary, we must consider as 
known the points of suspension a and c, and the length amo 
of the cord ; It will be necessary to determine the position and 
lengtli of BH, that is, to find Air and be, or kh and bh, ak and 
cx being given, and to know the value of the constant quantity 
a. In order to this we apply the equation (3.) to the point a, 
substituting for x, and for y, ak- AH>-. r, and then in« 


I 


I 



troduce this value of x into equation 2 — + x"). Again, 

in the equation of the curve we put first a: r: 0, then a’zz 

A K, and ^ rr CK ; and in the equation z =: a/ (2dx -f we put x 
rzAK, and zriAMc; by these means we obtain three equations 
comprising only known quantities and the three unknown ones 
5, AH, BH, whence each of the unknown quantities may be de- 
termined. 

If the points a, c', are in the horizontal line ax, we have ah 
= HC, and arc ab r: arc m' rz ^abcL In this case we retain 
the origin at the point b, and making z rz|ABd, in the equation 
xn: -“6± v/ the value of x thence resulting being sub- 

stituted in the equation of the curve, in which also y will r= -|ac, 
the equation itself will then contain only one unknown quantity 

the determination of which will become a matter of compa- 
rative facility : though it must still be by a method of approxi- 
mation, because the curve is transcendental. 

Cor. 1. Instead of gravity, if any other force exerts its 
energy in like manner, acting equally upon every point of the 
flexible line, the same curve will be produced: thus, for ex- 
ample, if the wind be supposed equable, and blow according to 
right lines parallel to a given line; the cord thus Inflated by the 
wind will assume the shape of the catenary : for, since all things 
obtain with respect to this other force, as we have supposed in 
relation to gravity, the results must obviously be similar. 

Cor. 2. If the forces acting upon every point of the curve, 
instead of being exerted in parallel lines, were always exercised 
in directions perpendicular to the curve, the forces exercised 
at every point would be inversely as the radii of curvature at 
those points : if, therefore, the forces were equal to each other 
throughout, the radius of curvature would then be constant, 
and the curve would be a circular are. 

Cor. 8. Suppose that, instead of the ends of the cord or 
chain being fixed by pins at a and the said chain passes over 
pulleys there, as at c, B, (fig. 5.), and hangs down vertically (as 
ca? bb) though without any other than its own weight, and 
that the equilibrium is constituted by the equal and contrary 
operation of the portions of chain or cords hanging respectively 
between and beyond the pulleys at A and : then, putting bh 
0 , the half arc amb ix tr, and taking jS so that it shall be to 
BM, as the tension at b to the weight of the part bm ; o* will be 
to |S -f ^ as the weight of the part ab to the tension at a : this 
latter tension being equal to the weight of the part hanging ver- 
tically beyond a, and the weights of any two portions of the 
chain being as their length, it follows that /3 will express the 
length of each portion of the chain that hangs vertically. Con- 
sequently, will be equal to the whole length of the 
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chain. Let that be denoted by l, the distance ac^, by 2 d, and 
the number 2*7182818 whose hyperbolic logarithm is 1, by n ; 
then, by the nature of the curve, we shall have /3 + d zz 

(-r --f) (-f -t') 

N n +n / -|/3, and 0 - = \ n -n /f/3. Whence 

2/3n zzh» Therefore B and L being given, |3 may be found, 
and of course S and tr by the two preceding equations. 

Coe. 4. d being given and /3 supposed variable, the fluxion 

B li 

of Pn is |3 n --^d|3n , which will be = 0, when 

its fluent is a minimum ; in which circumstance it appears that 
^ =: I). Therefore, substituting b for (3 in the value of l, it 
appears that the length of the shortest chain which can possibly 
rest suspended in the manner above described is 2xrB or 
54365636 b. 

Coii. 5. It farther appears, by making the same substitution 
in the values of /3 -f 4 and tr, that when the minimum length 
of chain is suspended in that manner, the two exterior vertical 

parts of the chain will each be ab (n + )=::1»5430806jd; 

sembarc AB =: bc' rr |b (n - = 1.1702012 b ; and bh = 

Id (N 4--^) -» = -5430806 D. 

Ti , ■ ' 

, T. _ ■ , , 

Gor. 6. Since /3 n is a minimum when equal to nd, it 
is obvious that, L being greater than 2nb, (3 in the equation 

■■■■■ ■ “T ^ ■■ 

2^n = B will have two real and positive values, one less and 

the other greater than d ; and consequently the chain will tlien 
rest in two different positions on the pulleys 

11. ON ARCHES ANB PIERS. 

199. The construction of arches is one of the most important 

^ In the Blnh Xrans. No. 231, ot New Abridgment^ "Vol. IV. there is a curious 
paper on the catenary by Dr. David Gregory, in which is given an elegant construc- 
tion of the curve by means of the parabola and equilateral hyperbola, besides the qnad'v 
rature and cubature of various parts of the catenarian space, and its solids of rotation. 
.See also the supplement to this chapter. 
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and difficult branches of Architecture, j^articularly when con- 
sidered in relation to the erection of bridges over broad and 
rapid rivers: it commonly imposes the double task of blending 
the handsome forms and the decorations of the ordinary archi- 
tecture with the firmness and durability which ought always to 
be found in works destined not merely for the accommodation 
of the public, but in many cases for its safety. The theory of 
arches, when pursued to the extent its importance and utility de- 
mands, would itself fill a volume ; but all that we shall attempt 
in this place will be a concise view of the leading particulars, 
according to the most simple and obvious theory, 

Defs. By an arch we here mean an artful disposition of 
several stones, or bricks, or other suitable materials, the under 
part of which is in a bow-like form, their weight producing a 
mutual pressure, so that they not only support each other, but 
may be made to carry the most enormous loads. Other par- 
ticulars relating to an arch, the defining of which is necessary 
here, maybe soon learnt by turning to fig. 1. pi. X. Thus 
AS^ESB is the ponderating arch ; a or b, the spring' of the arch; 
D its croton ; ab its span ; CD its height or versed sine, or rise ; 
ABB the intrados^ or the lower surface of the arch (often called 
the arch) ; s'es the extrados^ being in bridges the superior 
surface, or the roadway ; fV f, ihejlanhs or hances ; the spaces 
above these are called the spandrels ; the portions of wedges 
which lie in a course contiguous to the intrados are called 
soirs^ or arch stones; that which is at B is called the ; 
the walls or masses pasT, p'aVxV built to support the arches, 
and from which they spring as their bases, are rither call^ 
piers or abutments; when they stand between two neigh- 
bouring arches, abutments when they support the arches which 
are contiguous to the shore: the part of the pier from which 
an arch springs is called the impost; the curve formed by the 
upper sides of the voussoirs the archivolt ; and the lines fs, 
f's^, about the flanks, in which a break is most likely to take 
place, are joints oJ]fractu7'e, The other terms we shall 
use will need no explanation. 

When we reflect upon the immense quantity of heavy ma- 
terials suspended in the air in a large arch, and compare it with 
the small cohesion which the firmest cement can give to such 
an edifice, we shall be convinced that its parts are not kept to- 
gether by the force of the cement ; the stability of the whole is 
the result of the just balance and equilibration of all its parts. 
The principles of this equilibration we shall now exhibit; 
premising, that they are founded upon the hypothesis of the 
ponderating matter pressing upon the voussoirs in the vertical 
direction, and that we here pay no regard to any small pressure 


14j6 


STATICS. 


BOOK 1. 


CilAI\,„;W. ' COEDS, :A,EGHES,, ;DOMES. ■ 14t': 

hi other (lirectioiis Avhich may be occasioned by filling up the 
spandrels with rubble, &c* 

5200. If we conceive a vault or arch in ec^uilibrio lo be. 
composed of a series of very small hard spheres^ of polished 
surfaces, touching one another, and the centres joined by right 
lines, being in fak an inverted simple catenary ; and that the 
spheres are so connected that they cannot yield to any otlicr 
impulsion than that of gravity, it is plain the equilibrium will 
not be disturbed by such inversion of the curve ; no part of the 
curve will be thrust outward or inward by other parts, but^ tlie 
whole will be supported if the feet are firmly fixed: for since 
the situation of the points of the catenary is the same, and their 
respective inclinations to the horizon, whether in the original or 
inverted position, the curve being in both instances in a vertical 
plane, and the action of gravity tlie same, the relative conditions 
are the same, and therefore the arch will keep its figure nn- 
changcd as well in one situation as the other. 

Thus also when arches of other figures are supported, it is, 
as Dr. David Gregory justly observed, because m tlmr thicJi- 
ness some catma^^m is mckided:''' as, for example, if a quantity 
of heavy but flexible materials fixed only at the points p, ri (fig. 
12. pi, IX.), when left to the sole action of gravity, should ar- 
range itself into the shape of the dotted lines PADBri in a ver- 
tical plane; then, if the whole were completely inverted, the 
points p, F '5 being still fixed, the equilibrium would be retained 
notwithstanding the inversion : the arch with the matter above 
it would stand as in the upper part of the same figure ; and 
tlie corresponding parts of the hanging and of the standing 
arch would be similarly situated with regard to the forces from 
which the equilibrium is derived. Here, too, there would be 
no point of contrary flexure in the intrados; and this we suppose 
throughout. 

201. Hence what was deduced at Cor. 8. art. 197. may be 
transferred to the present case ; Xhai \% the weight pressn^^ 
tipon any point c tvill he reciprocoMy as the radius of ciirmtare 
at that pomt^ and the squai'e of the sine ^ the angle made hy 
the curve ^ or its ta 7 igenty a7id the vertical. 

If therefoi'e a weight, as a wall or mass of masonry, be in- 
cumbent on the intrados pvcri (fig, 12.) in a vertical plane, and 
all the parts be kept in equilibrio, then the height ci on a7iy 
pointy c, is rccipi^ocally as the radius of cnrvatm^e^ a7id cube ^ 
the sine of the angle in which the vertical cuts the curve in that 
pointy or reciprocally as the radius of curvature^ and directly as 
the cube (fthe secant of the curves inclination to the horizo7i. 

For the weight on the indefinitely small portion of the curve 
ce being inversely as r x sin^rfei, or r x sin (r being the 
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radius of curvature at c), and the weight of the column ceii, as 
cc • sin d^cinic • sin dici ; because ce is given : there- 

1 1 _ l _ sec3M^ 


foi'e ic * sin dci oc 




and IC a 


a * sin 3^ci 


a 


^02. This method of deducing the fundamental theorem of 
equilibrated ai'ches from inverted catenaries either simple or 
complex, suggests an easy popular mode of ascertaining the 
shape of a duly balanced arch, wlien the span, height and shape 
of the roadway are given ; a method which, we believe, was first 
practised by M. de la Hire. Let it be proposed, for example, 
to determine the form of an arch which shall have the span rr', 
and the height ev (fig. and which shall have a roadway in 
the position adb above it. Let the figure padbp^ be inverted 
as represented by the dotted lines : then let a chain of suitable 
length and uniform thickness be hung at the points p, p^, so that 
when it assumes the shape of the simple catenary it shall hang 
a little below the lowest point v. Divide pp into ^0, 30, or 
more equal parts, as in the points 1, 2, 3, &c. and let vertical 
lines through the points 1, 2, 3, See. intersect the curve pvp' in 
the corresponding points 1, 2, 3, &c. Tlien take pieces of an- 
other uniform chain whose links are tolerably numerous, and 
hang on at the points 1, 2, 3, &c. of the chain suspended from 
p, p'. Cut or trim these pieces of chain till their lower ends all 
coincide with the inverted roadway abb : the greater lengths 
which are hung on in the vicinity of p, p', will draw down that 
part of the chain, and so cause the part which hung below v, 
to rise to its assigned position. This process will give us an 
arch of equilibration, but, as Dr. Robison remarks, some far- 
ther modifications may be necessary to make it exactly suit the 
specified purpose. It is a balanced arch for a bridge which is 
so loaded that the weight of the arch stones is to the weight of 
the matter with which the haunches and crown are loaded, as 
the weight of the chain pvp^, to the sum of the weights of all 
the little bits of chain, very nearly. But this proportion is not 
known beforehand ; we must, therefore, proceed thus : Adapt 
to the curve produced in this way a thickness of the voussoirs 
as .great as may be thought sufficient to ensure stability ; then 
compute the weight of the voussoirs and the weight of the 
gravel, stones, &c. which fill up the haunches, &c. to the road- 
way, If the ratio of these two weights be the same with that 
-of the corresponding weights of chain, we may rest satisfied 
with the curve now found : but if diflPerent, it may easily be 
calculated how much must be added to, or taken from, each 
piece of chain, in order to make these ratios equal i and thus 
shall we at length ascertain with sufficient accuracy the shape 
of the curve required, which may be readily transferred from 
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the vertical wall, or fraEiing, near which the chains were sus- 
pended, to any other situation. 

As it may be satisfactory to some persons to have this the- 
orem deduced independentiy of the catenary, we sliall demon- 
strate the same thing, from the consideration that the voussoirs 
are so many frustums of wedges whose sides are perpendicular 
to the intrados, each of which being urged by its incumbent 
weiglit, endeavours by this force to split tlie arch. 

JEOS. Prop. The force of a DOimoir depending on the mag^ 
nitude of the angle Jhrmed by its sides ^ the impelling force^ and 
the resistance to be overcome, is on the first account directly as 
the radius of curvature of the arch at that point, on the second 
as the square of the sine of the angle included between the tangent 
of the curve at the given point and the vertical passitig through 
that pomty and on the third, as the sine of the same angle. 

1. Let EABF, eabf, be two similar concentric curves (fig. % 
pL X.), and ab, ah, two voussoirs similarly situated, whose sides 
perpendicular to the curve converge to the centre c. The 
forces of these voussoirs, considered as portions of wedges, are 
inversely as the sines of the half vertical angles (164, 165. con 
1.), or, because each wedge occupies an equal portion of its re- 
spective arch, directly as the radii of curvature. 

£dly, Let kA be the invariable breadth of the voussoirs on 
the arch eabf, Qg iih the incumbent weight, which, since gh is 
supposed given, is as the breadth lik, or as the sine of the angle 
link : by the resolution of the force gn into two hii, hk, the 
latter is the force impelling the voussoir to split the arch, which, 
since gii is given, varies as the sine of HgK, or : wherefore, 
the force impelling the voussoir isas the square of the sine otJmk. 

Bdly, The wedge impelled in a direction perpendicular to 
the curve tends to split the arch, and therefore to move one 
segment about the fulcrum e, the other about the fulcrum 
Hence the force of the voussoir acting on the levers Bf lie, 
being as either of the perpendiculars / p, e% is as the sine of the 
angle^/cp or Imh 

We have supposed the centre of curvature of the arches at 
the points a, a, Ah, to be at c : but this is merely to prevent 
the figure from being too complex, and makes no alteration in 
the nature of the demonstration. 

Cor. Hence, if the height of the wall incumbent on any 
point H of the intrados is inversely as the cube of the sine of 
/mA into radius of curvature at that point, or directly as cube 
of the secant of tlie angle formed by 1m and the horizon, and 
inversely as the radius of curvature, all the voussoirs will tend 
to split the arch with equal forces, and will be in perfect equi^ 
librium with each other. 
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204!. Peop. Given the inirados, to find the corresponding 

eootrados- 

In fig. 1^. pi. IX. where pvp^ is the in trades and abb the 
required extrados, v and b being the respective vertices^ put 
A =z Bv, r: Av the abscissa, y zz. kc the ordinate to any point 
c, a n ci the requisite altitude at that point, and z z: the arc 

VC : then, by the last prop, and cor. ^a — - while, by si- 

milar triangles, we have ^ : js : ; 1 (radius : z: sec r?cifc ; and 
therefore a Qc -r- But in every curve whose ordinate is 
referred to an axis the radius of curvature is r z: 
(Simpsotfs Fluxions, vol. i. p, 74*; Bealtry'^s Fluxions, art. 
103.); whence a cc or a r: c . where c is a 

constant quantity, the value of which may be determined by 
taking the expression for the given line a at the vertex of the 
curve. 

Eammple. To find the extrados of a circular arch. Let o 
be the centre of the circle, and the several lines in fig. 3. pi. X, 
being represented as above, while ro z: ov z; r; then, if we 

make y invariable, we have w zn r — \/ z: 

and X ;r- . Hence cr, or cl or c • • , becomes c • 

~4r-z: : and this when y zz O. or at the vertex where 

A z: gives A =z— , or c z: Ar : and consequently the general 
value of cr, or a = becomes a = a • = dv • 

z: A X cube sec. of elevation. 

o4'3 . 

Hence this simple calculus : to the logarithm of a add thrice 
the log. sec. of elevation, the sum rejecting 3 (in the index) is 
the log. of a. 

Hence also flows a neat construction : draw the vertical cs 
intersecting the horizontal diameter in s : join c and the centre 
o, and on oc let fall from s the perpendicular st : draw tz 
parallel to po, and join zo: make cti zz dv, and parallel to zo 
draw ; then is c,r zr ci. For, by the similar triangles we 
have 
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CS'.":, ct CT : CZ : 


cs4 

CO® • GS 


CO® 


ani DT : ci : ;€u : car : : cz : co : ^ • • cs^ : co^ : : ok^ : oy'\ 

Tbe curve dia runs up loan infinite height above the spring 
of the arch^ if it be setnicircular ; and this must evidently be 
the case with every curve that springs at right angles to the 
horizontal line* But for a moderate distance on each side the 
vertex the extrados will assume a shape that may answer 
tolerably well for a roadway. 
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205. When the intrados is elliptic, the extrados is of the same 
kind as for the circle : but when the longer axe is horizontal, the 
ellipsis may take a straight line at top more safely than the circle, 
because the extrados runs out farther from the vertex, before it 
takes its rapid rise. In the cycloidal arch of equilibration, the 
extrados resembles tliat of the circle and flat ellipse ; approach- 
ing, however, more nearly to a right line about the vertex, and 
extending farther from it befdre it bends upwards. If the in- 
trados is parabolic the extrados is an equal and similar curve, at 
any given distance from the intrados : but in the hyperbola the 
extrados approaches continually nearer to the intrados. Hence, 
in some cases it may be quite convenient to have arches seg- 
ments near the vertex of very large parabolas. The reader 
maj find the investigations of these particulars in Dr. Hutton’s 
Principles of Bridges, or in the first volume of his Tracts,” 
or somewhat diflereiitly in vol. ii. of my edition of Hutton’s 

Course of Mathematics,'” lately published : we merely glance 
at them here. 

206. Peop. If AEDiB (fig. 4 pi. X.) be the extrados mid 
y^YV- ike intrados of an equilibrated arcJi^ and if finy nmnber 
of vertical lines ef, dv, rc, be drawn from the one curve 
to the other ^ and these lines be divided in a given ratio in the 
points a, e, d, i, b, then the curve drawn through these points 
(^division will also he a propei^ extrados^ the mass contained 
between it and the intrados being duly balanced^ as well as that 
comprised between and vv 

For, since the whole is kept in equilibrio by the vertical 
pressures of the superincumbent mass on the intrados, the points 
F, c, V, &c. are sustained in equilibrio by the pressures of the 

! )arts EF, Dv, ic, &c. bearing upon them : if, therefore, these 
ines be divided in ri, &c, so that ef : ; nv : dv : : ic : 

«c, &c, all in the same constant ratio, then aedib being con- 
sidered as the extrados, the arch will still be in equillbrid; 
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because the load on the intrados being everywhere lessened in 
a constant ratio, its tendency to break the arch will be every- 
where in a constant ratio to its preceding tendency to cause a 
rupture, and the equilibrium can be no more destroyed in the 
one case than in the other. And the same kind of reasoning 
would apply if aedib were above aedib, or if the weight and 
density of the materials between the ex trades and intrados 
should be changed throughout in any constant ratio. 

Cor. Hence we may in many cases give the extrados a 
pretty regular and practicable form, by diminishing the thick- 
ness over the crown : and hence appears one great advantage 
of iron as a material for bridges, since its requisite thickness at 
the crown is much less than that of stone. 

207. Prop. Having given the extrados of cm equilibrated 
arch^ to find the intrados. 

Let ABB (fig. 5. pi. X.) be the extrados proposed to which 
the intrados pvp' is to be adapted ; ov being the common axis 
of both curves ; from c and c, corresponding points equi-distaht 
from the axis, draw the ordinates c7^, cii. Put dv (the thick- 
ness of the arch at the crown) n dA r: x, VH = a?, the equal 
ordinates ch zz enzz and the arch vc Then, by the 

general form (204.) cc a — c, where c is a 

constant quantity found by taking the actual value of cc in v 
the vertex of the curve. But it is manifest that cc =: bv -f vH 

— D A rr 4 a: — X : consequently a-^x — xzze • ■ rt: cf x 

flux. of-?-. If. then, we substitute the true value of x in terms 

of ^ (which is given because the form of the extrados is known), 
the equations thence resulting will contain only a? and ^ with 
their first and second fluxions, and known quantities ; ana from 
this the real relation of x and ^ must be struck out by such 
means as seem most naturally to apply to any proposed instance. 

This, however, in many cases will be a matter of considerable 
difficulty : we shall here, therefore, solely trace the process in 
the most useful instance, which, happily, admits of a compa- 
ratively simple investigation. We advert to the case in which 
the extrados is a straight horizontal line^ which shall be now 
considered. 

Retaining the same notation, we have jyh =: x rz 0, and con- 
sequently + .2? rz -y X flux, of Assume y = %vhence 

u zz 4-, and 4- x flux, of -4= 4^ that is, a + a* == 
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and of course + cw taking the fluents of this we 
: cii^y and M =: v" - — — » But because J zz 


have hf 4" %aX'C 
it' is also' zz'X'^ 




,a-‘® + '2ax 


: X */'- 


The fluent of this 


+ 2ax 

expression hy zz ^/cx hyp. log. (Sa?® + 9.ax + 3 

Now at the vertex where .mO, we have yzz ^/c x hyp. log. 2a ^ 

so that the corrected fluent is 


a/ I cxhyp.log. 


X + ff-h -f 2ax 


;} 


We have yet to ascertain the constant quantity c, in order 
to winch we may proceed thus : when h arrives at o we have 
X zzm zz\ and y = or r: s ; substituting these in the last 

equation it becomes 7i = V c x hyp. log, 




and consequently ^ c n: A -- hyp. log. 5 4“ 

Hence, then, we at length obtain this general value of y, 
that is, y n h x hyp. log /— — ~ hyp, log. 


Gomparing these equations with equa, (3) art, 198. it will be 
seen that when A/cziri, the intrados rvr' is the catenary, 
although the extrados is a horizontal right line : but this will 
require an immense thickness at the crown ; for if .^=40, and 
^=50, we shall have ci!=i:36’88, which is more than the span 
of the arch, and more than of Its height. 

As an example of the use of the preceding formulae, we sub- 
join a table calculated by Dr. Hutton, for an arch whose span 
is 100, height 40, and thickness at the crown 6: which will 
answer for any other arch whose span, height, and thickness, 
are related to each other in like manner, by changing all the 
values of BH and CH in a constant ratio. 
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HC 

DH 

HC 

DH 

HC 

DH 

0 

6.000 

21 

10-381 

36 

21-774 

2 

6-035 

22 

10-858 

37 

22-948 

4 

6-144 

23 

11-368 

88 

24-190 

6 

6-324 

24 

11-911 

39 

25-505 

8 

6-580 

25 

12-489 

40 

26-894 

10 

6-914 

26 

13-106 

41 

28-364 

12 

7-330 

27 

13-761 

42 

29-919 

13 

7-571 

28 

14-457 

43 

31-563-. 

14 

7-834, 

29 

15-196 

44 

33-299 

15 

8-120 

30 

15-980 

45 

35-135 

16 

8-430 

31 

16-811 

46 

37-075 

17 

8-766 

82 

17-693 

47 

39-126 

18 

9-168 

33 

18-627 

48 

41-293 

19 

9-517 

34 

19-617 

49 

43-581 

20 

9-934 

35 

20-665 

50 

46-000 


208. Prop. To determine the magnitude of the piers ^ or 
abutments^ that they may sustain the arch in equilihriOy inde^ 
pendent ly of other arches. 

In order to give a solution to this problem we must assume 
some particulars as having been determined by adequate ex- 
periments and admeasurement: for we do not consider the 
piers as prisms standing upon their bases and resisting the pres- 
sui’e of the arches, though upon such an hypothesis it would 
be eapy to lay clown rules for the determination of the centres 
of gravity both of the arch and the piers but, since the stones, 
8cc. of the wall above the voussoirs are bonded in with those of 
the pier, the pier will by these means become augmented, and 
the weight of the arch diminished. We, therefore, regard the 
piers as extending to XkiQ joints of fracture (art. 199.) and that 
portion of the arch which is comprised between those joints 
as a ponderating body resting in a state of equilibrium upon 
those joints as upon two inclined planes. Let, then, fs, 

(fig, Lpl. X.), be the joints of fracture, o the centre of gra- 
vity of the pier q,tsfbp, g that of the half arch defs, and let go 
the perpendicular from g upon fs be produced till It meets the 
horizontal line q'o in i : draw gh perpendicular to od and oji 
perpendicular to gi: and let the mass of the semi-arch besf 
be I'epresented by a, that of the pier by p, and the force of 
gravity by g : the weight of the former will then be ^’a, and of 
the latter gi\ The magnitude of the pier is generally coin- 
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puted on the supposition that the pressure of the arch has a ten- 
dency to make the pier turn upon a as a centre or fulcrum ; 
and this hypothesis is often consistent with fact: but when the 
height CD is small compared with the span, the weight of the 
arcli lias a strong tendency to make the pier slide along the ho- 
rizontal line FI ; we shall, therefore, state the conditions of 
ec|uilibrium on this supposition also. First, supposing the pier 
solely capable of turning upon a as a centre of rotation : then 
will the case be the same as if the body desp whose weight is 
by pressing upon the face rs, tended to move the mass 
isTOF upon the fulcrum q. But (art. 156.) the weight gA is 
to its pressure upon fs, as sine of angle included between ed 

and PS, to sine of angle ero, that is sin i : rad. : : gA : 

= pressure of half arch upon the joint of fracture. Now ^ 
being the centre of gravity of the half arch, the pressure it 
occasions is exerted in the direction gi : and o being the centre 
of gravity of the pier, the force resulting from its w^eight acts 
in the vertical direction gh; therefore in the case of equili- 
brium, we must, by the nature of the lever, have, pressure on 

sp X Q.h ~ weight of pier x qh, that is, . qIi rz gp . an, 


whence we readily obtain 


(I-) 


A 

P 



sin I. 


This equation comprises the conditions of the equilibrium of 
rotation (art. 19.) about tlie point q ; and we may find by its 
means any one of the five quantities it contains, when the other 
four are given. 

When tlie arch springs vertically from rectangular piers, 
whose height and breadth are ii and b respectively, the pre- 
ceding theorem reduces to 

(i.) . . . , HA cot |hb®. 

In the second case, in which we suppose the pier may slide 
along in the horizontal direction, let jP be a force which is 
exerted horizontally in opposition to the motion of translation : 


then /p acting in the direction i/r must counterbalance ~ 

acting along hi. Here /a being to iX? as radius to cos i, we 

shall have, rad : cos i : : ; whence p*a • — — - r: fp. 

and for an equation including the conditions of the equilibrium 
of translation we have 



A / sin 1 . 

r w A* * 




tan 1 . 
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As to the position of the joints of rupture, and of the centres 
of gravity of the semi-arch and pier, they may in most cases be 
determined with tolerable accuracy, thus: having drawn on 
pasteboard the arch and proposed pier, upon a pretty large 
scale, and described the voussoirs of the arch, of the intended 
thickness, draw from the middle of the key voussoir a tangent 
to the intrados, and produce it till it again meets the middle of 
a voussoir, as at f, from which point draw fs perpendicular to 
the intrados ; it will be nearly the position of a joint of fracture. 
Next, cut the pasteboard through at the several outlines, and 
find by some of the methods described in art 106, the centres 
of gravity of the two parts desf, stq,pf. With regard to the 
ratio of a to p, it may always be found pretty nearly, either by 
weighing or measuring the pieces of pasteboard which re- 
present them ; and the distances qh, qJi^ and angle i, will 
be ascertained by the construction. If, w^hen these values of 
A, F, &c. are introduced into the equations, the first members 
are less than the second, the piers will be large enough to en- 
sure the equilibrium: if otherwise, some of these particulars 
must be changed until that takes place. 

This mode of considering the subject suggests, that to 
diminish the thrust of the arch, or increase the stability of the 
pier, the commencement of the flanks ought to be loaded ; and 
that the thickness of the voussoirs near the key ought to be 
lessened considerably : in short, to make the arch, instead of 
having a uniform thickness throughout its tvhole extent, to be 
very thick at its origin, and at the key to be no thicker than is 
necessary to resist the pressure of the flanks : for by such a pro- 
cedure a part of the force which tends to move the pier is 
thrown upon that which resists being overturned, and the latter 
will gain a great advantage in point of stability. 

208 A. Peof. Given the thickness at the crown qfan archy 
the relation hetweeoi the intrados. and the extrados^ and the 
height of a rectangular pier; to find the height of the pier ^ and 
the height or versed sine, of' the arch^ so that the materials 
employed shaU he a minimum^ 

A solution of this problem is not a matter of easy 

accomplishment. But the principles to be employed may be 
exemplified, in a comparatively simple case. Let that be 
taken, then, in which the extradps and the intrados are both pa- 
rabolas. The quantity which is required to be a fninwiim will 
be A+HB. If the intrados be a parabola represented by the 

equation f and the extrados another parabola^ defined 

in like manner by n the thickness at the crown 
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and at the spring being t : then we shall have 

The equation for the minimum, therefore, will be 
Flux. 1 («+6+i{) + HB |.=0. 

This being effected, supposing a and b variable, gives 


Regarding the arch as a wedge without friction reposing 
upon the imposts, the equation for the equilibrium of rotation, 
is, as we have just seen, , 

HA cot I=:Sb4"AHB% 

Ilut we have cot izi— == -4~. 

ai 2a 

Substituting, therefore, the values of cot i and A, and taking 
the fluxions, there results 

2biBa :z:4:a b+4^^b (&-f ^+0 n + 3HB*a-h ffH^BB. 

Substituting, also, in this equation for b the preceding value 
of it, we have 

Q/y/O; 

^htu r: — 4* ^ "“h (2a 4-&+^) + 8 hb^ — 4a^B : and 

this, combined with the equation of equilibrium, will give the 
quantities b and a. 

It might, perhaps, be imagined that, ceierh paribus^ there 
exists a height a which will ensure a minimum for b ; but it is 
not so. B diminishes as a augments. 

If it be required to determine the dependence of the thrust 
upon the variation of a, and to ascertain if there be sl minimum^ 
the fluxion of a cot i must be putnO. In the same example 

the quantity to throw into fluxions is ^bi (I +~^), a 

quantity which diminishes in proportion as a increases, and 
which has for a limit such is the minimum thrust, which 
obtains when a is infinite. 

If %ve would know when the tangential thrust, or the 
pressure on the imposts, is a wiimmwm, we shall then have 

fluxion of 0, or fluxion of (a 5 + 0 

V — r: 0 ; from which there will be found 
a = 

III. OF BOMES. 

209. IDef. a dome or cupola is a roof of a spherical, 
splieroidal, or conoidal form, resembling a bell, or an inverted 
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cup. It is a species of areli, or vaulting, the erection of which, 
like the former, is a'scientihc art depending upon the principles 
of equilibrium. 

An elegant account of the theory of domes is given by I)r. 
Robison, in the Supplement to the Encyclopedia Britannica: 
an abstract of which will be here given, chiefly in the doctor’s 
own words. 

Prop. To determme the thickness of' a dome vauUmg token 
the curve is giveiiy or the curve wlmi the thickness is given. 

Let b5a (fig. 7. ph X-) be the curve which produces 
the dome by revolving round the vertical axis ad. We shall 
suppose this curve to be drawn through the middle of all the 
arch-stones, and that the coursing or horizontal joints are every 
where perpendicular to the curve. We shall suppose (as is 
always the case) that the thickness kd, hi, &c. of the arch- 
stones is very small, in comparison with the dimensions of the 
arch. If we consider any portion iiaJi of the dome, it is plain 
that it presses on the course, of which hl is an arch stone, in a 
direction 5c perpendicular to the joint hi, or in the direction 
of the next superior element /35 of the curve. As we proceed 
downwards, course after course, we see plainly that this direc- 
tion must change, because the weight of each course is super- 
added to that of the portion above it, to complete the pressure on 
the course below. Through B draw the vertical line bcg, meet- 
ing /S5, produced in c. We may take be to express the pressure of 
all that is above it, propagated in this direction to the joint jcl. 
We may also suppose the weight of the course hl united in 5, 
and acting on the verticaL Let it be represented by 6 f, If 
we form the parallelogram 5rGC, the diagonal 5a will represent 
the direction and intensity of the whole pressure on the joint 
KL. Thus it appears that this pressure is continually changing 
its direction, and that the line, which will always coincide with 
it, must be a curve concave downward. If this be precisely 
the curve of the dome, it will be an equilibrated vaulting; 
but so far from being the strongest form, it is the weakest, and 
it is the limit to an infinity of others, which are all stronger 
than it. This will appear evident, if we suppose that 5a does 
not coincide with the curve a5b, but passes without it. As we 
suppose the arch-stones to be exceedingly thin from inside to 
outside, it is plain that this dome cannot stand, and that the 
weight of the upper part mil press it clown, and spring the 
vaulting outwards at the joint kl. But let us suppose, on the 
other hand, that ba falls within the curvillneal element 6 b. 
This evidently tends to push the arch-stone inward, toward the 
axis, and would cause it to slide in, since the joints are sup- 
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posed perfectly smooth and slipping. But since this takes 
place equally in every ston^ this course, they must all abut 
on each other in the vertical joints, squeezing them firmly to- 
gether. Therefore, resolving the thrust da into two, one of 
which is perpendicular to the joint kl, and the other parallel 
to it, we see that this last thrust is withstood by the vertical 
joints all around, and there remains only the thrust in the 
direction of tlie curve. Such a dome must therefore be firmer 
than an equilibrated dome, and cannot be so easily broken by 
overloading tlie upper part. When the curve is concave up- 
wards, as in the lower part of the figure, the line 6c always 
falls below 63, and the point c below a. When the curve is 
concave downwards, as in the upper part of the figure, 6V 
passes above, or witllout 6b. The curvature may be so 
abrupt, that even l/cJ shall pass without 6 'b^, and the point 
is above bI It is also evident that the force which thus binds 
the stones of a horizontal course together, by pushing them 
towards the axis, will be greater in flat domes than in those 
that are more convex; that it will be still greater in a cone; 
and greater still in a curve whose convexity is turned inwards ; 
for in this last case die line 6 g will deviate most remarkably 
from the curve. Such a dome will stand (having polished 
joints) if the curve springs from the base with any elevation, 
however small ; nay, since the friction of two pieces of stone is 
not less than half their mutual pressure, such a dome will 
stand, although the tangent to the curve at the bottom should 
be horizontal, provided that the horizontal thrust be double the 
weight of the dome, which may easily be the case if it do not 
rise high. 

Thus we see that the stability of a dome depends on very 
different principles from that of a common arch, and is in 
general much greater. It differs also in another very important 
circumstance, viz, that it may be open in the middle; for the 
uppermost course, by tending equally in every part to slide 
in towards the axis, presses all together in the vertical joints, 
and acts on the next course like the key-stone of a common 
arch. Therefore an arch of equilibration^ which is the weakest 
of all, may be open in the middle, and carry at top another 
building, such as a lantern, if its weight do not exceed that of 
the circular segment of the dome that. is omitted. A greater 
load than this would indeed break the dome, by causing it to 
spring up in some of the lower courses; but this load may be 
increased if the curve is flatter than the curve of equilibration : 
and any load whatever, which will not crush the stones to 
lB>wder, may he set on a truncate cone, or on a dome formed by 
a curve that is convex toward tlie axis ; provided always that the 



foundation be effectually prevented from flying outj either by a 
hoop, or by a sufficient mass of solid pier on which it is set. 

‘‘ We have seen that if Jo, the thrust compounded of the 
thrust Sc, exerted by all the courses above bilk, and if the 
force Sf, or the w^eight of that course, be every where coin- 
cident with Sb, the element of the curve, we shall have an 
equilibrated dome; if it falls within it, we have a dome which 
will bear a greater load; and if it falls without it, the dome 
will break at the joint. We must' endeavour to get analytical 
expressions of these conditions. Therefore draw the ordinates 
S^S'V Let the tangents at S and 6'^ meet the axis 

in M, and make mo, mp, each equal to Sc, and complete the 
parallelogram monp, and draw oa perpendicular to the axis, 
and produce Sf, cutting the ordinates ih e and c. It is plain 
that MN is to MO as the weight of the arch h aS to the thrust 
Sc which it exerts on the joint kl (this thrust being propagated 
through the course of hilk) ; and that mq, or its equal Sc, or 
may represent the weight of the hcilf AH. 

Let AD be called x, and db be called ?/. Then Scz=;i?, 
and ec = y (because Sc is in the direction of the element j86). 
It is also plain, that if we make y constant, BC is the second 
fluxion of ar, or bc zr and he and be may be considered as 
equal, and taken indiscriminately for ;v. We have also Sc =: 

^ the depth or thickness hi of the arch- 
stones. Then d \/ mil represent the trapezium hl ; 

and since the circumference of each course increases in the 
proportion of the mdam dy^ express the 

whole course. If /be taken to represent the sum or aggregate 
of the quantities annexed to it, the formula will be analogous 
to the fluent of a fluxion, and / dy will represent 

the whole mass, and also the weight of the vaulting, down to 
the joint nr. Therefore we have this proportion s/ 

: dy V +/) Sc: Sf, = Sc : co, =: Mi ca^ zz^x : co. 

Therefore ca = 

If the curvature of the dome be precisely such as puts it 
in equilibrium, but without any mutual pressure in the vertical 
joints, this value of oo must be equal to cb, or to the 
point G coinciding with b. This condition will be ex- 

pressed by the equation-^^^^ = Si, or, more con- 

veniently, hy = "J- 

a tottering equilibrium, independent of the friction of the 
joints and the cohesion of the cement. An equilibrium, ac- 
companied by some firm stability, produced by tlie mutual 
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pressure of tlic vertical joints, may be expressed by the formula 

- jI. 4- i where t is 

some variable positive quantity, which increases when r increases. 
This last equation will also express the equilibrated dome, if 

be a constant quantity, because in this case — is =: 0. 


Since a firm stability requires that shall be 

greater than and co must be greater than cb : hence we 
learn, that figures of too great curvature, whose sides descend 
too rapidly, are improper. Also, since stability requires that 

wc have greater thany’f^ + we learn 

lliat the upper part of the dome must not be made very heavy. 
This, by ciiniinishiog the proportion of Sf to ic, diminishes 
the angle cio, and may set the point o above b, which will in- 
fallibly spring the dome in that place. We see here also, that 
the algebraic analysis expresses that peculiarity of dome-vault- 
ing, that the weight of the upper part may even be suppressed. 

“ The fluent of the equation = -f + -f 

is most easily found. It is ljT dy V{x^ 4* y®) = q- 
where h is the hyperbolic logarithm of the quantity annexed to 
it. If we coosicler y as constant, and correct the fluent so as 
to make it nothing at the vertex, it may be expressed thus, 
Jj July \/(x‘^ 4 — La zz: Lx Ly 4 This gives us 

= L 4- t, and therefore/ ^^^ ^ 1 4-. 

u Tys equation will easily give us the depth of vaulting, 
or thickness d of the arch, when the curve is given. For its 

^ tx^tx 1 , atwAatX i * 

liuxion IS ^ ^:zz — ■: — , and a rz: : • >r -:;r- • -r--, which is 

a if ^ yy^{x^-Ay^) 

all expressed in known quantities ; for we may put in place of 
t any power or function of x or of and thus convert the ex- 
pression into another, which will still be applicable to all sorts 
of curves. 

Instead of the second member -j- 4 ^ we might employ 

where p is some number greater than unity. This will 
evidently give a dome having stability; because the original 
formula will tlien be greater than x\ This will 
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give d zz Each of these forms has its advantages 

when applied to particular cases. Each of them also gives 

^ when the curvature is such as is in precise equi- 

librium. And, lastly, if d be constant, that is, if the vaulting 
be of uniform thickness, we obtain the form of the curve, be- 
cause then the relation of ^ to x and to y is given. 

The chief use of this analysis is to discover what curves 
are improper for domes, or what portions of given curves may 
be employed with safety. Domes are generally built Tor or- 
nament; and we see that there is great room for indulging our 
fancy in the choice. All curves which are concave outwpds 
will give domes of great firmness: they are also beautiful. 
The Gothic dome, whose outline is an undulated curve, may 
be made abundantly firm, especially if the upper part be con- 
vex and the lower concave outwards. 

The chief difficulty in the case of this analysis arises from 
the necessity of expressing the weight of the incumbent part, or 
fdy +y • This requires the measurement of the conoidal 
surface, which, in most cases, can be had only by approxima- 
tion by means of infinite serieses. We cannot expect that the 
generality of practical builders are familiar with this branch of 
mathematics, and therefore will not engage on it here; but 
content ourselves with giving such instances as can be under- 
stood by such as have tnat moderate mathematical knowledge 
which every man should possess who takes the name of en- 
gineer. 

The surface of any circular portion of a sphere is very 
easily had, being equal to the circle described with a radius 
equal to the chord of half the arch. This radius is evidently 

In order to discover what portion of a hemisphere may be 
employed (for it is evident we cannot employ the whole) when 
the thickness of the vaulting is uniform, we may recur to the 

equation or formula — fdy */{x^ + Let a 

be the radius of the hemisphere. We have x and 

^ Substituting these values in the formula, we 

obtain the equation 3/ V(a2 . We easily ob- 

tain the fluent of the second member r: — a® v" (a® — and 
3/ rz a -v/(— i Therefore if the radius of the sphere be 
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1, the half breadth of the dome must not exceed V(— ^4* 
or 0 - 786, and the height will be • 618. The arch from the 
vertex is about 51*^ 49'. Much more of the hemisphere cannot 
stand, even though aided by the cement, and by the friction oi 
the coursing joints. This last circumstance, by giving connex- 
ion to the upper parts, causes the whole to press more verti- 
cally on the course below, and thus diminishes the outward 
tlirust ; but it at the same time dimimshes the mutual abutment 
of tile vertical joints, which is a great cause of firmness in the 
vaulting. A Gothic dome, of which the upper part is a portion 
of a sphere not exceeding 45° from the vertex, and the lower 
part is concave outwards, will be very strong, and not ungraceful. 

Persuaded that what has been said on the subject convinces 
the reader that a vaulting perfectly equilibrated throughout is 
by no means the best form, provided that the base is secupd 
from separating, we think it unnecessary to give the investigation 
of that form, wliich has a considerable intricacy, and shaU 
merely give its dimensions. The thickness is supposed uni- 
form. The numbers in the first column of the table express 
the portion of the axis counted from the vertex, and those of 
the second column are the length of the ordinates. 


AD 

DB 

AD 

DB 

AD 

DB 

0 - 4 . 

100 

610-4 

1080 

2990 

1560 

3 - 4 . 

200 

744 

1140 

3442 

1600 

11-4 

300 

904 

1200 

3972 

1640 

26-6 

•400 

1100 

1260 

4432 

1670 

. 52-4 

500 

1336 

1320 

4952 

1700 

91-4 

600 

1522 

1360 

5336 

1720 

146-8 

700 

1738 

1400 

5756 : 

1740 

223-4 

800 

1984 

1440 

6214 

1760 

826-6 

900 

, 2270 

1480 

6714 

1780 

475-4 

1000 

2602 

1520 

7260 

1800 


The curve formed according to these dimensions will not 
appear very graceful, because there is an abrupt change in its 
curvature at a small distance from its vertex ; if, however, the 
middle be occupied by a lantern of equal or of smaller weight 
than the |)art whose place it supplies, the whole tvill be elegant, 
and free from this defect.*” 

Professor Robison concludes with observing, that The 
connexion of the parts arising from cement and from friction 
has a groat effect on donic-vaulting* In the same w^ay as in 
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common arches and cylindrical vaulting, it enables an overload 
on one place to break the dome in a distant place. But the 
resistance to this effect is much greater in dome-vaulting, be- 
cause it Operates all round the overloaded part. Hence it 
happens that domes are much less shattered by partial violence, 
such as the falling of a bomb, or the like. Large holes may 
be broken in them without much affecting the rest ; but, on 
the other hand, it greatly diminishes the strength which should 
be derived from the mutual pressure in the vertical joints. 
Friction prevents the sliding-in of the arch-stones which pro- 
duces this mutual pressure in the vertical joints, except in the 
very highest courses, and even there it greatly diminishes it. 
These causes make a great change in the form, which gives 
the greatest strength; and as their laws of action are but very 
imperfectly understood as yet, it is perhaps impossible, in the 
present state of our knowledge, to determine this form with 
tolerable precision. We see plainly, however, that it allows a 
greater deviation from the best form than the other kind of 
vaulting ; and domes may be made to rise perpendicular to the 
horizon at the base, although of no great thickness ; a thing 
which must not be attempted in a plane arch. The immense 
addition of strength which may be derived from hooping, largely 
compensates for all defects ; and there is hardly any bounds to 
the extent to which a very thin dome-vaulting may be carried, 
when it is hooped or framed in the direction of the horizontal 
courses. The roof of the Halle du Bled at Paris is but a foot 
thick, and Its diameter is more than 200, yet it appears to have 
abundant strength 


SUPPLEMENTTO CHAP. VI. 

Summary of the properties of the catenary ^ mth tlmr application to Bridges of 
Suspension, By Davies Gilbert, Esq. M.P. F,E.S. 

Xjet a =» a constant force, estimated in length of the chain, which acts horizontally on 
B, the apex of the curve, fig. n . pi. IX. 

% ^ the length of chain or periphery of the curve, between its apex b, and the 
point of section, by any ordinate EC : 

2 / == the ordinate : 
a? the absciss. 

Now the curve being sustained in equilibrio by these forces, 

By the weight of thechain acting perpendicularly downwards; 

* They who wish farther to pursue this interesting class of investigations, may ad- 
vantageously turn to the first vol. of Dr. Hutton’s Tracts,” 8vo., the article Aiicii 
in the Pantologia, the instructive article Bridge in the Edinburgh Encyclopaedia, 
Bossut’s “ Recherches sur rEquilibre des Vodtes,” and Berard’s valuable “ Statique 
des Vohtes.” 
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By the force at B acting horiasontally 5 aM 

By the suspension acting in the direction of the curve at c ; 

These forces must be represented in magnitude and direction, by the incre- 
mental triangle ; therefore 
» :;:y : a, consequently . . . ■ , 

; ia ; ; 

But i'-* + y* in all curves ; therefore 


Equation A 


s® : ; a* + 3^ ; . And i* *= 

r No. 1. * - j/ g, + ;.1_a 

) No. 2. .1 = \/ 2«k + 




j a, consequently ax = sy •.* ^ rs 
substituting from Eq. A, No» 2. 


V'2a.i’ + a^». And 

a + lU + 'V/ 2o!a* 4* a** c -f it* 4 a: 

y ca a X /iL. " ^ =» tf X At. O * 

or by substituting its value for a from Equation A, No. I, and dividing 

by z 4 a\ 

z + a 

Equation B y «= n k /it. ^ 

Thus far agrees with what has usually been given. 

Now, it is obvious, as tliere are not any arbitrary quantities, that all catenaries must 
agree in specie, didering in magnitude alone; and since two Equations only can be 
deduced from the general properties of the curve, and there are four unknown quan- 
tities, no one of them can be exhibited in terms of any other, unless some new Equa- 
tion is introduced ; as in the case of a maximum or minimum, or of an assumed 
relation in magnitude between either two of the four quantities. 

The maximum, with reference to the subject of this inquiry, will evidently take 
place, when the force of suspension at r acquires a rate^of proportional increase equal 

to that of y, or if b represent this force, when — =» But ssn + a* = 

4 Qax 4 a* . , . . . Eq. A, No^. 2. 

S3 a 4 X V h =s .T* And - - «* — consequently 

a + X tf 
i‘ : y ; : a 4 a’ : y. But 
x:y; :3 so therefore 

t/ = £E X -i-— Bui 2 / =«« X consequently 

, ^ ,;y , , ■ , 

iLLi - hh* Or substituting for z from Equa. A, No. 2* 


4 x^) 4 X 


\/2tt.v + x^ \^(2o.r 4 ar*) — 4* 

, — -v/(2<"/a’ 4 i*) 4 A” 

V 4 .r-» X ^ aos 0. ■ . 

4 a?*'*) — ■ X 

Tlte expression may now be simplified by assuming =* ! . 

Then V'iJTlr® x hu ^ ^ — 1 » 0. From whence, by ap- 

A/(2.r 4 a**) — a? 

proxiinations, it will be found, that x — 0*61 very neatly, 
a and x being now given, z will be found from Equation A> and y from Equation B. 
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The four quantities and 6 wifi therefore Stand 

a? « 0-81 V . Log 9.9084850 

■ ■. , . ■ 

|/==M995 . . Log 0*0790003 

s « 1*5087. , .... Log0*n86029 

- ^ ^ 1*81 ........... Log 0*2576786 

Angle of suspension 56®* 28', as deduced through the incremental triangle 
from ffl, ar, and 5. 

By applying these deductions to a span of 560 feet, equal to that of the proposed 
hridge across the Menai Strait, 

« « 233*4 Feet] 

« == 189*1 Feet f Where all the quantities must be considered as feet of the 
y 280 Feet !- suspending chains, augmented proportionally in weiglit by 
f ==• 352*2 Feet ( the horizontal bridge, and by the media of suspension. 

& =» 422*5 Feet) 

It is obvious, from these values of a; and 3/, that the curvature is never likely in any 
^^slance to meet the theoretical maximum, 

When .^Ms small in comparison of 3, a much easier method may be used than that 
by approximation, and sufficiently near to the truth. 

y has been found equal to a x 7i t. — $, but when .n is small in comparison of 

the 7il, of — - — i — will not differ much from then 


2f — 


0? 

2a ; but a =s 

• — iV' 

2x 

^ — a’* 

X 

r 2 X 

X 

2;i; 

z 


Equa. A, No. 3. 
— x 


By com pleting th e square, &c. 

- iy -t- 4 2/^ + By using this value for in 

■ — a,'9t 

a «: ^ .... ..... Equa. A, No. 3. 


yz — — .i<i or yz 


And since 


+ ?/^) 
2.t' 


b 

Now assign to « and ?/ tlieir respective values U5 and 280 feet, as they are given 

for the Menai Bridge; the quantities will then he found, 

« » 1580 Feet 
X = 25 

y^ 280 
== 282*2 

b *= 1605 or about 5*7 x by ^ the weight of the chains, bridge, &c. or three 
times their weight nearly, 

. The angle of suspension 10® 8^. 

If .r be now doubled, or ,r and y are taken in the proportion of 50 to 280, the 
quantities will be, 

« « 808 
a; «= 50 
y ~ 280 
288*0 
b =* 858 

The angle of suspension 19® 39', 

.n 1 ' ^ representing the strains at the apex of the curve 

ana at the point of suspension, are very nearly one-half of tlie former. And from the 

equations a « and 5 = x it appears, that «, and conse- 

quently 5, must increase or diminish in the reciprocal proportion to a-, as y is supposed 
constant, and ^ is foun4 to differ, when a? is 25 or 50 by no more tlian a few feet. If 
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these relations of x and ^ are taken as the bases of calculation by the strict forms, the 
results will remain substantially the same, and this general conclusion may safely be 
deduced from the whole. 7^hat mth reference to the strength and safety of sjujpendecl 
bridges, in all cases likely to occur ih practice, their points of attachment cannot be 
too ioftyT, nor conseqiieMly the curvature of the chains too great* 

The greatest span of a catenarian arch, capable of being formed by iron or steel, on 
the supposition of these metals supporting the utmost degree of tension theoretically 
assigned to them, may be estimated in the following manner i 

If the tenacity of iron be taken at 50,000 pounds for a square inch, and the specific 
gravity of iron at 7*8» the modulus of tenacity will be 14814 feet. Put this equal to 
4 in the expression for a maximum, then y will be found =i 0817 feet, and conse- 
quently the whole span or % = 19634 feet, about 3*7 miles, but then a? » 6629 
feet, or I *25 'miles. 

Steel, being supposed to have three times the tenacity of iron, will extend all their 
movements threefold* 

When a: and y are equal to each other, they will be 1-16 very nearly, a being unity, 
and z « 1*914. ' ' ^ ■. 

If « » unity, and »/, and a are taken indefinitely great, 
z *=s 1 +“ a,’ 

3/ w- hu (I -f*. tv) ' ■ 

i) sss. 'Z 
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INTROBtCTORY DEFINITIONS AND REMARKS. 


510. Dynamics is that branch of Mechanics ivliich has fol- 
ks object the action of forces on solid bodies, ivhen the result 
of that action is motion ; and in which, since all motion occupies 
some portion of time, we introduce time into our investigations. 
This department of science presents a wide and varied field of 
discupion, and, when viewed in its full extent, exhibits many 
questions of considerable difficulty: we shall not attempt to 
give the whole of these, as such a procedure would draw us far 
beyond the limit, which, must be assigned to this part of the 
work; but shall select those chiefly which appear necessary as 
a preparation to the knowledge of the powers and effects of 
machinery. 

511. "I he sum of the material particles of which a body is 
composed, is what %ve denote by the word Mass. This inass 
^pends on the volume of the body and that which we call 
.uensiti/. We have already observed (art. 10.) that density is 
directly as the quantity of matter, and inversely as the magnitude 
of the body: But it will not be improper to deduce concisely 
the general tlieorem which comprises this relation. To this 
end It must be considered that as all bodies are penetrated with 
a great number of void spaces or pores, their quantity of matter 
IS not proportional to their volume; but under the same volumc 
there will be more or less matter as the particles are nearer or 
lurther asunder ; and we say that a body has a greater or less 
density, according as there subsists a greater or less proximity 
between its moleculse. Thus we say a body is more dense than 
another when in an equal volume the former contains more 
matter than the latter: we say, on the contrary, that it is less 

or more rare (for densi^ and rartit/ are reciprocal quali- 
ties) when in an equal volume it comprises less matter. The 

to judge of the number of material 
particles when the volume is known : thus, we may regard the 
density as representing the number of equal moleculse in a dc- 
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termiiiate vokme ; as wlieB, for example, we say that gold is 
19 tikes denser than water, we wish to be understood that gold 
contains 19 times the number of particles that water does in the 
same, space.' 

Since we represent the density as expressing the number of 
molecute in a determinate volume w’hicn we assume as the unit 
(^Maig*niiude ; it is obvious that to obtain the mass, or the total 
number of moleculse, of any body of which the magnitude is 
known, we must take the rectangle of the density and magnitude. 
Thus, if we represent generally the body or mass by b, its 
volume or magnitude by m, and its density by n, we shall have 
B == MD : whence it will be easy to compare the masses, the 
magnitudes, and the densities of bodies. 

In similar bodies the masses are as the densities and cubes 
of the diameters, or depths, or lengths, or of any like linear di- 
mensions. Hence, if l denote the lineal dimension, we readily 
deduce these general proportions : 

B a MB a BL^. 

M a “ a L®. " ■ 


L a l/~ (X l/u. 

Force^ according to our definition (art. 17.), is that 
which causes a change in the state of a body; or, it is that 
which either moves or tends to move a body : forces, as we 
there observed, are no further known to us than by their effects ; 
it is only therefore by the effect any force produces that we can 
measure it. Now the effect of a force is to give to every ma- 
terial particle of a body a certain velocity : if, therefore, all the 
parts of a body receive the same velocity (as we suppose here), 
the effect of the moving cause has for its measure the product 
of the velocity into^ the number of moleculae moved, or the 
product of the velocity and mass: A jbree (her ef ore is propor*^ 
tional to the velocity ^ which it can impress on a kn(m>n tnass^ 
and that mass conjointly, 

Def. Momentum^ or Quantity of Motion^ is the rectangle of 
the mass of a body and its velocity* 

^ Consequently, ai^e measured hy the quantities of mO’* 
tim they are capable qf^producing. 

Thus, if F denote the motive or moving force, b the body 
moved, and y the velocity imparted to it, have f a bv. 

From this we deduce v a~, and b a ~ : therefore, 1. The 
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velocity of a body in motimyU the mcwmfffyrce Mredllyi 
and the mass inmrsely. %d\jy Th^ body or mms m 
moving force directly^ and the velocity inversely. 

If now two bodies be represented by and 65 the forces by 
which they are moved by F, and ^ and the velocities imparted 
to them by v and % we have F a bv, and^a bv. Let b be 
supposed equal to then will f a v, and^a vi hmoQy When 
the masses are equals the moving forces are as the mlocities. 
Again, supposing vr=nj we have f a b andy a 5 : therefore, 
when the mlocities are equal, the moving forces are as the 

masses. Lastly, making fz^ we have — a b, and oc 5 : 

consequently, when the moving forces are equal, the velocities 
are in the inverse ratio of the masses. 

213. The several deductions in the preceding article depend, 
manifestly, upon our having assumed a just measure of moving 
force : we say, that forces are measured by the quantities of 
motion they are capable of producing, and that these quantities 
of motion are proportional to the products of the masses and 
their velocities. It follows, therefore, that when these products 
are equal, the quantities of motion, or the equivalent forces, are 
equal : but equal forces acting in opposite directions produce 
an equilibrium (art. 85.) ; so that if bodies which move with 
equal quantities of motion (according to our definition) in op- 
posite directions, are in equilibrio after they meet, such a fact 
being proved will at the same time evince the truth of the fore- 
going deductions. In order, then, to show the truth of this 
principle, we extract a paragraph from M. Laplace'^s Exposi- 
tion du ^stime du Monde, L. III. Ch. 8 . 

The most simple case of the equilibrium of many bodies, 
is, that of two physical points which rencounter with velocities 
equal and directly contrary. Their mutual impenetrability, 
that property of matter in virtue of which two bodies cannot 
occupy the same place at the same instant, evidently annihilates 
their velocities, and reduces them to the state of rest. But, f 
tzm bodies of different masses strike each other with opposite 
velocities^ Zi^iat is the relation of the velocities to the masses in 
the case of equilibrium f To resolve this problem, imagine a 
system of contiguous physical points, ranged on the same right 
line, and animated with a common velocity in the direction of 
that line ; conceive, in like manner, a second system of conti- 
guous material points, disposed on the same right line, and ani- 
mated with a common velocity and contrary to the preceding, 
in such a manner that the two systems strifang mutually shall 
be in equilibrio. It is obvious that if the first system were 
composed of only one material point, each point ol the second 
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system would extinguish in the point struck s ppt of its velocity 
equal to the velocity of the system ; the velocity of the point 
struck ought therefore in the case of equilibrium to be equal to 
the product of the velocity of the second system by the number 
of its points, and we may substitute for the first system one point 
singly incited to a velocity equal to this product. We may hke^ 
wise substitute for the second system a material point animated 
with a velocity equal to the product of the first system by the 
Bomber of its points. Thus, instead of these two systems we 
liave two points which bring themselves to an equilibrium by 
striking with contrary velocities, of which the one will be the pro- 
duct of the velocity of the first system by the number of its points, 
and the other will be the product of the velocity of the points of 
the second system, by their number these products, tnerefore, 
must be equal in the case of equilibrium*”—^^ This product of 
the mass by the velocity we name quantity of motion ; it is this 
also which we mean by the jbree of bodies : for the equilibrium 
of two bodies or of two systems of material points which strike 
each other in contrary directions, the quantities of motion, or 
the forces opposed, must be equal, and of consequence the ve- 
locities must be reciprocals to the masses ” 

£14f. We must not omit observing, that about a century ago 
there was a warm dispute among the mathematicians, in order 
to determine whether we ought to consider tlie force of bodies 
in motion proportional to the velocity or to the square of the 
velocity : it is easy, from what has preceded, to reduce this 
question to a simple enunciation which will retnove all difli- 
culty . The word force denoting any cause of which the nature 
is unknown, and of which the effects are the only things we can 
measure, it is evident that by the term measure of force^ we can 
only mean that of its effects : now the effects may oe considered 
under different aspects, each comporting with a species of 
measure particular and conformable to its nature. If we con- 
sider the effect of the force as consisting in the destruction of a 
certain sum of obstacles or of quantities of motion, this sum 
must, as above shown, be expressed by Bv+i^+^c. that is, it 
is proportional to the velocity simply* But if we consider the 
efiect of the force, not with relation to the sum of the obstacles, 
but to their number, this number will depend upon the space 
passed over, that is, upon the time and the velocity at each in- 
stant, and as will appear further on, will be represented by 
or will be proportional to the square of the velocity when all 
the obstacles are equal, as when equal solicitations of gravity 
furnish constant obstacles to a rising body* The same may be 
represented rather differently, thus : let a certain force such 
for instance as would propeJ a body b with a velocity u, be ca- 
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pable by its instantaneous action of raising a naass m 
weight IS w to a certain height h ; and let g denote the 
of gravity, while i is an evanescent element of time. Then 
that which has been employed to raise w to the height h will 
be equivalent to wh, this being the effect produced. But h 
being a space run over, may be expressed by the product of a 
velocity V and a time t; and, on the other hand, we have w 

where is manifestly the velocity v^ which 
would be genei’ated by gravity in the element of time t> Con- 


sequently, WH =: 4^- X VT - vv^m4- -4, u being the 

mean proportional between the velocities v and v^: and since 
T and i are homogeneous quantities, we shall have wh oc 
the original force being thus resolved into the product of 
a mass by the square of a velocity, conformably to the notion 
attached by most foreigners to the term w waj. This force 
is, notwithstanding, measured by the product bit above: so 
that the warm discussions on the question whether the forces of 
bodies in motion ought to be estimated by the product of a mass 
into its velocity, or by the product of the mass into the square 
of its velocity, are reduced to a dispute about words. Provided 
we always reason conformably to either definition once adopted, 
the adoption being regulated by the nature of the individual 
inquiry, the conclusions will always be the same; the different 
measures being reducible to the same origin. 
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CHAPTER I. 


ON MOTION, UNIFORM AND VARIABLE. 

215- The motion of a physical point, or of a body, is mv^rm 
{art. 15.) when it moves always in the same manner, or when 
it passes over equal spaces in any equal intervals of time what- 
ever. This motion, the most simple of all, and the most easy 
to conceive, probably exists in no part of nature, but is only a 
pure abstraction of the mind: it is, notwithstanding, important 
to consider it, because motions, were it not for obstructions, 
would in general be uniform (art 21.), and because it conduces 
greatly to the analysis of all other motions. 

That affection of motion which we call mlocUy being mea- 
sured by the space uniformly described in a given time (art. 15.) 
is in fact a measure of motion itself, and is that which cha- 
racterises each species of uniform motion : it is customary in 
mathematical discussions to fix upon a small period of time, a 
second, for example, as a unit, and to call the velocity of a 
moving body at any instant the space which the body would 
descrioe tmformly during a unit of time * 

Hence it follows, that in the uniform motion of a body, the 
spaces run over arc proportional to the times employed. For if 
it describe V feet in one second, it will describe 2v feet in two 
seconds, 3v feet in three seconds, and tv feet in t seconds, T 
being any number whole or fractional. This being granted, we 
may now state a proposition from which the whole doctrine of 
uniform motions will readily flow. 

216. Prop. When bodies have different unform motions^ the 
spaces described are p}'eoporiwnal to the times and velocities 
jointly. 

Let V and v be the velocities of the two bodies b and ^ T 
and t the times of their motions, s and 5 the spaces described, 
likewise let ^T)e the space described by b in the time t : 

Then s,: s' iiv : v 

: s : : T : ^ 

And, comp, si si its itv. That is s x tv. 

Coil. 1. The velocity is as the space divided by the time : for 

the preceding expression gives v a Or, since the same 
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will hold in any corresponding indefinitely minute portions of 
the space and time, we shall have v = 

T., 

Cor. 2, The velocities of two bodies moving imformly are 
directly as the spaces and inversely as the times: for we have 

3 S 

“ * ’ T * £ 

Cob. 3. In equal times the velocities are proportional to the 
spaces run over : for gives v : : : s : 5. 

Cor. 4. If the velocities are equals the spaces passed over 
are proportional to the times: for v=:t?, gives Si5=^T5 or s : 

: : T: t 

Cor. 5. If the spaces passed over are equals the velocities are 
recipi'ocally as the times: lor when s=5, we have v : : : --- 

..y'Vi t : T.,., 

Cor. 6. Since the areas of rectangles are in the ratio com- 
pounded of the ratios of their sides, if the bases represent the 
velocities of two motions, and altitudes the times, the areas 
will represent the spaces described. 

Cob. 7# Since it has been shown that the forces which give 
to bodies are proportional to their quantities of motion, 
these to the rectangles of the masses and velocities (art. 
), that is, F Oc 0 , oc Bv ; we may, by combining this with the 
present proposition, have the following formulse of relation of 
the six quantities, force f, momentum or quantity of motion q, 
mass or quantity of matter b, time t, space s, and velocity v; 
the forces being supposed instantaneous or impulsive, and the 
motions uniform : 

ns 

F a a a by a — . 

■ . 

a a p a bv a — - 

T 

^ r ■ a FT QT 

B a — a — oc- — a — . 

y y ^ S 


T a — a— a — . 

y S' Q 

^ TP TQ 

s a TV a - — a — 

S , F ' ' Q 

V a — a— a—. 

T B B 
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211 We have before said that we know nothing more of 
forces than by their effects in moving bodies : we call those 
equal forces, however different they may be in their nature, 
which give to bodies equal momenta, or which, when the bodies 
are equal, give to them equal velocities ; and we say that forces 
are greater or less, when they give to bodies greater or less mo- 
menta, or when tliey impress upon equal bodies greater or less 
velocities. Therefore, when different forces act upon equal 
bodies, tlw forces ar e^ c^tevm paribus, to the t>e- 

iocities impmied: the velocity, then, being proportional to the 
force, these two quantities may be represented the one by the 
other, and all which we have established in Chap. I. of the first 
Book on the composition and resolution of forces may be ap- 
plied to the composition and resolution of velocities. Hence 
it might seem unnecessary to give here the demonstration of 
the most extensive proposition, as it relates to velocities and 
directions ; but, since it may be proved satisfactorily in small 
compass, and admits of two or three useful deductions, we are 
unwilling to omit it. 

Prof. The simultaneous action of two impulsim forces p, 

on a body a, which would impress upon it separately the 
locitiesY^ v^, in the directions ACi hd y will cause to 

move uniformly over the diagonal (f the paralMogram whose.~ 
sides are in ike directions of those forces* 

Imagine that the body a (fig. 6. pi. X.) is placed on a plane 
Acd which moves uniformly in the direction ac( with such a 
velocity as in each unit of time will carry it over a space equal 
to the line kd i it is certain that this body, considered with re- 
lation to the plane on which it is placed, has no motion ; yet if 
a spectator fixed immoveably out of that plane observe the 
body a, he will attribute to it a motion equal and parallel to 
that of the plane. Now, if we conceive that any impulsive force 
whatever, f, acts upon the body a in the direction pac, and 
impresses upon it such a velocity that in a unit of time it would 
pass over a space equal to ac, there can be no doubt that if 
the body were acted upon by this force only it would he found 
at the point c at the termination of the unit of time. But 
since, in consequence of the motion of the plane, the line ac 
advances towards chs by a motion uniform and parallel, so that 
it would really coincide with dn at the end of a unit of time, 
it is obvious that the point c will then coincide with the point 
B, ami that, of cimscquencc, the body a which partakes of the 
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motion of the plane ought to be found in B at the end of the 
first unit of time. We may prove, in like manner, that at the 
end of any part or multiple whatever, T, of this unit, the body 
A, animated with the same velocity ac, ought to run over a 
proportional apace aczzt x ac, while the common motion con- 
strains the line ac to pass parallel to itself over a distance ac^ 
=i:T X Ach This line coincides, therefore, with c% and con- 
sequently h is the place of the body a at the end of the time t. 
And it is manifest that all the points 6, that may be de- 
termined by the same reasoning, are found on the same diagonal 
AB, since AC : cb : l AC : CB. The body a, therefore, actually 
describes the diagonal ab. But, besides this, its motion along 
this line must be uniform: for a5 : ab : : ac : ac ::txac: 
AC : : T : 1 ; that is to say, a5 is to ab as the time employed in 
passing through Ab to that occupied in passing over ab. Con- 
sequently the motion of the body a along the diagonal ab is 
uniform. ^ Since a body at rest on a moveable plane has the 
same motion as the plane, it is clear that if the plane were at 
rest, but that the body moved uniformly according to the right 
line ac', with the velocity ac' equal to that wliich would be 
impressed upon it by the force p', and received at the point a 
from the force p a velocity ac in the direction pac, it would 
describe uniformly the diagonal ab of a parallelogram formed 
upon the sides ac, ac^ which represent the velocities of the 
body in those respective directions, while the diagonal ab re- 
presents its new velocity, a. e. n, 

S18. We may likewise show that, if a hocl^ he acted on by 
two similar variable forces (for the same time ) whose directions 
and magnitudes are expressed by the adjacent sides of a pa- 
rallelogram concurring in the hody^ it will describe the diagonal 
of the parallelogram. 

Let the forces act by impulses, at the beginning of equal par- 
ticles of time, and let ac', c'c', cV, and ac, cc, cc, be the re- 
lative magnitudes of corresponding impulses. Then, by the 
action of the two first impulses the body will, by the preceding 
article, desciibe the diagonal a5; and by the next two the 
diagonal 6b, of the parallelogram dd whose sides hd^ are 
equal and parallel to the representatives of those new impulses ; 
but the forces are similar, therefoi*e the parallelograms cc\ dd^ 
are similar; and, having parallel sides and a common point 6, 
they exist about the same diagonal ab. The same may be 
shown for a third pair of impulses : and so on, ad libitum* Let 
now the particles of time be evanescent and the forces incessant, 
and the same demonstration will obtain. 

Coit. If the forces by which the body is urged in the di- 
rections AC, ac', be not similar, it will move in some curve line, 
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vAmse nature will depend on the relation of the forces. Of this 
many instances will occur as we proceed. * 

5U9. There remains anotlier general theorem, wliicli it wiU 
not he amiss to exhibit in this place ; viz. ^ a number o/* 
bodies he niming in any mamier wlmteverp and an equal force 
act on each particle of matter^ in the same or parallel directions^ 
their relative motions will not be effected. 

The motion of any body a (fg. 8. pi, X,) with respect to an- 
other moving body b, is compoundecl of the real motion of A 
ami the opposite to the real motion of b : for, let a move imi- 
foianly from a to c, while b moves uniformly from b to d ; draw 
AB equal and parallel to bp, join ab, ec, bc, and icn. The 
motion of a witli regard to b consists in its change of position 
and distance. If while a liad described ab, b described bb, 
tlicre would be no change of relative place or distance : but a is 
now at c, and dc is its new dii'ectipn and distance: therefore, 
the relative (art. 12.) or apparent motion of a is EC. Let the 
parallelogram acfe be completed : then it is evident that the 
motion bc is compounded of ef, which is equal and parallel to 
AC, the real motion of a ; and of ea, the equal and opposite 
to BB, the real motion of B. 

Now, let the motions of a and b sustain the same change ; let 
the equal and parallel motions ag, bh, be compounded with 
the motions ac and bb : or, suppose forces to act at once on 
A and n, in the p<arallcl directions a o, bh, and with equal in- 
tensities: on cither supposition the resulting motions will be Ac/, 
Biy, the diagonals of the parallelograms Aodc, and bhb^b. 
Then, constructing the figure as before, we see that the relative 
motion is e-c, and that it is equivalent to EC both with respect 
to magnitude and direction. 

Here we may again remark the constant analogy between the 
composition of motions and that of forces. In the former the 
relative motions of things are not clianged, whatever common 
motion be compounded with them all : and in the latter the 
relative motions and actions are not changed by any external 
force, however considerable, when equally exerted on all the 
moleculse in parallel directions. 

By means of this it is that we account for the circumstance 
of the evolutions of a j9eet in a uniform current being the same, 
with relation to the several ships, and produced by the same 
means, as in still water: also, that the motions and operations 
in a ship, sailing smor^thly ojkI regularly along, are performed 
in the same manner as though the vessel were at rest : and again, 
iniiversally, of all bodies included 1n a given space (for instance, 
those on ilie :*urikco of the ejirth,) their motions amongst them- 
selves will be t!\e same, tlieir congress the same, the fqfoe pf their 
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percussion the samCvand all their mutual operations, whether 
the space they occupy is at rest, or whether it moves in a tra- 
jectory compounded of the diurnal and annual motions about 
the centre of the solar system ; or lastly, whether these are com- 
bined with a motion about some far more distant centre of 
ferce"^. 

2^0, Piiop. Give7i the Delocities v, v^, with which tzco bodies 
move in the same line and towards the same a^id the di- 

stance of one from the other at the commencement their 
motion^ toJi7id the time and 'place of their rencoimter* 

If any point a be assumed as a fixed point in a line, 
from which we would estimate any distances upon that line 
through which a body passes ; then, if be the distance from 
this fixed point to the point wliere a body commences its mo- 
tion, or, as we may call it, the mitial space^ the general equa- 
tion for uniform motions will become s^= 5 ‘^-f-T'v'; let this be 
the equation for the body which commences its motion at the 
distance d before the other body; let also srr^+Tv, be the 
equation for that other body, in which w^e have s = 0, and con- 
sequently s = Tv. Here the spaces being both estimated from 
the same point a, and the times of moving being equal, we have 
id T= ' 


:s, anc 


- : w'e have therefore 


([.) * * . . 


and s = s^- 


s'v 

v—v' 


These equations manifestly solve the problem* 

9191, Prop. Let it he proposed to Jhid at zehat time the two 
movmg bodies will be at any given distance d fi'om each other. 
In this case it will be necessary to have s — d= ±d, where 
we put the double sign ±, because the bodies may be at the 
distance n from each other either before or after their ren- 
counter: that is, we may cither have sys^, or s<s^ Now 
from this .equation of condition conjointly with the preceding 
ones obtain the following : 


(ii.) 


, T = - 


S=:V- 


D 


YS' ± 


Prop. Having two bodies movmg uniformly m the pe- 
rimeter of any complete curve, to find their pomts of rencounter. 
Supposing the curve to be rectified, it is obvious that the 
solution to tliis problem will be comprised in the equations I. 
axt, But besides the point of meeting which may be 

found thus, the bodies may have several others, since they may 
continue to run along the curve and pass again and again over 

* Those who are desirous of pursuing fui tber the theory of apparent ,and relative 
motions, particularly as it regards the phenomena of the motions of the planets, are 
referred to Chap. IX, of my Treatise on Astrmmny, 
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the same points, and in the course of this motion have many dit 
ferent points of ineeling : now, in this state, the first point of ren- 
counter is taken as a new point of departure, and we may con- 
sider tlie two bodies as distant from each other the whole pe- 
rimeter p of the curve. Here p will obviously correspond with 
.y' in e(puu 1. above, and the instant of the second rencounter 

will be distant from that of the first an interwal : 

we luive, therefore, estimating the time from the origin of the 

inotion to that of the second reocoimtcr, t z 


-7 “f' 




Heasoning in the same manner, for the third rencounter 


s' + 2p 


7; and in general the nth rencounter will 


we shall have t 

, v- "V 

, , 1 A • ~* 0/> 

happen at the end 01 a tunc xzr — — .■ 

In like manner we obtain an equation for the time employed 
by the second body in reaching the nth point of rencounter ; 
and, comparing the two equations, we find 


(HI.) 


.s'+(7i— i)a 


vs -f 1 ) 


If several bodies move uuifomal}" over the same curve, we 
have similar equations for each of them, which must be com- 
)ared two by two ; and the ^Uh rencounter of the first and third 
x)dy will be given by the equation 




Thus, to IIik! the point where three bodies will meet, it is 
necessary to make this value of t equal to the former, which 
furnishes this equation 


pS" + — 1 ^ + 7^-1 


or 






The problem in this case obviously becomes indeterminate: 
but as the values of n and 'Jil must be whole numbers, the 
number of solutions is less considerable than might at first be 
supposed. The matter, however, need not be pursued in this 
place. 

2S3. To give an example of the use of some of these equa- 
tions : SuppoJie that have a clock showing the hours^ minutes^ 
and seconds: we may conceive the extremities of the three 
hands as three moveable points moving over the same circum- 
ference; the determination of the rencounter two and two, or 
oi‘ nil three uftlie hands, will not be attended with any clilficulty. 



Y, Vj the respective velocities of the second, 
hour hands; taldngalso the minute for the unit of 
time, and the perimeter for the unit of space, we thence have 
p r: I 5 V =: 1 , v' =: n: ; and the preceding formula 


For the ren- 1 second and minute hands x 
counter 2 and V 

^ of the • . I and second hands x 


GO (s^-h?i — 1) 

~ gg • 

720 + 1) 


Rencounter ^ 




59 


.1)__ 720 
— - 719 


of all 
hands 

If therefore we put for 5 ! and / their values, which are tlie 
distances of the hands at the commencement of dm time, we 
resolve the problem completely, if we satisfy these ccpia- 
tions by means of any whole numbers ??/, whatever. 


II. ON MOTIONS UNIFORMLY VARIED. 


A body which has received only a single impulsion 
will, , according to the fix’st law of motion, persevere in its mo- 
tion with the same velocity and in the same direction it had at 
the first instant: but if it receives a new impulsion, either in 
the same direction or in a direction contrary to the first, it will 
then move with a velocity equal to either tlje sum or the dif- 
ference of the two velocities which it received successively. 
If, therefore, we conceive that at successive intervals of time 
the body receives new impressions, either in the same or con- 
trary directions, it will be transferred to different parts of space 
with a varied or unequable motion ; its velocity will he different 
at the commencement of each interval of time. In variable 
motions the velocity undergoing repeated changes, it is usual to 
estimate it at any time whatever by the space it is capable of 
passing over during a unit of time, if its motion for that interval 
continued the same as at the instant where we would consider 
the velocity. Or in variable motions, the velocity of a body at 
any determinate instant is the space which it would run over in 
every unit of time, if at that instant the action of the powder 
ceased, and the motion became uniform. 

Defs. We call in general any force which acts on a body so 
as to make it vary its motion an accelerating force: when, in 
equal intervals of time, it acts equably, or the velocity under- 
goes equal mutations, we call it a constant or imifarin acce^ 
lerating force^ or a constant retardmg force ^ according as it 
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tends to augment or diminish the actual velocity of the moving 
body. 

a single body is acted upon by a constant force, there 
are four <[uanlilies which become the objects of mechanical con* 
sideratio!), viz. the described, the izr/Zi? of description, the 
vciucil/j LiccimYQilj and the /bm which produces, it any three 
of which being given, the other may be ascertained. But 
when different forces act upon bodies of difierent masses, these 
are two additional cpiantities for consideration, making in the 
whole six kinds of' inagnity^l^S^ hIp ^ffbct the discussion* 

2525. i*uop* IVie in equal bodies % the 

action of constant, Jhrccs are in the compound ratio the 
forces and i hues of acting. 

For, when the times arc the same the velocities generated 
each instant are as the forces of acceleration, and consequently 
the velocities generated at the end of equal times are as those 
forces; and if the forces are the same the velocities generated 
are as the times w'hcrein the forces act; because, when the 
force is given, equal velocities are generated in equal times, and 
consequently the ’whole velocities acquired are as the times 
wliercin the given force acts: wherefore, both times and ac- 
celerating forces being different, the velocities generated wall 
be as the forces and times of action, jointly. 

Coe. I. The moucnta generated immeqtuil bodies ai^e also 
conpmlhj as the forces and their times of action^ This is evi- 
dent, because momenta in unequal bodies may be substituted 
for proportional velocities in equal bodies, throughoi|t the 
wlioie reasoning. 

Co,u. 2, The momenta lost or destroyed in any times are 
llkeioise conjointly as the reta rding forces and their times of 
action. For, whr.tever momenta any force generates in a given 
time ’would an equal force destroy in an equal time, by acting 
in a contrary direction. 

Aiid the same is true of the increase or decrease of motion, 
by forces that either conspire with, or oppose, the motions of 
l)odies.' . ■ ■ 

Coe, 3. The velocities generated or destroyed in any twies 
arc directly as the forces and tmes,^ and reciprocally as the 
bodies or masses. For, since the compound ratios of the bodies 
and their velocities are as those of the forces and times, the ve- 
locities are as the forces and times divided by the bodies. 

22(>. Prop. In molions nniformly " accelerated^ when the 
force and body are given, the space described during a certain 
iime is the half cf that tchich the body, movirig umformly with 
the Imi acquired x)di)city, xmuld describe m an equal tme. 

Since the velocities are as the times of description, when the 
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body and force are given, the velocities which a given body is 
found to have successively for the duration of each consecutive 
interval form an arithmetical progression, 3^, &c. of 

which the last term is gt ox the number of terms being 2 ?^ 
that is to say, being marked by the number of solicitations of 
the accelerating force. And since each of the velocities is 
nothing else than the space which the body would describe 
uniformly during the corresponding interval, the total space 
described during the time i will therefore be the sum of the 
terras of this arithmetical JirbgresSibn ; which, because g and 
are the extremes and i the nuiiib^r of terms, will be expressed 
by (g+v). Or if s be the total space described by the body, 
then will s =:^t (g + *o). Conceive now that the accelerating 
force acts (as by nyp.) without intermission, or, which comes 
to the same, imagine that the time t is divided into an indefinite 
number of infinitely small parts, or instants, and that at the 
beginning of each instant the accelerating force gives an im- 
pulsion to the body. Then g being infinitely minute in rela- 
tion to Vy which is the velocity acquired during the indefinite 
number of instants denoted by must be omitted in the equa- 
tion szzlt which will become simply the space 

actually described. 

This granted, imagine that at the end of the time t the ac- 
celerating force ceases to act, then, by the first axiom, the body 
will persevere in its motion with the velocity it has acquired : 
but in uniform motions the spaces described are as the times 
and velocities jointly (art. £1G.), therefore the body moving 
with the velocity r, during the time will describe a space 
s^zztv; which is evidently double the space described by 
the body in an equal time, by the constant action of the ac- 
celerating force. Q. E. n. 

The spaces described hy a body 'uniformly ac^ 
celerated are as the squares of the times. 

Since the velocities acquired increase as the time expired, if 
^ be the velocity at the end of one second, then the velocity 
acquired after a number t of seconds will be thus we have 
The equation found in the preceding article, 

becomes therefore ^ = If, in like manner, we represent 

another space by s, which is described by uniform acceleration 
during the time t, we shall have Hence wo see that 

5 5 S I I I • T**. 0,. E. D. 

Cor. I. Because the velocities acquired are as the times, we 
have also the spaces deecnhed as the s'piares of the velocities, 

T^o\k4%, Therefore cither the velocities or the times are as 
the squa7^e roots fthe spaces described from the commencement 
of the motiom 
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Cor. 3. All that has been shown liere applies equallj to 
motions tmiforinhj retarded ; provkled that by the times we 
mean those which are to elapse before the extinction of the 
velocity, and by the spaces those which remain to be described 
until the body is brought to rest. Similar propositions have, 
therefore, been applied to the motions of balls resisted by banks 
of earth, blocks of wood, &c. See Dr. Hiif ion's Select JSar- 
erclses^ and Atwood on 3foiion. 

Cor. 4. .The velocity f wMdi will he acquired at the end q/* 
a second is that which the accelerating force cm generate in a 
second chosen as a unit of* time ; it is therefore a meastire (f the 
accdcraiing force^i ^^nd may f course he S(fely substituted for 
that force in any of cur subsequent % 7 roestigations. 

SCHOLIUM. 

i228. In general, wlien the circumstances produced by the 
operation of any kind of accelerating or retarding force, as that 
of gravity, are computed or otherwise ascertained, the ana- 
logous circumstances [)rodu€ed by any other constant force 
may be readily inferi*ed ; it will simply be requisite to compute 
the effects of gravity by the theorems in art. appliechto 
some decisive experiment; and then, by some equally decisive 
experiment assign the relation of the other accelerating^ force 
to that of gravity, and take all the other circumstances in the 
same ratio. Instances of this may be seen in arts. 267, 366, 

'369, Sic. • 

229. As it is sometimes necessary to consider the efiect of 
aceek-rating forces upon bodies already in motion, it will be 
worth wltiic to deduce a general formula for that purpose. To 
this end let g represent, as in art. 226., the velocity due to the 
acceleration during each unit of time, gt will then be the 
total velocity acquired at the end of the time i: then, if we 
denote by v the velocity which the body has at the commence- 
ment of the time, and by v the velocity at the end of the time t^ 

%ve hiiYOYzzvVgt. But vz:4-, both m and va- 

ria!)le motions, the force or corresponding velocity being sup- 
posed constant for tlie indefinitely small time t. Therefore 

g/, and taking the correct fluents, we have 
(!V0 . . . 

Here tlu? constant <|uantily .s* evidently represents the initial 
space, viz. the tllstance between the point of departure and that 
in relation to which we consider tne several positions of the 
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moving body: for ^rzO, gives s=:s. If tlie velocity be in a 
direction cont'ary to the operation of the accelerating force, 
then the second terrii 'ot will be negative- 

^80. The general equation given in the last article may be 
readily constructed: for it is plain, from the theory of conic 
sections, that its locus is a common parabola. For, changing 
s into tx!+a^ and t into^-f 5, we have 

s + (2/4 

Then, determining the constant quantities a and 5^ by the 
equations 

vA- ig=o^ and d ±:i 4* vb 

we thence find 5 and the equation (IV.) 

in the last article will become which is an equation 

to a parabola whose parameter is 

Now the nature of the motion being supposed given, and 
the constant quantities, 5^, t?, g, being known, if ae (fig. 1 . pi. 
XI.) is the line passed over by the moveable body, and we 
take ABrr, 9 , the initial space n will be the point of departure. 
Here it results from the preceding values of a and that if we 

mrdee ca'z: — , cn zzs — , and then construct on df as an 

axis a parabola Dm)vm\ v/hose vertex is n, and parameter 
— , it will be the curve required ; or that in which the ordinates 

AP, Ap, &c. will represent the times, and the corresponding 
abscissas pm, pm-y &c. the spaces. 

If we draw a tangent be to the point b of the parabola, it 
will form with at an angle e-bn, of which the tangent will 
be^ =: V- Moreover, if we set off from any point p in at, the 
axis of the times, two consecutive seconds, or units of time, 
sy, ppy and draw to the corresponding points m, w, of the 
locus, the tangents Mr, we shall have nrziv-\gty n^'i^zzv 
d-g ^*^d consequently ^-nrzzg. Or, we may find 

the length of g by another method: for, since + 

and pm-nz-^-v (/ 4-1) + l-g* (H”l)% therefore mn'ziv P 
but nrzz.V’^'gty whence mrzz\gy and %nr-zzg- 
Coe. When a coincides with b: and when i»zr: 0 , b 
ebiheides with n, and en vanishes. 

III. VAEIABLE motions IN GENERAL. 

231, When a moving body is subjected to the energy of a 
force which acts on it without interruption, but in a different 
manner at each instant, the motion is called in general, variable 
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motion* We have idstattces of vRnaWe motions; in the uBbend- 
in^i; of spring's : although the velocity continues to be augmented j, 
yet the degrees by which the augmentation pvoceecls are di- 
nunishing. It is the same with regard to the degrees by which 
tlie motion of a ship arrives at uniformity : the action of the 
wind on the sails diminishes in proportion as the vessel acquires 
greater velocitj^, because the action of the wind varies as the 
(iifference between its v^elocity and that of the sail on which it 
acts." 

''File different natures of constant and variable accelerating 
forces, and tlieir corresponding motioUvS, have been illustrated 
by Dr. Hutton in the following manner. Let two weights, 
be connected by a thread passing over a pulley at A, b, ob 
c (figs. 2, 3, 4, pL XI.); and let the weight w descend per- 
pendicularly down, while it draws the smaller weight ?£? up the 
line Aj), or be, or cf, the first being a straight inclined plane, 
and the otlier two curves, the one convex, and the other con- 
cave to the perpendicular. Then the small weight ^ will 
always make some certain resistance to the free descent of the 
large wxlght w, and that resistance will be constantly the same 
in every part of the plane ab, the diflSculty to draw it up 
being the same in every point of it, because every part of it has 
the same inclination to the horizon, or to the perpendicular ; 
and consequently the accessions to the velocity of the descending 
weight w will be always equal in equal times; that is, in this 
case w descends by a uniformly accelerating force. But in the 
tw^o curves BE, OF, the resistance or opposition of the small 
wx'ight w will be constantly altering as it is drawn up the 
curves, because every part of them has a different inclination 
to the horizon, or to the perpendicular : in the former curve 
tile direction becomes more and more upright, or nearer per- 
pendicular, as the small weight w ascends, and the opposition 
it makes to the descent of w becomes more and more, and 
consequently the accessions to the velocity of w will be always 
less and less in equal times; that is, w descends by a de- 
creasing accelerating force ; but in the latter curve cf, as w 
ascends, the direction of the curve becomes less and less upright, 
and the opposition it makes to the descent of w becomes 
alw^ays less and less ; and consequently the accessions to the 
velocity of w will be always more and more in equal times; 
that is, w descends by an increasing accelerating force. So 
that altfiough the velocity continually increases in all these 
4:asoB, yet whilst it increases in a constant ratio to the times of 
motion, in the plane ai> ; the velocity increases in a less ratio 
than the time it ascended up be, and m a greater ratio than the 
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time increases in the other curve cf.*’ HuUotfs Math, Diet, 
art. Acceleration* 

The principles necessary for the determination of the cir- 
cumstances of variable motions are easily deducible from what 
has been done with respect to uniform motions^ and those 
which are uniformly accelerated or retarded, as will be seen in 
the next proposition. 

Prop. To J incl the funiamental equations which apply 
to mriable motions. 

In whatever manner any motion is varied, if we consider it 
with relation to evanescent instants, we may conceive its 
velocity to be invariable during any such Indefinitely minute 
interval. But when the motion is uniform the velocity is 
expressed by the quotient of the space 5 , described during the 
interval of time divided by that time (S16.) : Therefore, 
when the velocity is only uniform for the evanescent instant 
the velocity must be expressed by the indefinitely small space 5 , 
described during this instant, divided by the instant itself. We 
have, therefore, 

(I.) . • . z; = -i or d" = vL 

t ■ 

The equation x* zz (pt (art. 227.) which expresses the relation 
of the velocities to the times, in motions uniformly accelerated, 

gives when the accelerating force, or 

rather the quantity (p by which it is measured (227. cor. 4.), is 
constant, it has for its expression the quotient of the velocity 
y, which it generates during a certain time divided by that 
time : therefore, if the accelerating force p acts difierently at 
each instant, we imagine it to be constant only for the evane- 
scent instant jf, in which it would generate the velocity and 
consequently, 

(II,) , . , p zz 4-, or V zz pi. 

In the equation v zz pt we understand p to denote the velo- 
city that the accelerating force generates in the moving body 
during a determinate unit of time, as a second, by an action 
continued and always equal. In the equation v zz pi^ we 
ought to understand the same thing. But it is necessary to 
observe, that the accelerating force being supposed variable, 
the quantity p which ^presents the velocity which it w^ould be 
capable of generating if it acted as a constant accelerating force 
during a second is different for every instant of its motion. 
Thus wc easily conceive that when the accelerating force be- 
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comes smaller, the velocity which it will be capable of generat- 
ing ill a second, by its action repeated uniformly during each 
instant of this second, must be smaller, and vied versL 

The two preceding equations readily furnish a third, which 
may often be advantageously adopted: for, from the equa. 

5 *= vi^ wc deduce i = 4-: substituting this value of t in the 

, V ■ 

C(|uaUon V = (pi, wo readily find 

• ♦ DU 

(IlL) . . =: or ^3 = -y. 

Again employing the same equations, since v = (ft., and 
vt r: vwe have by multiplication Wi = fts\ whence, striking 
out 4 remains vv r; (ps. Butm? = consequently, 

(IV.) . , (ps = 

In tlie reasoning by which ive found the equations r: (pt^ 
we have considered the velocity as increasing. If, therefore, 
cases arise in which the velocity diminishes, its fluxion will be- 
come negative, and the equations v = ft, and fs zz vv, in order 
to accommodate them to all cases which may arise, must be 
written with the double sign: viz. ±.vzzft, and ^6'r: the 
superior sign obtaining when the motion is accelerated, and the 
lower one when it is retarded. 

The equation s — vi, or t? = 4* » being fluxed gives v = 

I ; if this value be substituted for v in the equation ± 
f it will become 

(V.) . . .fi=± 

And this equation must be employed wlien i is supposed 
variable: but if we imagine, as it is often right to do, that 't 

is constant, we have ft = + 4- ; wherefore 

. i 

, (VI.) ± 

SCHOLIUM. 

According to whatever law the motions of bodies may 
be varied, we may construct curves as loci of the equations 
wiiich comprise the relations of the times and spaces: but 
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since, there will be as many kinds of curves as there may arise 
equations comprising the law of the variations^ it will be im- 
possible to attend to them minutely here. All, therefore, that 
will be remarked in this place is, that when the motion is 
accelerated, the corresponding curve will present its convexity 
to the axis of the time; while, if the motion is retarded, the 
concavity of the curve will be presented to that axis ; and if 
in any Instant whatever the motion becomes uniform, the curve 
will then degenerate into a right line, which will be a tangent 
to that point of the curve which corresponds with the instant 
of time in which the uniformity of the motion commences. 

^34. As the formula f = 4 is of the utmost importance in 

the theory of varied motions, and as the manner in which we 
have deduced it above has been sometimes objected to; we 
shall here present a more rigorous demonstration of the same, 
which was first given by the celebrated D’Alembert, and is 
deduced from the known theory of curves. 

Let AP, Ai‘V &c. represent the times, and pm, p'm-, kc. 
the spaces described (fig. 6. pL XL) ; call ap, pm, s% and 
imagine the three ordinates pm, to be infinitely 

near to each other; make if constant, or pp^ = p'p'^ and p'm' zi 
s* This done, it is evident that km^ zz 6* will be passed over in 
the time pp^ = i, and that = s, will be run over in the time 
pfpf/ ^ there are two hypotheses respecting the accelera- 

tion which has place in the spaces 5, s, which we ought to di- 
stinguish with great care. 1. The augmentation of the velocity 
which obtains in these spaces may be gradually acquired during 
the instant i*, viz. the motion may be continually accelerated 
fruin p to i>V and from p' to ^dly, The augmentation of 
the velocity which takes place in the space km may be given it 
all at once in in such a manner that km will be described 
by a uniform motion; in like manner, the augmentation which 
obtains in may be reckoned to be acquired all at once in 
so that be described by a uniform motion, &c. In 
this second hypothesis, the motion is made as it were by small 

leaps, which take place at the end of each instant the motion 
retaining its uniformity during that instant. 

The effect produced at the termination of t is the same on 
either hypothesis: the effect consisting in running over the 

spaces s, &c. But it is not the same with regard to what 
takes place during the existence of each instant: for, according 
to the one or tlic other hypotliesis the elements mm', m'm", 
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&c» arc different. In tlic first, whcro tbe acceleration nf .ibe 
motion is conceived to be always taking place throughout the 

instant tlie corres])on(ling clement of the curve is a real curve 
mom/, kc. diflerent from the cords Mivf, mV/ & c. In 

tlie second, the motion being considered as uniform during the 

instant 4 the elements &c. become rectilinear, and 

differ not from the cords mm/ mV, &c. Let iis first show 
what results front thei'brraer case. 

Draw to tlie point of the curve the rigorous tangent Mhi, 
then will the space oR be that which the body would run over 

during the instant if the velocity acquired at the point 
%vere continued iinifornily ; the space rV will be that run over 
in virtue of the acceleration which obtains between and P'/ 
and tlie space nr will be that passed over, in consequence 
during the time v\l; we will examine the relation which exists 
between nr and ivfhi witli regard to the times pW, The 

arc m'm'/ being infinitely suiall, maybe considered as apper- 
taining to any curve whatever, and of consequence to a para- 
bola ; where, by tlie property of this curve, m^r being a tangent, 
wc have the proportion f/r : ; for, by ]Hutton'’s 

Conics, Prop. ix. Parab. nr : : Mhi-, and it is ob- 

%fious, that Therefore the spaces 

m"h, are as the squares of the times p^d^, p^p'/ employed in de- 
scribing them ; therefore during the instant pV =: t, the motion 

is uniformly accelerated. Whence we have If being 

u constant (juantity during the instant but it is diffei'ent 
in the succeeding instants. 

If we prolong the cord mm' to x, we have ax = km' == % 

and xm" =z qm" - ax = s ~ .y r: s; but, by a ivell-known general 
property of curves, xm" n £m"r (see Emerson on Curve Lines, 

book ii. pr. 2.), therefore m% and, substituting this in 

the equation m 'R =z we have ^ = -L. This expression de- 

notes that the space which will be described in a unit of time, 
in virtue of the uniform acceleration which has place during 

tlie instant is equal to -L* Tims we see, on the first hypo- 

thesis, the means of measuring the acceleration at caeli instant. 
In the second hypotliesis the motion being uniform during; 
the instant rr/ and the element of the curve MgM' coinciding 
witli the side mm' of the inscribed polygon, if the bod}^ con- 
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tinues to be moved with the velocity acquired in mV the space 
which it will describe during the following mstant will be 
since, in this case, the tangent ought to be the prolongation of 
the infinitely little side mmV Hence it follows, that the space 
passed over during the instant pp'^in virtue of the acceleration 
which has place at the point m, is which, as we have seen, 

is = = V = SW". If we make 2^ = we have, for 

the measure of the acceleration, the equation p ex- 

, p ■ ■ 

pressing here the double of the space whiclv would be run over 
in a unit of time, in virtue of the acceleration of the first hy- 
pothesis. Now the double of that space is precisely the velo- 
city acquired by a like acceleration (art. 2S6.) ; therefore ex- 
presses the velocity that the moving body would acquire in a 
unit of time, if the motion continued to be uniformly accelerated 
by the quantity with which it was augmented during the^ in- 
stant p'fMii the hypothesis of the rigorous curve ; therefore, 
the formulse obtained by the two methods are identical. 

We see, therefore, that whether, supposing the curve rigor- 
ous, the acceleration is measured by or, supposing it 

polygonal, it is measured by A ; either of these measures is 

p ' " " ■ " 

indifferent, provided that we always estimate by the same the 
different effects which we would compare. The space described 
by the moving body is the same on either hypothesis, that is to 
say, qm" during the instant pV^ ; only in the first an is run 
over in virtue of the motion previously acquired, and in 
virtue of the acceleration ; while in the second these are ax and 
XM'k It is, otherwise, easy to assign a direct reason why the 
elementary space run over, in the hypothesis of the polygonal 
curve, is the double of that described on the supposition that 
the curve is rigorous: namely this;— in the first case the body 
acquires all at once the increment of its velocity, while it is ob- 
tained in the second by a uniform acceleration; it ought, 

therefore, during the same time to describe a double space. 

^35. Having now deduced the chief formulae in variable 
motions, it remains for us to present an example or two of their 
use and application. 

I. Suppose that a material point, or very small globe, placed 
at A (fig. 7. pi XI,) is solicited by two forces ; the one tending 
to make it move from a towards u, with a motion uniformly 
varied; the other tending, on the contrary, to push it back 
from A towards i) : tlie circumstances of the motion of the glo- 
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bule are required^ on the supposition that the repulsive power 
impresses upon it an accelerating force varying inversely as the 
distance from the point b. Let Ab n a, an = ^ =: the space 
passed over at the end of the time the accelerating force 
which arises from the repulsion from A towards d will he 

being a constant quantity depending upon the law ac- 
cording to which the repulsive force acts. Lastly, let g =: the 
constant accelerating force which arises from the impulsion of 
the moving point from a towards n. The force accelerating 
the motion which we consider as being the difference of these 
two forces, we have by the equation VI.) which gives 


a + s 


- g- 


To find the fluent of this equation, we must multiply by Sy 
whence will arise — x ( — 1 zz vv ^ — ^s: and conse- 

i \i J ^ + ^ ^ 

quently, by a well-known form, = mH*L • (<a5 4-A*)~~g’<!? + G. 
Where, since at the point a we have := 0, and s = 0, we con- 
clude that c n — mii-L • a. Therefore 

V ±: ^(27nii’h • ^ 2gs). 

This equation determines the velocity that the moving body 
has when it has run over the space a: here if we put for v its 

value -4- (art. 2S2. i.) and find the corresponding fluent, we 

shall obtain the time i in terms of the space : but this is some- 
times attended with considerable diflBculty. 

The problem just resolved finds its application in a case 
which we shall now state: if a heavy body, as a piston, is 
forced into a cylinder or vertical tube bd, open only at the ex- 
tremity jo, which the piston closely fits, and if the part ab is 
full of a ccmjDressed elastic fluid, or of an expansive vapour; 
then, not considering the friction of the piston against the sides 
of the tube, it is obvious that this piston will te subjected to 
the action of gravity which tends to make it descend,* and im- 
presses a constant accelerating force g, and at the same time to 
the repulsive force of the elastic fluid ; but this fluid havino- 
less spring as it is less compressed, viz. as the piston is farther 
distant from the extremity b, the accelerating force thence 
arising varies inversely as the distance of the moveable piston 
from the bottom of the tube. 

We have an example of this species of motion in the balls of 
guns, and pieces of cannon, driven by the inflammation of the 
powder : this produces instantaneously a great quantity of, an 
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aeriform fluid, of whkb the repulsive force is inversely as the 
space in which it is contained. We here neglect the considera- 
‘ of the weight of the ball, since it has but little effect upon 
the velocity up to the mouth of the piece, the weight being no- 
in theory when the axis of the piece is horizontal. We 
therefore make g rz O, or, which aixiounts to the same, we con- 
sider at the commencement of the calculation the accelerating 




consequently, 
X? = V(2mH-L • 


4- 


Making ^ to equal the distance of the point a from the orifice, 
this equation gives us the velocity with which the ball issues 
from the piece. 

If the weight of the powder, and of the ball, be taken into 
the computation, it will of course become more intricate: the 
general principle, however, is still the same. These particulars, 
with other minutiae affecting the investigation, are considered 
by Dr. Hutton, in an excellent solution which may be seen in 
the 3 d volume of his 8 vo. Tracts. 

236. II. Let there be at j> (fig. 7.) a material point, or 
globule, solicited by an accelerating force varying inversely as 
the square of the distance of the moveable from the point B ; 

is required to find the equation of its motion. 

Put BD r: DN = s = the space passed over at the end of 
time t: when the globule has arrived at n, its distance 

B will be as and the accelerating force is ■ - 3 ^ -, m 

being again a constant quantity which depends upon the nature 
of this force ; viz. its magnitude at a unit of distance from the 
centre of attraction. Here, then, we have from the equation 
at 232. vi. 


Multiplying, as before, by 5 , we obtain — x( — ] 

.. . . i . \ i I 


; whence 


2 m 


-f c. Supposing that at the origin 


globule were not animated with any velocity, we should 
at .the same time s n 0 , and vzzQ; therefore c n — , 

Substituting this, and reducing, we have 

, 2m , s 
X V . 

, a a — 5 

Now, to obtain from this equation of the relations between 
?? and s that which obtains between s and must substitute 
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•—•for t?: theii taking the reciprocal of the eNpressioHj, miih 


tiplying by and the quantity affected with the radical by 

where the last factor 


a — we have t 


is equivalent to . 


a/ { as — s! 

has for its fluent V {as- 


*s/JL X — fZi— 

2m — 4'^) 

+ lax 


The first term 

A/{as — s‘^) 

that of the second is found by 


transforming s into |a — z ; it is then la x arc (cos ) 
consequently 


2m 


a-M. 2^ ^ 

)\/{as — 6‘^) + arc (cos r: 


This requires no correction, because s ought to be nothing 
at the same time that Ms. 

The preceding values of v and t resolve the problem pro- 
posed in the most general manner, comprising all the particular 
circumstances of the motion: we remark, for example, that 




gives z: 00 , and i : 


2m 


where ir is the cir- 


cumference of the circle whose diameter is unity: the first of 
these expressions indicates that the velocity of the moving point 
is infinite at the centre of attraction ; which is natural to con- 
ceive, because the force is so much the more intense as the 
moveable is nearer the centre. The second expression is pro- 

portional to a V a^ or whence it follows, that the times 
employed by two bodies in descendmg from repose to the centre 
if attraction are respectively as the square roots f the cubes f 
theheights fallen from. 

In the case where bodies fall by their own gravity towards 
the earth, the attracting body being considered as a point with 
regard to the distance 5, we shall have m=:32|- (art. 24i2.) and 

« = -785398 a -v/—. 

237. III. It is required to determine the circumstances of 
velocity, time, and space, witli relation to a body, which moves 
from quiescence in consequence of an attracting force which 
varies directly as the distance from the centre of force. 

Let the point from which the body commences its motion be 
V (fig. 5. pi. XL), and let pcrza, its distance from c the centre 
of force ; let v n the velocity at any variable distance ac = s, 
and at any distance d from c let be the force compared with 
that unit of force whose representative is m. Then, by the na- 

VOL. I, "o 



DYNAMICS. 


tlGDK tU 




5 the force at the 


lure of the problem, it will be d: s: if. ^ 

distance 5, compared with unity, or will be that force with 

respect to the measure corresponding with f in our equa- 
tion 9M* iii. Hence, since i> increases as 5 decreases, we shall 
have 

mfs • 

s. 

Here when -r? n 0, 

mf 






-a”: and con- 


This equation gives us 
s — a, and 0 = - ^ a® + c ; therefore c 

sequendy (a" - s% and ® X 

Hence then, if with centre c and radius cp, the quadrant pbb 
be described, and at the point A whose distance from c is = 
the ordinate ab be drawn, because ab = /v-^(cb®-"CA^) = 

Via ^- «®>, we shall have p = ad So that the velocity 

corresponding to any space pa moved over, is as the sine 
AB of the circle answering to the versed sine pa, the radius 
being pc. 

In order to find f, we must adopt the equation (1) or 


5, whence arises ^ 3 = — — 

^ V 

if « arc pb, we have « : — s 

and consequently t = 


/ ^ 


Now, 


a 


(a^ — 5^) ; therefore 


V; 


which 


of 


_ the fluent 

a ’ — — .1-- j a 

, . . . , Z , d , d 

this expession is t = - =- v'^ ; 

correction, because when ^ n 0, z zz 0. So that, while the 


wants no 


velocity at any pomt a is as the correspondmg sine the 
time f descent to ^that point is as the arc pb. When a arrives 

at c we have for the time of falling 

to the centre. Hence, from whatever altitude cp the body 
begins to fall towards the centre, its whole time of descent will 

be the same, — being in all cases zz 1*570796, a constant 


quantity. 

CoK,. If a body be acted upon by a force which is every 
where as the distance from c, the time of its descent to that 


centre from any point p is to the time in which it would de- 
’ i that same space, if imi 


scend through that same space, if impelled by half the first force 
uniformly continued, as the circumference of a circle to four 
diameters. For, on the first supposition the time is as the 
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quadrantal ai'c pb ; and on the latter the time is as 2fc; and 
3PB : 2pc : : circumf.: Spc or 4 diameters. 

£38. On the supposition that the earth were a homogeneous 
sphere, the force of attraction to which any body below its 
surface would be subjected varies as the distance from the 
centre: if^ therefore, a perforation were made in a right line 
from the surface to the centre, the circumstances of a body 
falling from the surface will be determined from the preceding 
investigation. In this case d, the distance at which the effects 
of the force are known, would be n £09B5£00 feet, and the 
effect of gravity compared with unity, or compared with 
the assumed measure m, would be represented by 3£|- feet, the 
velocity acquired by a falling body after one second. Hence, 

when the body has fallen to e, we shall have v i= cb 

^ £5950 feet, or 4'9148 miles per second, 

for its velocity there; and t r: 1-570796 =:1£67-^® = 

£1'”7^'% for the time of falling to the centre. 

£39. We close the subject of valuable motions with observing, 
that if the velocity n) be as any power n of 5 the space de- 
scribed, the time may be found by the method of fluxions ; for, 

since v is as 5 ”, and t as-^, it will also be as — ; consequently t 

= the correction. The application of this theorem 

to any cases which the student wishes to pursue must be left 
to his own industry. It has been our object to exhibit here 
only two or three of the most useful examples, to show the 
utility of the doctrine of variable forces : it is now time to ad-* 
vert to other topics. 
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ON XME DESOENT ANB ASCENT OF HEAVY BODIES^, tN VER- 
TICAL LINES ; THE MOTION OF PROJECTILES; DESCENTS 

ALONG INCLINED PLANESj AND CURVES ; THE VIBRATIONS 

OF PENDULUMS, &C. 

S 40 . The motion of heavy bodies at or near the surface of 
the earth occupies an extensive portion of the theory of me- 
chanics; and its numerous applications to the various purposes 
of life render it highly worthy the attention of the student. 
At the beginning of Chap. III. of our first Book we made a 
few such observations on the nature of gravity as were requi- 
site in discussing the subject of the centre of inertia : in addition 
to what was there stated, we present a remark or two, more 
immediately connected with the business before us. Gravity 
being that force which solicits all bodies to descend in vertical 
lines, or those which are perpendicular to the surface of the 
earth, it would follow that, if that surface, as composed of" 
land and sea, were perfectly spherical, the directions of gravity 
would all concur at its centre. The earth, however, is not 
perfectly spherical; yet is its variation from that shape so 
trifling, that with respect to the objects w'e now mean to con- 
sider, it need not be regarded. We observed in art. 106, that, 
in most mechanical inquiries, the directions of gravity may be 
considered as parallel : that it may be seen to what extent this 
remark may be applied, let it be considered that a circle whose 
radius is 20935S00 feet (art. 238.) will have more than 6000 
feet for the measure of a minute of a degree, and upwards of 
100 feet for that of a second; so that the directions qf gramty 
at two places on the eartKs surface^ a mile asunder^ will not 
vary one minute from parallelism. 

As to the magnitude of the gravitating force, strictly speaking, 
it is different at different distances from the equator, and at dif- 
ferent distances from the centre of tlie earth : but the quantities 
of these differences, so far as they depend upon the variety 
of situation on the earth’s surface, are very small, (286.) and 
need not yet be attended to ; and the differences resulting from 
different distances from the centre of the earth will not be sen- 
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sible in any cases we shall have to consider here with regard to 
falling bodies. ThnSj> if two bodies were situated, the one at 
the surface of the earth, and the other at a mile above it, the 
difference in the attractions to which they would be subjected 
would be $ 966 ^- 8965 % or 7931 compared with 39652, or 
nearly one part in SOOO of the whole attraction : so that as a 
mile is greater than any altitude, or any depth from the surface, 
with regard to which we shall have to trace the effects of fall- 
ing or rising bodies, v/e may consider the force of gravity as 
constant. We consider therefore this force as acting incessantly, 
and acting equally at each instant upon every particle of 
matter. Now it is clear that, if every particle of a body 
receive the same velocity, the aggregate of the body will move 
with the same velocity as would have been impressed upon a 
single molecule: consequently the velocity which gravity im- 
presses upon any mass whatever does not depend upon the 
magnitude of that mass ; but is the same with respect to the 
smallest mass as the greatest. It is true, we do not, when 
bodies of different masses and densities descend through the 
air, observe them all to fall from the same heights in equal 
times ; but this is occasioned by the resistance of the medium, 
and when that is taken away, as in the receiver of an air-pump, 
the most dense and the most rare bodies fall through equal 
spaces in equal times. These premises being admitted, we may 
readily establish the ensuing proposition 

£41. Prop. The chief properties of m delivered in arts, 

££6...£30, xeith respect to constant forces^ have place in the 
motions of bodies descending freely in consequence cf the action 
of gravity, 

lliis is evident from the preceding remarks, granting the 
assumption that gravity is a constant force : for it is no more 
than saying that the laws which are shown to obtain with 
regard to constant forces in general, apply directly to any 
individual constant force proposed. 

Or, if we adopt the universally received hypothesis, that the 
gravitating force towards the earth varies inversely as the square 
of the distance from its centre, we may deduce the truth of 
this proposition from what was done in art. £36. in relation to 
that species of variable motion. Retaining the notation of 

that article, we have v = V— x \/-—3 mi i x 

^ which equations, in order that they may apply to 

the case of heavy bodies failing at or near the surface of the 
earth, we suppose a to represent the radius of the earth, and 



DYNAMICS. 


BOOK if. 


that ^5 tiie space described, is indefinitely small compared with 

” a ^ 


; the first equation then becomes ly: 


and consequently 


Now if ff be the value, or representative, of the 

accelerating force at the distance ^ from the centre of the earth, 
have m : g i i : 1, whence This value of m put 

for it in the last given expression for v makes it become = 


: hence t = 




V' 


Zs 


and 


conse- 


quently 5 = 


V9g ' g 

This value of agrees exactly with that at 
art. ^^7. the general representative <p of the accelerating force 
in that expression being here supplied by g*, the particular 
representative of the force of gravity at the earth’s surface. 
Gravity may, therefore, be regarded as impressing on falling 
bodies a constant accelerating force; and the proposition is 
true. 

We must now ascertain the real value of g, the measure 
of the force of gravity on the earth’s surface : this, as we have 
already remarked, varies at different distances from the earth’s 
equator ; but it will be sufficient at present if we determine 
it for some one place, London, for example. Now, it is found 
by means of accurate experiments with the pendulum (art. 
271. )? by other means which need not here be described, 

that a heavy body in the latitude of London falls nearly 16 
ieetin the first second of time from its quiescent state, and has 
then (art. 226.) acquired a velocity which, if uniformly con- 
ned, would carry it over twice 16 --^5 or S2|. feet in the next 
second; but the action of gravity upon the body continuing, 
the motion will be such that at the end of the next second of 
time the body will altogether have passed over 2-, or four 
times (art. 227.) , that is, 64 i feet; and will have 

acquired a velocity (art. 225.) of twice 62 1*, or 64 feet per 
second : and in a similar manner will the force of gravity operate 
in the succeeding seconds; so that 
If the times in seconds be ] , 

The vel. acq. in feet will be 32-^, 
spaces in the whole times 
spaces for each second 

Thus, then, the action of gravity continues to change the state 
of the body : at the end of the first second from quiescence it 
had impressed upon it a velocity which, if continued uniformly, 
would carry it through 32 ^ feet in the next second : but the 
solicitations of gravity being still exerted on the body, it ac** 


% 

64 |., 

64|., 


3, 4, 

96i, 128|, 
144|, 257|, 


&c. 

&c. 

&c. 

&c. 
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tually describes 48^ feetj and acquires a velocity of 64|. feet ; 
at the end of the third second it has acquired a velocity of 96? ; 
and at the end of the fourth a velocity of l^Sf feet. Now 
= 96|:-64f = 64|— = 32|, is the invariable 
difF^ence of the determinations to motion at the end of each 
successive second of time : consequently feet, being a con- 
stant quantity naturally arising from the free motions occasioned 
by gravity, is a just indication and proper measure of its con- 
stant intensity upon bodies subjected to its operation ; that is, 
in our theorems, is=32|. feet. The space passed over in the 
hrst second may, it is true, be used, because it is the half of 
32^^ and because halves have the proportion of the wholes: but 
it should not be forgotten that this is only the true mear- 
sure of gravitating force. 

243, Hence, if bodies simply fall from a quiescent state, not 
being projected downwards by any additional force, the ve- 
locities acquired will be as the times, and the whole spaces 
described as the squares of either ; in such manner, that 
If the times be as the Nos. 1, 2, 3, 4, 5, 6, &c. 

The velocities acq. will be, as 2, 4, 6, 8, 10, 12, &c. 
The whole spaces, as 
The space for each time, as 
Their constant differences, 

The latter answering to 32^, the value of g. And if, while 
this value of ^ is retained, we put v for the velocity acquired 
at the end of any time t, and 5 for the space described from 
quiescence during that time, we shall, by comparing the latter 
equations in art. 241. with the general formula in art. 228., 
have the following general equations for the free descent of 
heavy bodies; viz. 


1, 4, 9, 16, 25, 36, &e. 
1, 3, 5, 7, 9, 11, &c. 

, % % 


o 


2, he. 




— • 


V 2s 

2^ 


2^ 

V 


^/2gs= 






2s 


2s 


To these theorems reference must be made in all eases where 
great accuracy is required ; but iii many practical instances the 
fraction may be dropped, and the computation much faci- 
litated by taking g=:32 feet: the theorems may then take this 
form : 
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=16^^ 


64 


tv> 


9s 


32 


jj 

!y--8\/s=: =32^. 


S44. Defs. The height dm to a given velocity is the height 
from which a body must fall freely to acquire that velocity ; 
and the velocity due to a given height is the velocity which a 
body will have acquired after descending freely through that 
height. 

It will now be easy to solve the common questions relating 
to the descent of heavy bodies. Thus, if it were required to 
find the velocity due to a given height 400 feet, and the time 
of falling through it; we should have ?;=8 V'6:=i8 x £0 = 160 

feet ; and t 


=~~5 seconds, the time of descent. 


£45. But if the body, instead of falling from quiescence be 
impelled vertically with any initial velocity v, we shall then have 
the equation IV. art. ££9. for that comprehending the circum- 
stances of its motion, in which, if we reckon the initial space 
=0, we shall have 

sr:v^+|^% or 5 =v;5— 

according as the velocity is impressed downwards or upwards, 

5 being estimated in the direction of that velocity. In the 
second case we have v—g’^, as is evident, because the 
velocity impressed by gravity downwards is at the end of 
the time t.^ From this expression it appears that the body con- 
tinues to rise so long as v exceeds g-zJ ; and at the point where 
v=:g 2 f the body will have attained its greatest elevation : lastly, 
when V becomes less than will be negative ; that is, the 
body is descending again, because the initial velocity has been 

extinguished by gravity. The maximum of elevation is , 

and the time employed to attain it is The body will 

descend from the state of rest at its greatest height according 
to the preceding laws, and the equation of its motion will be 
estimating the spaces downwards. At the end of the 

time t =— the body will have run over the space ^ ; thus it 

will employ to re-descend to the point of departure the same 
extent of time as it took to mount to its greatest height : and 
finally, at the termination of its fall it will have acquired th^.. 
velocity v of projection. ip 

Hence we sec, ' -'V * 
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1st. Tfiat a lieavy body thrown upwards vertically with any 
velocity will lose equal velocities in equal times. 

^d. That the heights to which bodies projected upwards will 
risoj before their motions are extinguished, are as the squares 
of the Initial velocities, or as the squares oi the times. 

3dly. That those heights are the halves of the spaces which 
they would uDiformly describe, in the same time, with the initial 
velocities* 

4thly. If a body be projected upwards with the velocity it 
acquired in any time by descending freely, it will lose all its 
velocity in an equal time; it will ascend to the height from 
whence it fell, and will describe equal spaces in equal times 
both in rising and falling, but in an inverse order ; it will also 
have equal velocities at any one and the same point of the line 
described, both in ascending and descending. 

We may, therefore, find to what elevation a body thrown 
vertically has arisen, when w^e know the time elapsed between 
the commencement of its motion and its return to the point 
from 'which it was projected. For example, a body thrown 
vertically upwards returns at the end of 18 seconds; it there- 
fore occupied 9* in ascending ; consequently s zz iz 16 x 
81 z: l£96feet nearly the height to which it ascended ; and 

zz zz 82 X 9 = 288 feet per second, the initial velocity. 

So, again, it will be easy from the same principles, to tell, 
when a body is projected vertically upwards with a given velo- 
city and continues to be operated upon freely by the force of 
gravity for a given time, whether it he above or below the point 
of projection at the end of that time. 1. Suppose the initial 
velocity to be 50 feet per second, and the time four seconds. 
Then vt — zz 200 — 257j- zz — 57-|-; consequently, at 
the end of the" proposed time the body would be 57^ feet below 
the point from which it was projected. 2. But if the time had 
been 8 seconds, we should have had 

v^ ^ zz 200 -- 1M| zz 55^; 
where, since Yt is the greatest, the difterence shows the height 
at which the body is above the point of projection at the end of 
the given time. 

Lastly : Suppose that at the same moment a body begins to 
fall from quiescence from the point D (fig. 7. pi. XI.), another 
body is projected upwards from b with the velocity due to the 
height Bc ; it is required to find the point N at which the two 
bodies would meet. Let cb be denoted by db by d, and dm 
by X, Then will cd z;: a — d, and CN zz a ^ d 4* Time of 

through dm zz Time of ascending through 

BN (zz lime down cb — time down cn)zz 

g ^ g 
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These, by the nature of the problem, must be equal, that is, 

/ ^ 2a ^ 2 {a^-'d+x) 

g ^ g ^ g 

or zi — ^{a — d + a?) 

^/{ct — of + t-r) = a/ a — 
and a — dH-4?=:a + ^ — 2 ^/ax* 

2 \/ax =: di and x r: 


S46. The equation expressing the conditions of falling bodies 
has for its locus the common parabola ; being in fact the same 
as the locus for constant forces, the construction of which we 
have already explained in art. ^30. 

The true theory of falling and rising bodies was first given 
by Galileo, who may, indeed, be looked upon as the father of 
the science of Dynamics: his discoveries on these topics were 
published in a work entitled DialogJii delle Scienze nuove^ &c. 
printed for the first time at Leyden, in 1637. His method of 
investigation (excepting that he represents the spaces described 
by the motions of bodies to be areas, which is rather unnatural) 
is very elegant : and as he deduces the laws of their motions 
from two theorems only, we shall, for the satisfaction of the 
student, insert them here, 

Theoe. I. The time in which any space is ^passed over hy a 
moving body^ with a motion uniformly accelerated from rest^ is 
equal to the time in xehich the same space would be passed over 
by the same moveable^ carried with a unform velocity which is 
half the greatest and ultimate velocity ^the former unformly 
accelerated motion^ 

Let the line ab (fig. 8. pi. XI.) represent the time in which 
the space cn is described by a moveable, with a uniformly 
accelerated motion from quiescence at c, and let the velocity 
acquired at the end b of the time ab be represented by the line 
EB, drawn at pleasure to ab, and join ae. Divide ab into any 
number of equal parts, and through the points of division draw 
as many lines parallel to eb ; these will represent the increasing 
degrees of velocity after the first instant a. Bisect be in f, 
and draw eg, ag, parallel to ba and be respectively : then will 
the parallelogram agfb be equal to the triangle aeb, and the 
, AE, bisect each other in i. For if the parallels in the 
AEB be extended to gf, the aggregate of all those in 
the quadrilateral will be equal to the aggregate of those in the 
triangle aeb j those in the triangle iee being equal to those in 
and those in the trapezoid aifb being common. Now, 
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since all and each of the instants of the time ab answer to all 
and each of the points of the line ab, and since parallels drawn 
from these points comprehended in the triangle aeb represent 
the increasing degrees of augmented velocity, while the parallels 
comprised within the parallelogram represent in like manner as 
many degrees of equable velocity, it appears that as many mo- 
menta or effects of velocity were produced in the accelerated 
motion according to the increasing parallels of the triangle aeb, 
as in the uniform motion according to the parallels of the quad- 
drilateral gb : the deficiency in the first half of the motion, re- 
presented by the triangle agi, being made up by the super- 
numerary triangle ief in the latter half of the time.^ It is 
manifest, therefore, that those spaces will be equal which will 
be passed over in the same time by two moveables, one of 
which moves with a velocity uniformly accelerated from rest, 
but the other with an equable motion according to a velocity 
which is half the greatest velocity of the accelerated motion. 

Theor. U.Ifa moveable body descend from rest zdth a uni-^ 
formly accelerated motion^ tJie spaces it passes over m any times 
wha tsoever are to each other as the squares of those times. 

Let the line ab (fig. 9. pi. XL) represent an interval of time 
from any first instant a, in which take any two times ad and 
ae; and let hi be a line in which the moveable descends from 
rest at the point h with a uniformly accelerated motion; the 
space HL being passed over in the first time ad, and the space 
iiM in the time ae: then is the space hm to the space hl in 
the duplicate proportion of the time ae to the time ad. Draw 
the line AC, making any angle with ab, and from the points b 
and E draw the parallels do, ep; the former representing the 
velocity acquired at the end of the time ad, and the latter the 
velocity acquired at the end of the time ae : then, it is mani- 
fest, from the last theorem, that the spaces mh and lh are the 
same which with equable motions whose velocities would be as 
the halves of pe, and od, would be passed over in the times 
EA and DA. Now it has been demonstrated (art. 216.) that of 
bodip carried with an equable motion the spaces passed over 
are in proportion to each other in the ratio compounded of 
that of the velocities and that of the times: but here the ratio 
of the velocities is the same as that of the times (for that pro- 
portion which the half of PE has to the half of on, the same has 
PE to OD, and the same has ae to ad), therefore the spaces are 
in a duplicate ratio of the times, or hm : hl : : ae® : ad^. 

Hence, it is manifest, that the ratio of the spaces is likewise 
the duplicate of the ratio of the ultimate velocities; that is, 

Coil. L Hence, if there were how many soever equal times 
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taken successively from the first instant of motionj as, for ex- 
ample, AD, DE, EF, FO, in wliich are passed over the spaces 
Hli, LM, MN, Ni; those spaces will be to one another as the 
uneven numbers, viz. 1, 3, 5, 7 : for this is the ratio of the 
excesses of the squares of the lines exceeding one another 
equally, the excess of which lines is equal to the least of them : 
whilst, therefore, the velocities are increased according to the 
simple series of numbers in equal times, the spaces run through 
in the same times increase according to the series of the un- 
even numbers. 

Cou. 2. Hence again, it is inferred, that, if from the begin- 
ning of the motion any two spaces are taken, passed through 
in any times, those times shall be to each other as either of the 
said spaces is to a mean proportional between them. 

247. Galileo likewise shows that the same laws of accelera- 
tion obtain in the motion of bodies along inclined planes ; and 
he illustrates the conformity of liis theory with nature by a 
relation of some of his experiments. We took,’’ says he, 

a prism of wood about twelve yards long, half a yard wide, 
and about three inches thick ; in which thickness we made a 
very straight groove a little more than an inch wide, and to 
render it very smooth and sleek we glued within it a piece of 
vellum polished as much as possible. In this groove we let fall 
a ball made of the hardest brass, round, and well polished. 
Then, elevating one end of this prism at pleasure a yard or two 
above the plane of the horizon, we let the ball descend along 
the groove, observing, in the manner I shall tell you presently, 
the time spent in its fall from top to bottom. 

We repeated this often, in order to be certain of the quan- 
tity of time spent in the descent ; and in these times we never 
found any difference worth mentioning, not even the tenth part 
of a second: this being thoroughly established, we let the same 
ball descend but a fourth part of the length of the groove, and 
measuring the time of the descent we found it to be exactly 
the half of the other : and then making trial of the other parts, 
by comparing the time of its descent through the whole length 
with the times in which it ran through a, or, in a word, 
with the time of its running through any part of its length, by 
experiments nearly a hundred times repeated, we always found 
the spaces run through to be to one another as the squares of 
the times; and this in all inclinations of the plane, i. e. of the 
groove in which the ball was made to descend. We also ob- 
served the times of the descents along different inclinations to 
retain the same proportion to one another which we vshall find 
demonstrated and assigned to them. 

Now, as to the measuring of time, we hung on high a large 
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vessel of water, which, by a very small hole through the bottom, 
emitted a small thread of water, which was received by a small 
cup, all the time the ball was falling through the several parts 
of the groove : then the small portions of water thus collected 
were weighed every time in a very exact pair of scales, and the 
differences and proportions of the weight exhibited to iis the 
differences and proportions of the times, and that, as I said 
before, so accurately, that those trials often repeated never 
differed any thing worth speaking of.” Dial III. 


II. ON THE MOTION OF PROJECTILES, IN VACUO. 

MS. It is not our intention to enter at all Lygely into the 
subject of gunnery : but merely to present a brief view of the 
theory of the motion of bodies any way projected from the sur- 
face of the earth in an unresisting medium, and then to add 
a few remarks on the disparity between this theory and the 
circumstances attending bodies actually projected into the atmo- 
sphere. In our discussions on this subject we shall pay no 
regard to the motions of the earth, nor to the variation either in 
the direction or magnitude of the force of gravity: for we are to 
determine the path of the projectile with respect to the surface 
of the earth ; and the force of gravity upon any body that can 
be projected by human contrivances is at all times so nearly 
equal and in parallel directions (art. 240.) that it would be a 
useless refinement to attend to the deviations from equality and 
parallelism. When bodies are projected either directly upwards 
or directly downwards^ the circumstances of their motion may 
be ascertained by means of the theorems in art. 245 : we shall 
now consider the circumstances resulting from their being pro- 
jected obliquely ; observing that the theorems we shall deduce 
are only so far of consequence as that they show what would 
be the nature of the motion of balls and shells fired from pieces 
of ordnance, in free space. 

249. Prop. The line described by a heavy body th7vzm iu 
any direction 7iot perpendicular to the horizon is a parabola^ 

Let the body be projected from the point b in the direction 
BH (fig. 11. pL XL) with the velocity it would have acquired 
by faliing from a to b, then will the continual action of gravity 
cause the body to be continually deflected from the line so as 
to describe a curve line concave towards the horizon. Produce 
AB both ways as to k and t; and through any two points v 
and G of the curve draw VE, gk, parallel to bh, and vc, git, 
parallel to ab the direction of gravity. Now it follows from 
the composition of motions, that the body will arrive at the 
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point V of the curve in the same time that it would have 
described the right line bc by the uniform projectile motion 
alone, or the vertical be by the force of gravity alone ; and in 
like manner the body will have arrived at a in such time as it 
would have uniformly described the line bh with the original 
velocity at b, or the vertical bk by falling freely. But the 
motion along bh being uniform, we have bc : bh : : • bc 

t • BH (the letter t denoting the time of describing bc, bh, &c.) 
:: t • BE : t ^ BK : and, because tlie motion along bk is uni- 
formly accelerated, we have be : bk : : • be : • bk : : bc® : 

BH® : : Ev® : kg®. Therefore, the curve bvg is such that the 
abscissae be, bk, are as the squares of the corresponding or- 
dinates Ev, KG ; or that the parts vc, gh, of the parallel lines 
are as the squares bc, bh of the intercepted parts of the line 
BH : and consequently the curve is a parabola to which bc is a 
tangent 

Cor. 1. The horizontal line And drawn through the point a 
is the directrix of the parabola : for, let be be taken = ab. 
Then ^ • be r:: sf • ab ; but bc is described in the same time 
with the velocity acquired by falling through ab; therefore 
(arts. 242.) bc =: 2ab, and ev ~ 2be : and hence ev® 
== 4be® =:4xBEXBAir:BEX 4b a: so that 4ab is the 
parameter of the parabola bvg, and consequently And is the 
directrix, because ab is one-fourth of the parameter of the 
diameter bk. 

Cor. 2, The times^ of describing the different portions bv, 
VG, (fthe curve^ are as the corresponding parts bc, ch, of the 
tangent at b, or the intercepted parts ab, nd, of the directrix. 
For ^ • BY = if * BC, and t - va =:t • ch, by the demon, of the 
prop, and because Dd cuts the three parallels bt, yc, gh, bc is 
to CH, as AB to I)d, 

Cor. S. The velocity estimated horizontally is uniform. 

Cor. 4. The velocity of the projectile at any point a of the 
curvey estimated in the direction of the tangent to the parabola 
at that poin% is as the secant of the angle contained between 
that tangent and the horizon^ For the motion in the hoi'i- 
zontal direction Ad is uniform ; and Ad is to tg as radius to 
the cosecant of hgt, or secant of the angle included between 
the horizon and gt. 

Cor. 5. The velocity at the point g in the direction tg is 
equal to that which a heavy body would acquire by falling 
freely from the directrix through dG, For, let the points a^f 
be equidistant from a and d, but indefinitely near them, and 
draw the verticals db^fg; conceive these to approach towards 
ab, do, and ultimately to coincide with them ; then will Bh be 
ultimately to ga as the velocity in the curve at b to the velocity 
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at o. Btit b5 : og :: bh : tg : : vel. at b ; vel. at a; and, by 
the nature of the parabola bh^ : tg^ ; : ab : da : also ab is to 
da as the square of the velocity acquired by falling through ab 
to the square of the velocity acquired by falling through da . 

(art. ^27. cor. 1.): but the velocity in bh or in the point b of ! 

the parabola is = the velocity acquired by falling through ab 
(by hyp.); therefore the velocity in tg, or in the point g of 
the curve, is = the velocity acquired by falling through da. 

CoR. 6. The velocity in the mrtical direction at any poird a 
of the curve is to the original projectile velocity at b 2hg to 
BH. For the times in bh and hg being equal, and the velocity 
acquired by falling freely through hg' being such as would 
carry the body uniformly over Shg in an equal time; we have 
(art. 216. cor, 3.) bh to 2hg, as the projectile velocity at b to 
the vertical velocity at G. 

250. Defs. The height due to the original velocity of the 
projectile, as ab (fig. 11.) or ca (fig. 12.), is called the Impetus. 

In our general theorems it will be denoted by i. 

The distance ab (fig. 12.) between the point of projection 
and the point where the body falls, measured on the plane ab, 
is called the Amplitude^ Kandom, or Range: it will be repre- 
sented by r; 

Some authors restrict the word Amplitude to the range on a 
horizontal plane. 

The angle dab made by the axis of the gun, or the tangent 
to the curve at A, and the direction of the object at b, is called 
the angle of Elevation above the plane ab : it will be denoted 
hjB. 

The angle DBA Included between the vertical db ( passing 
through the object) and the plane ab, is called its angle ofpo-^ 

: we represent it by p. 

The angle zad made by the vertical z a (passing through the 
point of projection) and the direction of the piece, is called the 
zenith distance : it will be denoted by z. 

251. Prop. To give a general view of the relative situation 
and properties qf such lines as are most ns ful in considering 
the motions of projectiles 

Let a body be projected from b (fig. 13. pL XI.) in any di- 
rection BC with the velocity acquired by failing through ab : 
this body, by art. 249. will describe a parabola bvpm. Produce 
AB both ways till oa ab r: bk ; and with centres a, b, and 
radius a b, describe the semicircle, odb, ahk : then with axis 
AB and semiaxis ge = ab zr ad, describe the semi-ellipse aeb ; 
and, with focus b, vertex a, diameter ab, and tangent ad, pa- 
rallel to the horizon, draw the seniiparabola aps. This done, 

%ve observe 
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I. The horizontal line adl is the directrlos of every .paf'ahola 
which can be described by a bod^ projected from b with the 
locity acquired by falling through ab* This is evident from the 
foregoing proposition, and the usual definitions of the directrix. 

II. The semicircle ahk the locus of all the foci of these pa-' 
rabolas. For ba, the distance of a point b of any parabola from 
the directrix ad, is equal to bf, its distance from the focus f 
of that parabola: consequently, the foci of all the parabolas 
which pass through b, and have ad for their directrix, must 
be in the circumference of the circle whose centre is b and 
radius ab. 

III. ff 'BCi the line of directiofis cut the upper semicircle in 
c, and the vertical c,'S be drawn intersecting the lower semicircle 
in F, then is F the foms of the parabola^ which is, described by 
the body whose impekts is ab, and initial direction bc. For, if 
AC, BF, be joined, then is acfb evidently a rhombus, and the 
angle abf is bisected by bc : consequently, the focus is some- 
wdiere upon the line bf. But it is also upon the circumfer- 
ence of ahk; and must, therefore, be at f, the point where 
they intersect. 

When c is in the superior quadrant of odb, F is in the su- 
perior quadrant of afk : and when c is in the inferior quadrant 
of ODB, as when bc is the initial direction, then the focus /'of 
the corresponding parabola Bt;M is in the inferior quadrant 
of AHK. 

IV. The semiellipse aeb is the locus of the mriices of all the 
parabolas^ and the vertex v of any one of them bvpm is hi the 
point where this ellipse intersects the vertical of. For, let this 
vertical intersect the horizontal lines ab, ge, bn, in 0, x, n : then, 
it is manifest that = |.n^ ~ na, and that Av = -iQc n: 4nf; 
therefore, a 5 — Ay iz 4 .(n5 — nf), or 9v n Afe ; consequently 
Ov Avf, and v is the vertex of the parabola. 

The vertex is at v or in the upper or lower quadrant of 
the ellipse, according as the focus is in the upper or lower qua- 
drant of the semicircle ahk. 

^f fcom the point of projection b the Vine efp he drawn 
through the focus of any one qf‘ the parabolas^ as qfBvu, euU 
ting the parabola aps in p, then will the curve bvm touch the 
curve APS in p. For, if we draw Po^ parallel to ab, catting the 
directrix 02 ; of the parabola aps in z, and the directrix ad of the 
parabola bvm in then will pb r:: ps, by the nature of the pa- 
rabola : but BF = BA = Ao p: fe ; therefore, pb - bf =: 
or PF == p^, and the point p is in the parabola bvm. And sines 
the tangents to both parabolas in p bisect the angle ;spe, tliey 
coincide ; consequently the two parabolas, having a common 
tangent in p, touch each other at that point. 
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Cor. Ml the parabolas which can be described by a bod}" 
projected from b, with the velocity acquired by falling from a 
to B, will touch the concavity of the parabola abs, and lie 
wholly within it 

VI. F h the most distant pohit of the line pb which can he 
siruch hy a body projected Jrom b with the ^velocity due to the 
height KF, For, if the direction be more elevated than bc, the 
focus of the parabola which the body would describe will lie 
between p and a, and the parabola will touch aps in some point 
between a and p; so that, being wholly within the parabola 
APS, it must intersect the line bp in some point nearer to b than 
p is, If, on the contrary, the direction is less elevated than ec, 
the parabola described by the projectile will touch aps in some 
point below p, and will, therefore, cut bp in some point not so 
far distant from b as p. 

VII. The parabola aps is the focus of the greatest ranges on 
any planes bp, bs, and 710 point lying without this pa?mbola 
can he struck while the initial velocity 7'emains unchanged. 

VIII. To produce the g7*eatest range on any plane the 
Ime of direction bc must bisect the angle obf formed by that 
plane and the vertical: for in this case the parabola described 
by the body touches aps in p, and its focus is in the line bf; 
consequently the tangent bc bisects the angle obp. 

Cor, On a ho7'izo7ital plane the greatest range is made when 
the elevation is 45® or half a right angle. And that greatest 
range is 4 times the height of the parabola which prociuces it. 
Because^ the parameter is 4 times £he distance from the focus to 
the venter, 

IX. A point M in ally plane bs, lying between b and s, may 

be struck with two directions bc and bc; and these directions 
are equidistant from the direction Bt which gives the greatest 
i^andom on that plane. For, with centre m and radius ml (the 
nearest distance to the directrix) let a circle L]^be described ; 
it will manifestly either touch or cut the circle ahk in two 
points F Bxidf which are the foci of two parabolas bvm, bot, 
having the directrix al, and diameter abk. Here the intersec- 
tions of the circle odb with the verticals determine the 

directions bc, bc, of the tangents. Now, draw Ai^ parallel to 
BS, and join ^b, cc, f/*; then is oBjf = aobs, and the direction 
which produces the greatest range on the plane bs: but ipf 
being a chord of the circles described about the centres b and 
M, is perpendicular to bm; as is likewise cc to Af ; and arch 
Qt vz arch ct ; and therefore the angle CBt = angle cBt. 

Cor. On a horizontal plane, the ranges are equal at angles 
of direction equidistant from 45^; as at 40^ and 60®, 35® and 
65®, &c. the impetus being given. 
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X. Every velocity x>f projection 1ms a rcorresponiing of 
parabolas^ with their directiom ecnd ranges^ andyC^tQns> pa- 
ribus, the ranges on any plane are as the eguares of the mitial 
velocities. Foiv every magnitude of velocity has an impetus 
AB corresponding to it : and, as the height due to any velocity 
increases or ditninishes in the duplicate ratio of that velocity, it 
is obvious that all the ranges with a given direction will vary 
in the same ratio. 

£5£. Prop. To exhibit the relations between oM the circwm^ 
stances of velocity^ elevation^ position ^ range ^ greatest height^ 
and time. 

Suppose a bail or shell projected from a (%. 12, pL XI,) 
with the velocity due to the height ca, in order to strike the 
mark b situated in the given line ab. Make az rz 4 jx\c, and 
draw BD parallel to it, or perpendicular to the horizon. On za 
describe a circular segment zap containing an angle zda z: Z. 
DBA, and draw ad to the intersection of this circle with bd : 
then Avill a body projected from a, in the direction ad, with the 
velocity due to the height ca, strike the object b. For, pro- 
duce CA downwards till bf drawn parallel to ba meets it in f ; 
and join zn : then, it is manifest from the construction that the 
angles adz and dba are equal, as likewise azd and dab ; that 
AB touches the circle in a, and that the triangles zad, adb, 
are similar. 

Hence ed : da : ; da : az 
And Dx\® IZ BD * AZ 

Consequently bf^ z: af • az zi af • 4ac : 

Therefore a parabola which has af for a diameter, and az its 
parameter, wiil^ pass through b, and this parabola will be the 
path of the projectile. 

But when bd cuts the circle zda, it cuts in two points d, d\ 
so that thei'e are two directions which will solve the problem. 
If b^d' only touch the circle in D^ there is but one direction, 
and AB^ is the maximum range with this velocity. If the ver- 
tical through B does not meet the circle, the problem is impos- 
sible ; the initial velocity being too small. When bV touches 
the circle, the two directions ad^, Ad\ coalesce into one, pro- 
ducing the greatest range, and bisecting the angle zab ; and 
the other two directions ad, a^J, producing the same range ab, 
are equidistant from ad^ agreeably to Nos. viii. ix. of the pre- 
ceding article. 

Now, to deduce the relations acquired, let us confine our at^ 
tendon to the direction ad in the figure ; where we see 

That AZ : ad : ; sin adz : sin azd ; : sin dba ; sin dab : ; sin b : sin e 

AD ; DB ; : sin dba ; sin dab ; ; ...... sin b : sin e 

‘ * * sin E : sin z 

A nerefore comp, az ; ab ; : sin * sin te : sin ®aE • sin z : : sin : sin e * sin z* 
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This equation obviously comprises the relations of e^ i, p, e, 
and z. 

Let us next determine the time of flight; which is equal to 
the time of describing ad uniformly, or of falling through db. 
Now, since ab : db : : sin adb : sin dab : sin z : : sin e, we 


have DB = 


Here db is equal to a? in the general 


equation s =r igt^ (art. £43.): therefore 
consequently i = V' 


= and 


* sin z 

Lastly, to find the greatest height (h) of the projectile above 
the plane; draw from a the middle point of ab, the line QTif 
parallel to m)d: then, by a well-known property of the pa- 
rabola, QP = PT, or OT rz £aP ; and by similar triangles au : 
OT : : AB (=: £aq) : bd =z £qt zz 4aP = 4 h. But ab : bd : : 
sin z : sin E : : r : 4h ; consequently 4 h ‘ sin z zi r • sin E, 

■I B • sin E 

and H z= . 

4 sin 25 

Let us now take from the genei'al equations, art. £43. the 
value of zz from which, because s zz i in the present 

case, and zz v, we shall have v zz v^£gi ; and comparing this 
with the preceding equations in this article, we may throw to- 
gether the general theorems relating to projectiles, thus : 


r ^ 


H 
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sin E sin z 
sin ^ 1 ’ 

= 


. sin E sin z . g sin z „ 

4 I =— — r-:— V® = T® 


4 sill : 


2 sin E ^ 
sin p g 


R =: 


sin p V 

2t 


' sin ^p 


2 sin E 
g sin p 


sm E 


2 sin E sin z 2 sin e 
^ 2 sin E 2 sin E R 

g sin p g sin z 

sin % sin 


T ZZ 


sm E 
2 sin p 


■ H. 




sm E 
2h 




4 sin z sin ®p 

, ' ^ sin ®p ,v® ^ 

4 sin E sin z — 


Sg sin 
g sin ®p 

-AL- — rp 

8 sin 


urS — - 


rgT®' 
sin «p 


sin % 


And from many of these the angle of elevation may readily be 
found 


* The case in which the plane on which the ball falls does not pass through the 
point of projection, though not considered above, is very easily constructed. Let b 
he the point from which the ball is projected, cb the impetus (the figure may be 
readily conceived and drawn), oh the plane, whether horizontal or inclined (and not 
passing through b) on which the ball is to fall, and bd the direction in which it is pro- 
jected^ from B. Draw bf making the angle dbf s= dbc, and upon it take be == bc ; 
then is f evidently the focus of the parabolic trajectory of the ball. Draw from p a 
line FI to meet gh perpendicularly in i, and produce it till if 1= ip. Through c draw 
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253. When the plane ab is horizontal, the angle dba = p 
= 90% and its sine radius; also angle zad in z, becomes =: 
comp, e ; tlierefore, since sin e cos e = 2 sin 2 e, sin^ e = 2 
•vers sin 2 e, and sin cos rr tan, the preceding theorems will 
assume the following shape when applied to 

PROJECTILES, ON HORIZONTAL PLANES. 


4i sin E cos E = 2i sin 2 e 




V = v'2^1 = v'-tSL ~ _A_ 

^ ^ sin 2s 2 sin E sin ^ 

T = 2 sin E 

H = I tan ER = I sin *E = — 

= JL H 

8sm2B 9.ff 16 vers sin 2e sin “e — 2verssia2E‘ 

And from niany of these, again, the angle of elevation may soon 
be tound. Here too, as in the instance of falling bodies, g may 
be taken _ 3:3, without leading to any important error. 

Cor. 1. In horizontal ranges, if e = 45", we have r = 4h 
p 9,1 : consequently, the^ maximum range m a hmizontal plane 
ts equal to double the impetus, or to four times the Greatest 
height of th£ projectile above the plane; the impetus beino- in 

that case, double the greatest height. Vide No. viii. art.fsO. 

Cor. 9. When e = 45°, its sine is = v'i; therefore t = 
2 v/— civ'll nearly = .35356^/1 nearly. 

Cor. 3. When the initial velocity is given in feet, and b =: 
45", we have T’ nearly = -^ v = -044194 v. 

The expressions in this and the former corollary may be 
useful to the bombardier in cutting the fuzes of his shells to 
proper lengths^ so that they may just burst at the very instant 
they come to the object fired at. 

Cor. 4. When tfie elevation is 15°, we have sin 2 e = sin 
30" = 4-: consequently, r = sm 9e 9i = .^ x 9i = i. That 

ca an indefinite perpendicular to no, it will be the directrix of the parabola. Produce 
le upwards o meet the directrix m a; and on ca set off from a toLrds a, ax a mean 
proportional between ef and a/ From x let fall xe perpendicularly to oa it wiU 
meet OH. m a the point where the parabolie curve will interact that liL. as required 
lor because by construe, ax" = ap . a/; it follows that ax is a tan<rent Md afa se 
cant to tlie circle that passes through the points x, a. f- eonseoncmlT Y i 
fv, are equal, it, follows that both oh anLa ? 

and thence that a is that centre, that xa = and a rndnl fn the Tu' 

formulae that are deducible from this construction, simple’ as it is are rather too cJm* 
plex for inseriioa in the present note, though th^ comy«mrion rSe fo 
ticular example may be readily enough drawn from the diagram. ^ ^ ^ 


EICOCHET FIEING. 


CHAP* ir..: 




is, ai an de*aation of 15% the range on a horizmtal flane is 
equai to tfie impetm. 

Goe. 5* When the elevation is 75® the horizontal range is 
e(pM to We impetus. For 15® and 75® are equidistant from 
45®, and therefore the ranges at those elevations are equal 

Cor. 6. In many cases, where in appearance a body has not 
received any impulsion, but is abandoned to the sole action of 
gravity, the body, notwithstanding, describes a parabola like a 
projectile. This, for example, is the case with a body let fall 
from the top of a ship’s mast when the vessel is in motion. If 
we notice the point on the deck where the body Tails, we shall 
find it no further distant from the mast than it would have 
been had it fallen from the top when the ship was at anchor; 
so that with regard to the mast the body has described a lught 
line parallel to it : but with respect to a spectator situated at 
rest out of the vessel, it has really described a parabola, ab- 
stracting, as in the case of projectiles, from the resistance of the 
air. For, when the body is abandoned to the action of gravity, 
it has the same velocity as the vessel has, since they were pre- 
viously moving on together : its actual motion is, therefore, the 
same as though the vessel were immoveable, and the body were 
projected horizontally with a velocity equal to that with which 
the vessel moves, an(5 in the same direction. 

Other corollaries which flow naturally from the preceding 

K ositions and theorems may be deduced by the student at 
risure. 


ON THE niCOCHET. 

S54. Dep. The Ricochet is a motion by which a projectile, 
after having struck any obstacle whatever, is so reflected as to 
recommence a motion similar to that which it had at first. The 
word signifies duck-and-drake, or rebounding ; because when a 
ball has this motion it goes bounding along, striking the ground 
several times, like the bounding of a flat stone along the surface 
of water, when thrown almost horizontally. In Ricochet firing 
the ball is projected with small charges, and at elevations gene- 
rally between S and 7 degrees. What little we .shall advance 
on this species of projectile motion wilLhe chiefly illustrative. 

I. The less the angle of elevation at which the ball is pro- 
jected, the more (czeteris paribus) is it in the state for the ri- 
cochet : for then the force of projection being exercised more 
entirely in the horizontal direction, will take much more time 
before it is extinguished by the resistance of the air and other 
obstacles. If the projectile were entirely void of elasticity, and 
the surface on which it falls were horizontal, and inflexiblej 
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there would then be no ricochet r because, the velocity of the 
projectile when it arrives at c (fig. I. pL XII.) according to 
any direction mc , may be decomposed into two otliers : of which 
the one oc perpendicular to the surface will be simply destroyed 
without any restitution, the body having no springiness ; while 
the other velocity PC subsists alone (abstracting from friction 
and the air’s resistance), and the body, insteau of bounding^ 
will slide along cz. 

II. But if there should be a prominence ce (fig. £. pL XII.) 
at the point c where the body strikes the surface, the motion 
according to mc will then be decomposed into a motion qc 
perpendicular to the surface ce of this obstacle, and another 
PC in the direction of that surface, by which the moveable will 
advance in the direction pe, and may describe after quitting 
the point E a new curve of the same nature with that which it 
would describe if it were projected from the gun at e with the 
same velocity ; and this in such manner, that after it is elevated 
to a certain point it may again descend and strike the earth in 
a new point i, where it may recommence a similar motion if 
the circumstances are similar : and so on. 

III. If the obstacle is flexible or moveable, as the earth, 
water, &c. there may be a ricochet even when the surface is 
perfectly horizontal. For the moveable tends by its vertical 
velocity cic (fig. 3. pi. XII.) to plunge itself more or less, ac- 
cording to the nature of the obstacle; while with the velocity 
represented by pc it ploughs its way, and forms a furrow of 
which the depth continues to increase till the vertical velocity 
ac is extinguished. Then, by virtue of the velocity remaining 
in the horizontal direction, it thrusts before it the matter which 
opposes it, and becomes gradually turned towards the side 
where it has the least resistance : thus, in its return from its 
greatest depth, the cavity of the furrow operates, with respect 
to the body, in the same manner as the obstacle ce (fig. £.) in 
the preceding case. Now as the facility of the escape from 
the earth or other obstacle is the greater (cwL par*) as the total 
depth of the furrow is less, and as this depth depends on the 
vertical velocity qc, which will be always smaller as the angle 
MCP is smaller, or as the angle of projection is smaller, we see 
how the facility of the ricochet depends upon the angle of pro- 
jection being small. 

JV. The ricochet likewise depends much upon the figure of 
the projectile. If we want, for example, a ricochet on the water, 
and the projectile were globular ; in order to this the velocity 
MC must be such that, the vertical velocity oc may be entirely 
consumed before the vertical diameter of the sphere is com- 
pletdy jmmersedr fiip, if once it is covered with water, the 
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resistance of the fluid will act equally on all sides the direction 
of the projectile, in such a manner that it can only be turned 
in consequence of the action of gravity, which will, therefore, 
be a direct irapediment to the ricochet. 

Vf Asthe plunging can only be made successively or gra- 
dually, it is manifest that during the time in which it is going 
on the centre of the ball will describe a curve line ; for the di- 
rection in which the resistance is made changes contiiiuaHy. 
If, for example, when the centre c (fig. 10. pi. XI.), after 
having described any track whatever pc, tends to move accord- 
ing to the prolongation ci of its actual direction, we conceive 
two tangents B 11," Ds, parallel to that direction; it is evident 
that only the part bvE is subjected to the resistance ; and that, 
the body being spherical, the resultant ck of all the resistances 
offered to the different points of the surface pyu has a direc- 
tion which tends to elevate the body above ci ; in such manner 
that ciEK may be the parallelogram of forces, and ce will he 
the path the body will take, instead of ci, abstracting from the 
effect of gravity. 

VI. Lastly, if both the projectile and the obstacle are flexi- 
ble, or both springy, these circumstances will still further con- 
tribute to the facility of the ricochet. To take a very simple 
instance— Suppose that the projectile only is flexible, and that 
it is perfectly elastic, or restores itself with a force equal to that 
of compression; still abstracting from the consideration of 
gravity. At the instant in which the body moving in the di- 
rection AC (fig. 4. pi. XII.) touches the surface^ its velocity is 
resolved into a horizontal velocity ac, which subsists always 
the same (disregarding friction}, and the resistance of the me- 
dium in which the body moves : but the vertical velocity pc 
tends gradually to compress the body itself, becoming gradually 
extinguished, while that represented by ac subsists unchanged ; 
so that it is clear that the centre c approaches the plane uz by 
degrees which are continually dimimshing, while the degrees 
by which it advances parallel to that plane remain constant ; 
if, therefore, we conceive at every instant a parallelogram of 
forces constructed, of which the horizontal side is to the verti- 
cal side as the horizontal velocity to that which remains in the 
vertical direction, the diagonal of this parallelogram, which 
will indicate for each instant the roate of the centre c, will be 
differently situated, so that the centre will approach to zn by 
describing a curve line cr during the time of the compression : 
when the compression ceases the centre c will move for an in- 
stant on a tangent parallel to hz ; after which the elastic force 
of the body counteracting that of compression restores to the 
body gradually the velocity by which it moves from the plane, 
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in the inverse order of the degrees by which it approached the 
plane; and so causes its centre to describe the second branch 
BO of the curve, equal and similar to ce. Finally, when it has 
arrived at the point o, whose distance from the plane hz is 
equal to the radius or, it will move on according to the tangent 
OT situated in the same manner as ac. Hence, then, the 
oblique stroke of an elastic body upon an inflexible and im- 
moveable plane is made (abstracting from gravity) in such 
manner that the angle of reflexion is equal to the angle of in- 
cidence, these two angles being measured by those contained 
between the horizontal plane and the tangents at the extremities 
c and o of the curve described by the centre during the com- 
pression and the restitution of the spring ; and this curve is 
always the smaller as the compression and restitution approach 
the more nearly to being instantaneous. 

VII. If we pay regard to gravity, and bd is the line accord- 
ing to which the body is projected, it will describe the portion 
DC of the parabola whose tangent is bd just when the body 
touches the plane ; and when the compres|ion, &c. has ceased 
and the centre arrives at o, it will describe another portion so 
of a parabola, equal to the former, and similarly situated. 

^ VIII. Friction likewise contributes to the facility of the 
ricochet; because it gives to the moveable a rotation which 
enables it to surmount more easily the dijfferent obstacles it 
meets with. Such are the causes and the principal circum- 
stances of the ricochet; we have attended to them rather mi- 
nutely, though popularly, because the principles here applied 
may often be directed by the student to other motions which 
frequently occur. 

SCHOLIUM. 

255. The theory of the motion of projectiles just exhibited 
depends upon three suppositions, all of which are inaccurate. 
1st. That the force of gravity is the same in every point of the 
curve, gdly. That it acts in parallel lines. 3dly. Tiiat the 
body moves in a non-resisting medium. Of these suppositions, 
however, the two first, as we observed in art. 248. produce no 
error which deserves notice: but the third is a source of 
considerable difference between this theory and experiments, 
particularly when the initial velocity of the projectile is great. 
The resistance of the air is variable, according to the different 
velocities and magnitudes of the projectiles: on this account 
the trajectory of the projectile is not a parabola, nor any known 
and regular curve; its vertex is not in the middle, but more 
remote from the point of projection than from the other ex- 
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tremity ; and the part of the trajectory through which the 
body descends is more curved than that through which it 
ascends* These circumstances are very perceptible to the 
sight in the motion of stones, arrows, balls, ana shells ; and 
esven in a jet of water or mercury we may trace the same par- 
ticulars, unless the velocity be small, when the path nearly 
coincides with a parabola. Besides this, a body projected with 
any considerable velocity is not only deflected from a parabolic 
path in a vertical direction, but is made to deviate laterally, 
and change the plane of motion ; in some experiments indeed 
this deviation has been equal to -I or a of the actual range. 
Such material discrepances between the theory and practice 
have induced several philosophers, at different times, to in- 
stitute courses of experiments, in order to improve the theory 
by a comparison with their results; the most extensive and 
important of these are the experiments by Messrs. Robins, 
Thompson, and Dr. Hutton; for accounts of them the reader 
may advantageously consult Robins’s Gunnery, or Brown’s 
Translation of Euler’s Gunnery, Phil. Trans, for 1778 and 
1781, and Hutton’s Tracts. Dr. Hutton has, likewise, 
touched upon this subject in the second volume of his Course 
of Mathematics; and as what he has there given contains 
much practical information in a small compass, we shall ex- 
tract an article or two, as peculiarly appropriate to the subject 
before us. 

256. “ Before^ the propositions can be applied in resolving 
the several cases in the practice of gunnery, it is necessary that 
some more data be laid down, as derived from good expe- 
riments made with balls or shells discharged from cannon or 
mortars, by gunpowder, under different circumstances. For 
witliout these those theorems can be of very little use in real 
practice, on account of the imperfections and irregularities in 
the firing of gunpowder, and the expulsion of balls from guns, 
but more especially on account of the enormous resistance of 
the air to all projectiles that are made with any considerable 
velocities. As to the cases in which projectiles move with 
small velocities, or such as do not exceed 200, or 300, or 400 
feet per second, they may be resolved tolerably near the truth 
by the parabolic theory laid down above. But in cases of great 
projectile velocities it is quite inadequate, without the help of 
several data drawn from many and good experiments. For so 
great is the effect of the resistance of the air to projectiles of 
considerable velocity, that some of those which in the air range 
only between 2 and 3 miles at the most would in vacuo range 
about ten times as far, or between 20 and 30 miles. 

The effects of this resistance are also various, according 
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to the velocity, the diameter, and the weight of the projectile* 
So that the experiments made with one size of ball or shell will 
not serve for another size, though the velocity should be the 
same; nor will the experiments with one velocity serve for 
other velocities, though the ball be the same. And therefore 
it is plain that, to form rules for practical gunnery, we ought 
to have good experiments made with each size of mortar, and 
with every variety of charge, from the least to the greatest 
And not only so, but these ought also to be repeated at many 
different angles of elevation, namely, for every single degree 
between 30® and 60^ elevation, and at intervals of 5® above 60'^ 
and below 30 from the vertical direction to point-blank. By 
such a course of experiments it will be found that the greatest 
range, instead of being constantly that for an elevation of 45' V 
as in the parabolic theory, will be at all intermediate degrees 
between 45® and 30®, being more or less both according to the 
velocity and the weight of the projectile ; the smaller velocities 
and larger shells ranging farthest when projected almost at an 
elevation of 45®; while the greatest velocities, especially with 
the smaller shells, range farthest with an elevation of about 30' • 
257. “ There have, at different times, been made certain 
small parts of such a course of experiments as is hinted at 
above. Such as the experiments or practice carried on in the 
year 1773, on Woolwich Common ; in which all the sizes of 
mortars were used, and a variety of small charges of powder. 
But they were all at the elevation of 45® ; and consequently 
these are defective in the higher charges, and in all the other 
angles of elevation. 

Other experiments were also carried on In the same place 
in the years 1784 and 1786, with various angles of elevation 
indeed, but with only one size of mortar, and one only chaise of 
powder, and that but a small one too : so that all those nearly 
agree with the parabolic theory. Other experiments have also 
been carried on with the ballistic pendulum, at different times ; 
from which have been obtained some of the laws for the quan- 
tity of powder, the weight and velocity of the ball, the length of 
the gun, See, Namely, that the velocity of the ball varies as the 
square root of the charge directly, and as the square root of the 
weight of ball reciprocally ; and that some rounds being Bred 
with a medium length of one-pounder gun, at 15® and 45® 
elevation, and with 2, 4, 8, and 12 ounces of powder, gave 
nearly the velocities, ranges, and times of flight, as they are 
here set down in the following Table. 
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Powder. 

Elevation 
of gun. 

Velocity 
of ball. 

Range. 

Time of 
flight. 

oz. 


feet. 

feet. 


3 

15“ 

860 

4100 

9 ’( 

4 

15 

1330 

5100 

13 

8 

15 

1640 

6000 

Mi 

13 

15 

1680 

6700 

15i 

3 

45 

860 

5100 

31 


But as we are not yet provided with a sufficient number 
and variety of experiments on which to establish true rules for 
practical gunnery, independent of the parabolic theory, we 
must content ourselves with the data of some one certain expe- 
rimented range and time of flight at a given angle of elevation ; 
and then by nelp of these and the rules of the parabolic theory, 
determine the like circumstances for other elevations that are 
not greatly different from the former.’’ 

A copious and most interesting account of the whole of Dr. 
Hutton'^s experiments may now oe seen in the £d and 3d vols. 
of his 8vo Tracts, recently published. From these we venture 
to extract, farther, the following summary of important deduc- 
tions. 

“1, From a general inspection of this second course of these 
experiments it appears, that all the deductions and observations 
made on the former course are here corroborated and strength- 
ened, respecting the velocities and weights of the balls, and 
charges of powder, &c. It further appears also, that the ve- 
locity of the ball increases with the increase of charge only to 
a certain point, which is peculiar to each gun, where it is 
greatest; and that by further increasing the charge, the ve- 
locity gradually diminishes, till the bore is^uite full of powder# 
That this charge for the greatest velocity is greater as the gun 
is longer, but yet not greater in so high a proportion as the 
length of the gun is; so that the part of the bore filled with 
powder, bears a less proportion to the whole bore in the long 
guns, than it does in the shorter ones ; the part which is filled 
being indeed nearly in the inverse ratio of the square root of 
the empty part 

2. It appears that tlie velocity,, with eqtial charges, always 
increases as the gun is longer ; though the increase in velocity 
is but very small in comparison to the increase in length ; the 
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velocities being in a ratio somewbat less than that of the square 
roots of the length of the bore, but greater than that of the 
cube roots of the same, and is indeed nearly in the middle ratio 
between the two. 

S, It appears, from, the table of ranges, that the range 
increases in a much lower ratio than the velocity, the gun and 
elevation being the same. And when this is compared with 
the proportion of the velocity and length of gun in the last 
paragraph, it is evident that we gain extremely little in the 
range by a great increase in the length of the gun, with the 
same charge of powder. In fact, the range is nearly as the 5th 
root of the length of the bore ; which is so small an increase, 
as to amount only to about a 7th part more range for a double 
length of gun. “—From the same table it also appears, that the 
time of the balPs flight is nearly as the range; the gun and 
elevation being the same. 

4. It has been found, by these experiments, that no differ- 
ence is caused in the velocity, or range, by varying the weight 
of the gun, nor by the use of wads, nor by different degrees of 
ramming, nor by firing the charge of powder in different parts 
of it. But that a very great difference in the velocity arises 
from a small degree in the windage: indeed with the usual 
established windage only, viz. about ^ of the calibre, no less 
than between -f and ^ of the powder escapes and is lost : and 
as the balls are often smaller than the regulated size, it fre- 
quently happens that half the powder is lost by unnecessary 
windage.’^ 

The valuable work from which the above quotation is taken 
will tend more than any other which has yet. appeared to pro- 
mote the true theory of gunnery. Yet, it must be acknow- 
ledged, that Dr. Huttoifs experiments and investigations, 
excellent as they are, tend by no means so completely as might 
be wished to the determination of the actual path of a military 
projectile. But it. is hoped that much additional light will be 
thrown upon this important branch of inquiry, in the course 
of the new experiments on gunnery recently devised, and still 
carrying on at Woolwich. 

III. DESCENTS ON INCLINED PLANES, AND CURVE SURFACES. 

258. Prop, The force which accelerates or retards the 
motion of a body upon an inclined plane is to the force of 
gravity, as ike height (f the plane to its length, or as the sine 
of the plane's elevation to radius. 

Let AD (fig. 5. pi, XII.) be the plane, of which the height 
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is BDj aod tibe len and let c be the place of a body 

upon the plane. From c draw the %^ertical cg to represent g 
the accelerating or retarding force of gravity, according as the 
body is supposed to be moving downwards or upwards, and 
complete the parallelogram cegf : now the force cg may ob- 
viously be resolved into the two of, ce, of which the former 
being in the direction perpendicular to the plane is extinguished 
by its reaction, but the latter being parallel to the plane has its 
entire effect, and is that which either directly co-operates with 
or opposes the motion of the body along the plane. But the 
triangles adb, gce, are similar, the sides of the latter being 
respectively perpendicular to the sides of the former : there- 
fore, go : ce : : da : bb : : rad : sin bab. And, if we sup- 
pose the body at any other point c^, the resolution of the forces 
will again furnish the same result. Whence the proposition is 
manifest 

Cor. 1. Since the accelerating or retarding force, on the 
same plane, is in a given ratio to that of gravity, which is a 
uniform force, it also is a uniform force. 

Cor. Hence the laws before laid down for accelerated 
and retarded motions hold good for those on inclined planes: 
thus, in descending along the same plane,* or planes equally 
inclined, the velocities acquired are as the spaces descended 
from quiescence ; the spaces descended are as the squares of 
the velocities, or as the squares of the times; and, if a body 
be thrown up an inclined plane, with the velocity it acquired 
in descending, it will lose all its motion, and will ascend to the 
height from which it descended in an equal time, and will 
repass any point of the plane with the same velocity as it passed 
it in descending. 

Cor, 8. If h represent the height and I the length of the 
plane, the accelerating or retarding force will be represented by 

g; or, if the angle bab be denoted by e, that force will be 

represented by g sin e. Hence if we substitute this for g, in 
the values of s and in art. £48. they will become ^z^in e 
and sin etzi Vi^gs sin e) : and the equations for t 
will undergo similar modifications. These will enable us to 
deduce some useful theorems as further corollaries. 

CoR, 4. If two bodies descend from the highest point of 
the plane at the same instant^ one descendmg along the plane 
BA,^ the other through the mriical db, tltytr contemporeous 
positions c and i will always be shewn by the intersections of a 
line as ci with the two planes, this line being constantly per-^ 
pendicular to ba. This will appear by comparing the equa- 
tion szz^g sin et^^ for the motion down the plane, with the cor- 
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responding equation 5^ rz'J expressing the vertical motion : 
for, if we divide one of these equations by the other, we have 

which because tint. sin e; whence 

1 1 s nil sin ^5 that is, Di : nc : : rad : sin dab, which indi- 
cates that DI is the hypothenuse of a right-angled triangle, 
whose angle i is equal to the elevation of the plane, 

CoE. 5* If the diameter of a circle be perpendicular to the 
horizon^ and chords he drawn from either extremity^ the times 
of descent down all the chords will be equals and each equal to 
the time of free descent through the veHical diameter. Thus 
in fig. 6. pL XII. the angle at c being a right angle, the time 
of running through ac on the inclined plane is (by the pre- 
ceding coroL) equal to the time of falling through ab ; and, 
since D and e are right angles, the same will be true of the de- 
scents through AD, and ae : also, if ai be drawn parallel to CB, 
the time of descent through ai will, in like manner, be equal 
to that through ab ; and because AirzcB, and have equal 
elevations, they will be described in equal times : and the same 
may be shewn of DB, EB, &c. 

Cor. 6. If, from any point a in a vertical plane, any num* 
her of lines ac, ad, ae, af, ag-, &c. be drawn in that plane, 
and bodies be let fall from quiescence at a along these lines, 
then at the end of any equal times whatever these bodies will 
all be found in the circumference of a circle passing through a 
(fig. 7. pL XII.) Thus, when the body falling vertically is at 
E, the others will be at c, d, f, g, respectively : again, when 
this body is at e, the others will be at c, d, f g, in the circum- 
ference of a circle touching the former in A ; and, when this 
body is at B, the others will be at d, d, f\ in a third circle 
touching the other two in a : and so on. All which is mani- 
fest from Cor. 5. 

Cor. 7* And if the lines diverging from a are not confined 
to one plane, but directed all around, then bodies descending 
along these lines will at every separate instant of time be all 
found in the surface of some one of a series of spheres, which 
touch one another in the superior point a. 

Coe, 8. Jf any Ihie ch (fig. 5. pi, XII.) he drawfi parallel 
to the horimn^ amd if two bodies move from quiescence at d, 
the one aloTig the inclined plane da, the other through the ver-- 
tical DB, the velocity acquired by the one at c will be equal to 
that acquired by the other at h ,* those velocities being esti- 
mated by the directions of their respective motions. For the 
equation comprising the conditions of velocity of the body 
moving along da isnzz v'(%5 sin e) (Cor. 5.), and the corre- 
sponding equation for the vertical descent is But 
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in the present instance, therefore 2g$ sm e=:S5g*^Vc>J ' s sin 
: s : : sin e : 1, that is, dh : dc : sin dab : 

rad. ,,,■.' 

Hence CH is parallel to the horizontal line ab. 

Cor. 9. Hence, since the same might be shewn of the cor- 
responding point €' of any other plane aj>, if several bodies 
are let fall from one point d, without any impulsion^ and run 
over different planes, they will all have acquired the ^ same 
velocity when they arrive at any horizontal plane. 

Cor. 10. If two or more b(Mies have equal velocities at any 
equal altitudes c, n, d, their velocities will be equal at aU other 
eqtial altitudes. A, h!. 

Cor. 11. Se7ice, also, the velocities acquired by descending 
down any planes are as the square rocds if their heights iob. 
Thus, the velocity at a, being the same as the velocity at B, is 
asVDB. 

Cor. 1£. The time qf descent along da is to the time (f 
descent th7'ough the vertical db as da io db. Here da = 5 , 
and the equations are szzlg sin et"^, and dzz^gt^^; 
whence, if we convert these into an analogy, we have t^ : : : 

® triangle dab, = sin e; 

therefore, t^ : : ; da* : db% or t : S : : da : db. 

Cor. 13. As the above proportion obtains whatever is the 
inclination of the plane, it results, that the times e?nployed in 
passing over various inclined planes of the same height are 
respectively as the lengths of the planes. 

Prop, f a body descend aloiig any number of cqqi^ 
tiguous planer, it will tdiimately acquire the sa^ne velocity as 
would ^ have been acquired by falling perpe^idicularly through 
the height qf the system ; supposing no velocity lost on passing 
from one plane to anotlm\ 

Let AB, BC, CD, (fig. 8, pi. XIL) be the contiguous planes : 
produce dc, cb, the two lower till they meet af parallel to the 
horizon in f and e respectively. Then, by Cor. 9. of the pre- 
ceding pi*op. the velocity at b is the same whether the body 
descend through ab or eb : and therefore the velocity at c will 
be the same whether the body fall through abc or ec, wdiich 
is also, by the same corol. equal to the velocity acquired by 
falling througli fc. Consequently the velocity will be the 
same at d, on this hypothesis, whether the body passed over 
the system abcd, or through the single plane fd, or, lastly, 
through the vertical FG. 

Coe. Hence, comparing this prop, with corol. 2. and 11. of 
the preceding, it follows that the velocities acquired in falling 
down any systems of planes are as the square roots of their 
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vertical altitudes ; and that, if the bod}^ be projected from d 
up the planes with the velocity acquired, it will ascend through 
this or any other system of planes (no part of which is reclining) 
to the same perpendicular height from d. 

S60. Prop. When a body moves over a system of planes^ the 
^velocity lost in passmg from any plane to the succeeding one 
is to the velocity it had then acquired^ as the versed sine of 
the angle made by the planes to radius. 

Conceive that the body, after moving over the plane ab (fig, 
9.) has such a velocity as would carry it over the space bf in 
the next second, or unit of time, if the motion were not ob- 
structed : from v draw the line fd perpendicular to the second 
plane bc, and complete the parallelogram de, then will the 
velocity bf be resolvable into the two be, bd ; of which the 
former is evidently destroyed by the resistance of the plane, 
and of consequence the velocity bf will be reduced to the ve- 
locity BD on the plane bc. Now, with centre b and radius bf 
describe the arc fi, so shall DirzBF — BDzithe velocity lost at 
the angle b ; and it is obvious that di : bf : ; vers, sin dbf ; 
rad. As in the proposition. 


SCHOLIUM. 

S61. When a body falls freely by the continual solicitation 
' of gravity, every particle in it is equally accelerated, or every 

particle descends towards the horizon with the same velocity, 
and, therefore, no rotation will be given to the body. The 
same may be said when a body descends along a perfectly 
smooth inclined plane, if that part of the force which is in a 
^ ' direction perpendicular to the plane be supported ; that is, if 

a perpendicular to the plane drawn from the centre of gravity 
^4 of the body pierce the plane in a point which is in contact with 

the body. But if this part of the force be not sustained by 
the plane, the body will partly roll and partly slide, till this 
force is sustained ; and then the body will slide wholly. When 
the lateral motion is entirely prevented by the adhesion of the 
plane, the body will keep at rest if the vertical from its centre 
of gravity fall within its base ; but if it fall below that base 
the body will roll. If the adhesion be not sufficient to prevent 
all lateral motion, the body will partly roll and partly slide. 
In all these cases the space described, the time of motion, &c. 
must be ascertained by means of other principles ; the prin« 
cipal, &c. of which will be explained in the chapter on Rota- 
tion (art. SIS.), 
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262. :Pm.op. .T/ie of descrihmg two systems of inclined, 

planes A3cj>^ abed (Sg. 8, pL XII.), number^ iricUua- 

tions^ and ratio of their lengths^ are the sasne^ are to each 
other as the square roots of the lengths qf the systems. 

Because the planes are equally inclined to the direction of 
the force, the time of running through ab is to that through ab 
as ^/AB to \/ab (art. 258. cor. 11). And if bodies fell down 
EC, ec^ then will time in ec : time in ec : : a/ec : .^ec : : f ab 
: ^ab ; also, time in eb : time in eb : : \/bb : Veb : : a/ab : 

therefore, time in ec : time in ec : : time in eb : time in 
eb\ and hence, the remainder, or time in bc : remainder, or time 
in he : : ab : V'ad, by Euc. V. 19. And since (by hyp.) no 
motion is lost in passing from one plane to another, the times 
of passing over bc, and Zic, are the same, whether the bodies 
begin to move at a and a, or at e and e: so that when the 
bodies descend along abc, it will be time in bc : time in 
be : : f AB : v* ah. In the same manner it may be shown that 
time in od : time in cd : : ^/ab ; \/ab. Hence, time in ab ; 
time in ab : : time in bc : time in be ; : time in cd : time in cd ; 
and consequently the time in ae+bc + cd : time in ah + bef cd : : 
time in ab : time in ab : : v'ab : Vab : : ^/(AB-hBc f cd) : 
V{abfbc+cd). 

Cor. 1. If the lengths of the planes, and their angles of in- 
clination ABE, BCF, be diminished indefinitely, the limits, to 
which these systems approximate, are similar curves, similarly 
posited, in which (as will be seen in the next prop.) no velocity 
is lost : hence the whole times of descent through these curves 
will be as the square roots qf their lengths. 

^ CoR. 2. The times of descents along similar circular arcs., 
similarly situated, are as the square roots of the arcs, or as 
the square roots qf‘ the radii qf their respective circles. 

263. Prop, If a body fall from quiescence down a curve 
surface which is perfectly smooth, the velocity acquired is equal 
to that which would be acquired in falling through the same 
perpendicular height. 

For, by art. 260. when a body passes from one plane ab (fig. 
9). to another bc, the whole velocity: the velocity lost : : 
radius : versed sine of dbf. Consequently, when the angle fbd 
is diminished limUe,lhe velocity lost is diminished .Me 
limite and if the lengths of the planes as well as their angles 
of inclinations be indefinitely diminished, the system approxi- 
mates to a curve as its limit, in which there is no velocity lost: 
wherefore, the whole velocity acquired will be equal to that 
whicli a body would acquire in falling through the same ver- 
tical altitude. Art. 259* 

Or, if we apply the fluxional method to the known properties. 
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of cliT^es IB general, the same thing may Le shown thus. Sup- 
pose the body moves from quiescence at c, (fig. 10. pi. XIL) 
and that at the end of the time t the constant action of gravity 
has brought it to the point M, in the same vertical plane yax. 
On the horizontal axis ax let ap=:x, and on the vertical ay 
let abziA, the right ordinate to the point m, that is, pm=y, and 
the space described cmzis; then will the velocity of the move- 

able in the direction of the element of the curve at m be 

t 

Gravity acting upon the body at m in the direction Mi*, its force 
must be decomposed into two others, the one perpendicular to 
the surface in m will be annihilated by its reaction, the other 
will be in the direction of the tangent at m : and as the cosine 

of the angle which this tangent makes with ax is or rather 
— 4-, since s increases as y decreases, the component of the 
gravitating force in the direction of the tangent will be — g 

s 

thus we have ^ zz ---g 4-* From this we find z: — gy, or 

vv rr -gy, because v zz j (art I.). Taking the fluent 

we have Now, at the point c, and 

therefore czzgh^ and consequently v-zz^gh'-^gyjzz^g {h—y) 
zz%gx BN. Whence it follows, since bn here zzs in art. 
that the body has in m the same velocity in the direction of the 
tangent that it would have had at n after falling freely through 
BN. Thus also it appears that the theorem exhibited in cor. 
9. art. ^58. is only a particular case of the principle just 
deduced. 

CoE. 1. a 'body he projected up a curve (havmg no point 
of contrary jiexure) the perpendicular Imglit to xvMcli it will 
rise is equal to that through xohich it must fall to acquire the 
velocity of projection. For the body will always have its 
ascending motion retarded by a force whose intensity is equal 
to that which would accelerate the motion when descending. 

Cor. 2. If Mzwi (fig. 10. pi. XII.) be a curve, whose 
lowest point is z, and the parts Mz, z/? 2 , equal and similar ; a 
body by falling through mz will acquire such a velocity as will 
carry it to m : and, since the velocities at all equal altitudes in 
the descent and ascent are equal, the whole time of the ascent 
will be equal to that of the descent. 
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- Con, The cwam^ances of the ]mt cc^ wiU dbfmn 
Ml like planner^ %f the body be retained in the curve by a string 
xidtich'M. in every pom^ peipendicalar to it : for the string in 
that case Avill sustain the part of the weight which in the ibrraer 
is sustained by the curve, 

264i Prop. The velocities acquired in descending through 
different arcs of the same circle ai'e as the chords of the arcs^ 
the tangent to the lowest point of each arc being horizontal. 

Let a body fall through the arc ad (%. 11, pi. XXL), it will 
(art. 268.) have the same velocity at the point d as if it had 
fallen through the vertical eb, af being horizontal : and a body 
falling through the arc bd will, for the same reason, have a 
velocity at d equal to that which would have been acquired by 
falling freely through ed. Now if bodies fall successively 
from rest at f and e, the velocities acquired on arriving at i> 
will be (art. 248.) as bf and a/be. But, by a well-known 
property of the circle, ^/bf : foi: : : ab : bb; and conse- 
quently the velocities acquired by falling through any arcs 
ABB, BB, of the circle terminating in b the lower extremity 
of the vertical diameter, are as the corresponding chords ad, 
BD. 

^ CoR. 1. If we would give to a body on arriving at D a velo- 
city double, triple, &c. the velocity it has at d, after falling 
through the arc bb, we have only to set off from d the chord 
DA double, triple, &c. the chord bb and abb will be the arc, 
after falling through which the body will have the required 
velocity. 

Cor. 2. If we wish the body on arriving at b to have any 
proposed velocity, five feet per second, for example : then find 
by the proper theorem (art. 248.) the height s due to that ve- 
locity; and having taken on the vertical cd a line df equal to 
this height, from a point c above f attach a thread of the 
length DC to the body, and draw it aside from the vertical till 
it cut the horizontal line af in a; from this place let the body 
fall, and it will have at d the proposed velocity. 

265. Prop. The accelerating force of a body^ gravitatmg in 
a circular arc^ is to its absolute weighty as the sine of its angii^^ 
lar distance from the lowest point of the circle^ is to the radius, 

LetM (fig. 12. pi. XII.) be the body descending along the 
arc MA, whose lowest point is a and centre c: let me be the 
sine of the arc ma, and let mt be a tangent to the circle at m, 
meeting the vertical ax produced in t. Then will the accele- 
rating force of the body at m be the same as if it were placed 
on the tangent mt, considered as an inclined plane; and will, 
therefore, be to its absolute weight as et to mt (art. 258 .) ; or;,, 
liecaiise of the similar triangles met, cem, as em to cm, or, as 
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the sine of the arc am {the in easure of the angular distance 
MCA) is to radius. 

Cor, 1, In the same circle the accelerating force is every 
where as the sine of the arc bia ; hot because the sine and arc 
approximate to the ratio of equality while the arc decreasesj 
the ratio of the sines to each other will approximate to, and he 
ultimately equal to, the ratio of their corresponding arcs to each 
other. Therefore, ultimately, the accelerating force is as the 
arc MA,' the distance of the body from the lowest point a, mea- 
sured along the circle in which the body moves. 

Cor. Hence the times of descent down unequal arcs ma, 
OA, approximate to equality, while those arcs decrease in in- 
Jinitum^ and ultimately those times will be equal. For, when 
the accelerating force varies as the distances (art. £37.) the 
times of descent will be equal from whatever place the body 
begins to descend, 

£66. Prop. Things being as in the Jasi proposition^ draw 
MA the chord of the arc mo a; then the accelerating force of 
the body upon the arc at m will be to the accelerating force 
of the body placed any where upon the chord aixV ultimately as 
2 to 1, 

For, draw the diameter acA, join cm, let Kt be a tangent 
to the circle at a, and mt a tangent to the circle at m, those 
tangents meeting at t. Then, considering the chord bi a and 
tangent Mjf as inclined planes whose altitudes are equal, the 
accelerating force on the plane Mif (equal to that on the arc at 

m) is to the accelerating force on the plane ma, as — to — . 

^ ^ ■■ ■■ Mt MA ’ 

or as MA to or, by reason of the similar triangles maj?,, 
Mac, as Ma to bic, that is, ultimately, as £ is to L 

Cor. The time of descent through the arc bioa is to the time 
of descent through ike chord bia ultimately as 3*141593 to 4, 
or as the circumference of a circle is to four diameters. For, 
ultimately, the length of the arc and chord are equal, and ulti- 
mately the accelerating force of the body on the arc is every 
where as its distance from the lowest point a (art. £65. cor. 1.); 
but the accelerating force of the body on the chord is uniform, 
and equal to half the first force on the arc at Bf by the prop. ; 
therefore, (art. £37. cor.) the time of the descent through the 
^reis to the time of descent through the chord as the circum- 
ference is to four diameters. 

Gor. % Supposing the periphery of a circle to coincide with 
the perimeter of a polj^gqn whose sides are increased in number, 
and diminished in magnitude in infinitum^ and that the least 
possible arc of a circle coincides accurately with its chord 
(which is the language p{ in4i>visibles)^ it would follow that the 
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time of a body ’’s descent in such an arc would be equal to the 
time of descent down the chord : and such is the conclusion of 
Di% in bis xvth Lectur^^ and before him of M. PaTent. 
But it appears, from the preceding corollary, that in fact these 
times are so far from being equal, as Keill and Parent maintain, 
that the time of descent down the arc is less than that down 
the chord nearly in tlie ratio of S to 4. And from the method 
of prime and ultimate ratios applied to this case, it is evident, 
that while the arc and chord approximate to equality, the times 
of descending along them do not approximate : for, by the 
doctrine of limits, no part of a curve, how small soever, can 
ever be safely taken for its chord ; but even when they so far 
approach each other that their lengths may be considered as 
equal, the curve still remains a curve ; its inclination is different 
from that of the chord ; the accelerating force along the curve 
perpetually varies, and that in proportion to the distance of the 
body from the lowest point, while the accelerating force along 
the chord remains constant; and therefore the times of de- 
scribing these spaces ai’e unequal, even supposing the lengths 
could be the same. 


iniiNciPLE OF M. d’alembeet. 

S67. Before we entirely quit the subject of motions along in- 
clined planes, we shall briefly notice a general principle which 
M. D’Alembert first presented in his D^namiqiie^ pa. 7^, and 
wdiich is mentioned hei*e because we mean to show its applica- 
tion to a part of the subject now undei' discussion ; not meaning 
to follow it universally. His proposition is this : 

Prop. In whatever mamier several bodies change their 
actual if we conceive that the motion which each body 

z&ould have in the succeeding instant^ ^ it were quite free^ is 
decom]}osed into two others^ of which one is the motion tchich it 
realli/ takes in consequence f their mutual actions^ the second 
'must be such ^ that f each body ^eere impelled by tlm force alone 
( that is, by the force which would produce the secmid motion ), 
all the bodies would remam in equilibrioP 

This is evident: for if these second constituent forces are not 
such as would put the system in e^uilibrio, the other constituent 
motions could not be those which the bodies really take in, 
consequence of their mutual action, but would be ehansed by 
the first. _ J 

The use of this proposition will appear frqui the following 
examples. - 
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I. Let there be three bodies b, b', b'', and let the forces f, f', 
5 act upon them, so as to give them the velocities, v, ’v'j’if', 

in any directions whatever, producing the quantities of motion 
Bt), b'w, bV, which we may call f, f', f", because the momenta 
are the proper measures of the moving forces. Let us farther 
suppose that by striking each other, or being any way connected 
with each other, they cannot take these motions f, f', f'', but 
leally take the motions It is obvious that we may 

consider the motion F impressed upon the body b to be com- 
posed of the motion / which it really takes, and of another 
motion >p. In like manner f' may be resolved into /', which it 
Mtually takes, and another p'; and again f" intoy'' and ipl 
The motions will be the same whether b be acted upon with 
the force f, or the constituent forcesy and (p ; whether b' be 
acted upon by f', or byy' and ; and b" by the force f", or 
the component foreesy" and ?>". Now, by the supposition, the 
bodies ^tually take the motionsyyy"; therefore the motions 
must be such as will not derange themotions f. f’ 
that IS to say, if the bodies had only the motions <p, <p', a" im- 
pressed upon them they would destroy each other, and the 
system would remain at rest. 

II. Motions upon double inclined planes. Let ac, cb (ficp 7 
pi. VI.), represent two inclined planes of equal altitudes,‘’set 
back to back at nc, the angles of elevation being dac zr e, and 
DBc ; andletthe two weights w,w', united byathread wcw' 
passing over the pulley c, act the one upon the other. Then, 
calling w, re)', their masses, or their weights, let us determine 

the circumstances of their motion. 

At the end of the time t, w will have a velocity w, and gravity 
would impress upon it in the instant / following a new velocity 
=g sm ei (art. 258. cor 3.), provided the weight ro were then 

entirely : but by the disposition of the system, o will be the 
velocity which obtains in reality. Then esfimating the spaces 
m the direction cw, as the body w'moves with an equal velocity 
but m a contrary sense, it is obvious that the decomposition 

fZ as^follows. At the end of the time i + 't, we 
nave tor the velocity impressed upon 

W sin et, where 4 effective velocity from c towards a. 

(g sin e#— V. ... velocity destroyed. 

W' ... •-‘V+g sin e'4 where 4 ••• eifective velocity from c towards a. 

(v+gsm e'i . . . velocity destroyed. 

If, therefore, gravity impresses, during the time ^upon the 
masses «/, therespctive velocities g sin ci-o, andg ^L’i+% 
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the system will be in equilibrio. The quantities of motion 
being therefore equal, we 

Whence we deduce for the effective accelerating force 


(I.) 


,<p 


10 sin e — S£)' sin t 
W’^xo' 




Thus it appears that the motion is uniformly varied^ and we 
readily find 

.rr \ w sin <i7--5:£)''sm o' . 

til.) . . , U Z!!Z — "7* 

> ^ "a’ 4- ft) 


(III.) 


•a? + tv' 
to sin e - w'sin e 
Wi-zv' 




Such are the equations from which the conditions of the motion 
are determined. 1 f the t wo planes are vertical, then is e=: e[ =: ; 
by means of which we may find the values that are applicable in 
the subsequent example. 

III. Motion on ihe fia;ed pulley . The weights p and w are 
united by the thread paabw running over the pulley a (fig. 2. 
pi. VI.) ; the force of gravity g which solicits them cannot pro- 
duce its entire effect, because its action upon the body ? = ?£> 
counteracts its effect upon the other body At the end 

of the time the velocity of 'm, in the direction from a to p, 

will be + 1^5 instead of P+g^? which it would have had if the 

weight had become free at the end of the time t i thus^ — -u 
will be the velocity destroyed. In like manner, td having the 
same velocity but in a contrary direction, will have the 

velocity — instead of — which it would have 

had, if at the end of the time t the connexion of the two bodies 
ceased ; so that gi-\-v will be the velocity destroyed. Then, as 
in the preceding example, making the momenta equal, we find 
for the effective accelerating force 


( 1 .) 




This being an expression for a constant accelerating force, we 
conclude, as in the former instance, that the motion is uniformly 
varied, and that the circumstances of motion and of velocity 
may be found by the equations 


(^0 


, . V 


n , (3.) . . .5 ; 

wj'® '' 


tEt — za' 




In this investigation we have neglected the inertia of the 
string and the pulley. 
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From formulae similar to these Mr. Atwood deduced (in his 
valuable treatise on the Motion of Bodies) an ingenious method 
of verifying the received theorems relative to the eifects of gi'a- 
vity on falling and rising bodies. He contrived a machine^ in 
which two weights as w and w\in our theorems, or p and w in 
the figure last referred to, are connected by a thread which runs 
over a fixed pulley a: the last given theorems for <p, and 
show that by varying the weights re?, re?', we may change the value 

of the fraction and thus reduce the accelerating force, 

and its consequent velocity and space in a given time, in such a 
ratio with respect to those arising from gravity, that they shall 
become easily measurable, and the theory verified. Mr. Atwood’s 
apparatus has its several parts so adapted as to be susceptible 
of great precision: but as this is not the place to enter into 
detail, the reader may turn to the article AtzooocTs Machine in 
the second volume, where a more full account is given of its 
nature and use. : 

In finding the equations {%) (3,) above, we supposed that 
each body began to move from quiescence at a point taken for 
the origin of the spaces denoted by s. But suppose this is not 
the case, and that we impress upon tevan initial velocity of v 
carrying it downward. This velocity must be parted bkween 
the two masses ze?', according to the same law as if w struck 
the body at rest with the velocity v : thus, the velocity common 

to the two weights would be We have this value for 

the velocity at the end of the time ^=:0 ; therefore 


( 4 .: 


. . V 


-sxjv + (tv--w')gi 


From this we readily obtain s in terms of i : and the time may 
be determined by the equation r£?vr: (re?— 

IV. Motion on the Aocis in PeritrocJiio. Let the weight p 
(fig. 4 ph Y.) be denoted by ro, and the weight why zcJ; to de^ 
termine the circumstances of the motion. Let the radius of 
the wheel =r:R, that of the axle ~ r ; the velocity of re? at the end 

of the time t will be r? -p t?, instead of t? -f as in the former 
cases; that of re?' will manifestly be to that of re? in the ratio 

of R to r; it will, therefore, be — ~(t’+r?) instead of being-- 

: the velocities lost are therefore gi^v, andg^ ^ v. 

Then, making the momenta equal with respect to the axle ef, 
we find 


■(i.) 


— Rrtv’^ 


n* 4- 
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Consequently die motion is uniformly accelerated in this case 
likewise. So that we readily deduce the equations for the mo- 
tion of w or p. 


(ii.) . . .V : 


ygL ...(ui.)-.-S = 


R'Jjt* + r^zv' ^ 4. f2a>' 

And the velocity and space, with respect to je', will be 


(iv.) 


iirziJ ~ 


—gt. . . . (v.) . . . s 


TRT'W — r^ZJl}' 


\gt^~ 


igt\ 


jK,a2|, 4 \ ■ v* • • ’ liSicc; 4 

Thus much is here offered on the application of M. D’Alem- 
bert’s principle : the further use of some of these theorems will 
appear, when we treat of the maximum of machines in motiori, 
Chap. YL-^ 


IV. ON THE SIMPLE PENDULUM, THE CYCLOlDu^L PENDULLLM, 
AND THE CURVE OF SWIFTEST DESCENT. 

^68. We have already seen (art. S63. cor. 2.) that a heavy 
body after having descended through an arc mz (fig. 10. pi. Xll.) 
of any curve cz/? 2 , will, abstracting from the eff'ects of friction 
and" the air’s resistance, mount up the opposite branch Z7?2 till it 
arrives at the point whose distance from the horizontal line 
AX is equal to mp, the distance of the point m from the saine^ 
and that the time of describing will be equal to that of 
describing M2. Having at the point m lost all its motion, it 
will begin to descend again through mz, and at z will have 
acquired a velocity such as will cause it to rise to the point m 
where its motion first comvnenced, where again it will be in a 
state of quiescence ; and from this it will move a second time 
through Mzm, and back again through mzM ; and so on conti- 
nually. Such will be the motions whether the body run over a 
curve surface, in consequence of the joint effects of gravity and 
the reaction of the surface ; or whether it be made to describe 
the curve in consequence of being fastened to a string cm 
(fig. 12.) whose centre c is fixed. If we consider the thread 
CM as inextensible, and without weight, and the body at m as 
a point with respect to the length of the thread, then is the 
system known by the nmie of the Simple The 

motion of sucli a pendulum in one direction from a state of 
rest, till it begins to return in an opposite direction, is called 
ii tibratiou or an oscilMtian ; and the time employed in such 
motion the time of vihraiion^ or of an oscillation. Thus, if 
the pendulum move from quiescence at m, the time it oc- 
cupies in passing through the arc ma;?^ is the time of vibra- 

* Analogous to this is the principle proposed by Mr. Barley, in Leybourn's Re- 
pository, No. 9, N. S. ; botli being, indeed, immediate and obvious consequences of 
Newton’s 3d law of motion. 
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tion; and this, it is nianifest, is douMe ike time emploj^ed in 
passing over uk. This being admitted it would be easy to 
apply some of the theorems in arts, 264...^66v to the vibra- 
tions of pendulums in circular arcs; as they would then assume 
the form below. 

I. If a pendulum vibrate in the arc of a circle, the velocity 
of the ball, at its lowest point, will be as the chord of the arc 
which it describes in its descent. 

IL The force which accelerates a pendulum is to the force 
of gravity, as the sine of its angular distance from the lowest 
point to radius. 

III. The times of vibrations in very small circular arcs are 
very nearly equal. 

IV. The time of vibration in an indefimtely small circular 
arc is to the time in which a body would fall through half the 
length of the pendulum, as the periphery of a circle to its dia- 
meter. 

V. The time of vibration is as the square root of the length 
of the pendulum ; the force of gravity remaining the same. 

And from these the whole doctrine of pendulums vibrating 
in circular arcs might readily be deduced. But, as the suppo- 
sition that vibrations in small arcs of equal circles are all per- 
formed in equal times is not quite correct, it may be better to 
draw the chief properties of pendulums from a distinct investi- 
gation, by means of which we may also determine the magnitude 
of the error which can occur in vibrations through any assigned 
arc. This may be accomplished thus. 

^69. Pr op. To determine the time of mhratiim of a pendu* 
Imn in any circular arc^ 

Let (fig. 12. pL XII.) be the proposed arc ; and let the 
radius or lengtn of the pendulum cM — Z, ae = &, hp = w^po 
•zz the variable arc zz, $y the accelerating force or force of 
gravity :r: and the velocity due to the height Ejp, or (art. 
263.) the velocity acquired by falling through mo, put = = 

^)] (art. 243). Now it is known, that v zz (art. 
282. 1.) ; and comparing these two values of v we find t zz 
But the known property of the circle gives for 

the value of the element of the curve s zz - — r, which 
is taken negatively, because the arc a' diminishes as the time 
augments: this value of ^ introduced into the preceding equation 
transforms it to ~ — . x — r,- 

^ x}] V{i>x — .vx) — a’)] 
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being expanded by the binoniial theorem. 

To obtain the time of descent from m to A, we must find the 
fluent of each term in the series, in such manner that they may 
vanish when x=:b. Now we see at once, that the variable factor 


of all the terms of this series will be of the form 


that 


is to say, these factors will be 


Vifix-x^y 

— X — .T.r , — . 

'/(hv — .ot)’ 

Whence it appears that, taking r to 1 , the ratio of the circum- 
ference of a circle to its diameter, the fluents of each of the 

terms, taken between a: = 5 , and x = 0 , are 

1 3 5 53 p Substituting these values in that of /, it will be^ 


1 . 3.^>2 


2.4.6 

come 




2*.4« 4/® ' 22.42.62 8/3 ' 


<p ‘ 22 

This, therefore, is the time employed by the body in de- 
scending from M to a: but wdth the velocity acquired at A 
the body would proceed along the equal branch am of the 
ciiiwe, and would have all its velocity extinguished at m, after 
a time from equal to the time of descent from m to a : conse- 
quently, the time of a complete oscillation will be double the 
former, that is, 

13.3a 1-2 1a.33.5a 53 


t X ( 1 +— 

The relation 4 - op*^ 

I AC 


+ 




+ &c.) 


2 l 22.42 4 /^ • 22.42.62 g ?3 

expresses the versed sine of an arc of 

the same angular value as am, having unity for its radius. And 
as the versed sines of small angles are exceedingly minute, the 

senes 1 + ^ + will converge very rapidly. 

So that in almost every case the two first terms will suffice, or 
t nearly zz tt (1 +• *1^) ; therefore the times of vibra- 

tions in difierent arcs are as 8/ + 5, or as 8 times the radius + 
the versed sine of the arc. Or, when the arc is very small, all 
the terms but the first may be neglected, and we shall have for 
the duration of the oscillation, 
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The quantity b does not enter into this value of ti conse- 
quently when the vibrations are made through very smali arcs, 
their duration may be considered as not depending on the mag- 
nitude of the arc; and the oscillations may be regarded as 
isochronal. 

^70. To determine the numerical error which may be com- 
mitted by assuming the isochronism of vibrations in small arcs, 
let us suppose the arc m azi 5 ° ; the length of the oscillation of a 

second pendulum would be expressed by 1 zz tt \/ 

on the supposition of the arc being extremely small. The versed 

sine of 5° is -OOSSOSS = -A : and . 4 = -0004757. As to l!ie 

third term, it is less than *0000001. We have therefore for the 
time employed by the pendulum in moving through an arc of 
twice 5®, 1 -h (1 X *0004757] ; and the time of oscillating 
through an arc of 10 ° differs not from an oscillation in an infi- 
nitely small arc more than *0004757. This multiplied into 
‘86400, the seconds in S4 hours, gives nearly 41-jig- seconds. So 
that a pendulum of the same length as that which vibrates in 
seconds, through infinitely small arcs, would lose about 41'’ per 
day, if it described arcs of 5° on each side the vertical ca. If 
the arcs described on each side of the vertical were only 1 °, of 
which the versed sine is *0001523, it would be found by a simi- 
lar process that the daily retardation would be about 1 j" . And 
for half a degree on each side it would be about of a second. 

Or, if D denote the degrees the pendulum describes on each 
side of the vertical, the time it would be retarded in a second 

would be nearly expressed by 5 and consequently the time 

lost in 24 hours would be 24 x 60 x 60 x nearly. 

In like manner the time lost in 24 hours by describing ^ degrees 
on each side of the vertical would be nearly. Conse- 
quently, if a second pendulum keeps true time in one of these 
arcs, the seconds lost or gained per day by vibrating in the 
other will be Thus, for example, if a second pen- 

dulum measure true time in an arc of 8 ® on each side of the 
vertical, it will lose 11 |. seconds per day by vibrating through 
4® on each side, and nearly 45 seconds per day by describing 
6 ^ on each side. 

Thus then it appears that the vibrations in very small cir- 
cular arcs may be regarded as sensibly isochronal : and when- 
ever great accuracy is required, the necessary correction may 
be easily applied, as above. Reasoning by analogy, we see 
also that the oscillations in very small arcs of any curve what- 
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ever are always sensibly isoclironal ; because an arc of any 
curve will, for a small space, coincide with its circle of curva- 
ture^. The equation t zz tta/” will furnish some other im- 
portant consequences, which we shall now proceed to deduce. 

£7 1 . I. The durations of the vibratiom of pendulums are re-- 
spectwely as the square roots of their length. For, let /, be 
the lengths of the pendulums, t^, the times of vibration ; then,. 

we have t zzTr Vy, and i ^ ; consequently, 

i:t': : VI: 

II. The time of an osmllation is to the time in which a hea*vy 
body would fall through half the length of the pendulum^ as 
the periphery of a circle to its diameter. For in the former 

case the time is denoted by t zz'itf ; and in the latter the 
theorem tzz^^ (art. £43.) when accommodated to the pre- 

g ^ 


sent purpose will be dz 


Consequently t :: 


III. If two pendulums of different lengths are solicited by 
different gravitating forces^ the times of oscillations are as the 
square roots of the lengths of the pendulims directly ^ and the 
square roots (f the quantities expressing the gravitating forces 

/- 


giveif: f :: v 


inversely* For t zzif\/ — , and ^ rzzV 

, y ^ ^ 

V — . 

g 

IV. The lengths of two pendulums are respectively in the m- 
verse ratio of the squares (f the number of oscillations made in 
the same time. In the time t let the pendulum make n oscilla- 


* When a free or detached pendulum oscillates in air, the arc of vibration conti- 
nually diminishes on account of the resistance of the medium. The laws of mechanics 
give this result, confirmed by experience, that the amplitude of the arcs described 
diminish in geometrical progression, when the time increases in arithmetical pro- 
gression. If, in this case, a be the semi- arc of vibration at the commencement of a 
given interval of time, t, a* the semi-arc at the end of that interval, w' the number of 
observed oscillations in the time then wili n’, the corresponding number of oscilla- 
tions in an indefinitely small arc, be 

sin a sin (a~ < 2 ') ) 




1 + . 


1 6‘ H log a 


where m =? *3025809, the modulus of the common logarithms. 

This theorem is demonstrated by Biot, at pa. 172, Additions, tom. iii. Astrononiie 
Physique* The reader may also consult on the same subject, an interesting paper by 
Mr, Davies Gilbert, M. P. V. P. E. S. in vol. 15. of the Quarterly Journal, 
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tions, then is ^ =r the time of one oscillation : consequently t 

— z::; -r V and 1 zz ~. In like manner, if i' he the 

length of another pendulum, «' its number of oscillations in the 
same time t, the force of gravity (p being supposed the same 
(as is always assumed unless otherwise expressed); we shall 

have Whence I : I ' : : : -i- : : : '}i^^ 

By means of this theorem, the length of the seconds pendu- 
lum may be i-eadily ascertained experimentally ; for, if we take 
a pendulum of any determinate length V, and count the num- 
ber of vibrations which it makes in a given time, half an 
hour, for example, or 1800 seconds, then will the length I of the 
seconds pendulum be found by this analogy, (1800)'^ : : : V 

: h By this method, among others, has the length of the 
seconds pendulum in the latitude of London been found =: 39|. 
inches. It must Joe recollected though, that the length is not 
the same at all parts of the earth’s surface ; the difference 
arising from the inequality of distance from the centre, and the 
consequent variations in the centrifugal force (art. ^86). 

Another method of ascertaining the length of a pendulum to 
vibrate in a certain time is that which was first proposed by 
Mr, Hatton^ and afterwards executed by Mr. WJiitehirst, It 
consists in the application of a moveable point of suspension to 
the same pendulum; which thus gives the absolute effects of 
two pendulums, the difference of whose lengths is known, being 
the interval between the points of suspension in the two cases : 
and the ratio of their lengths is also known from observing the 
number of vibrations performed in a given time. Whence, 
there being two equations and two unknown quantities, the 
actual lengths of the pendulums themselves are easily deduced. 
Thus, we shall have / : I : : n’- : and the measured 

distance between the points of suspension : consequently Izz 

and This method, however, is not quite cor- 

rect in practice, since it loses sight of the change of the centre 
of oscillation, occasioned by a new point of suspension. 

V. ff'a dock keep tme time very nearly^ the variation in the 
length of the pendulum necessary to correct the error will he 
equal to twice the product of the length of the pendulum and 
the error in time divided by the time of observation in which 
that error is accumulated. 

Let the time of observation be~T, the time gained or lost by 
the pendulum r:iJ^*the length of the pendulum r=:Z, and the space 
winch the pendulum must he lengthened or shortened = a: then 
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we have Z : Z + a : : aftd from this is found a=: 

” 7 "" > Neglecting which is very small wnth respect to 

Jt, the equation becomes which is the same as the 

rule. (See the Supplement to this chapter.) 

Coa. If the pendulum be one that should beat seconds, and 
the daily variation be given in minutes, and n be the number 
of threads in an inch of the screw which raises and depresses 

the bob of the pendulum, then ~ •05434/?Z' = 


nearly, for the number of threads which the bob must 
be raised or lowered, to make the pendulum vibrate truly. 

VI. The length of a seconds pendulum being knoxm m amj 
place j the space through which a heavy body xmuld fall freely 
in the same time and place may he readily found. Thus, for 

l 39J=- 

London, the equation Zrz-zr -v/—, becomes whence 


we have — 39-g':=:386-14 Inches = feet nearly, 

the appropriate measure of tlie force of gravity ; corresponding 
with the assumed value ofg’in art. And half this, or 16-rk- 
feet, is the space descended by a heavy body in the first second 
from quiescence. 

Or the same conclusion may be obtained rather differently 
from No. II. of the present article: for tt : 1 : : 1’ the time 


in which a heavy body would fall through a vertical line of 
19-^^ inches, and by the laws of falling bodies the spaces de- 
scribed are as the squares of the times; therefore L 


: 19tV * '^^ = 193*07 inches zrl 6 -™ feet nearly, the same as 
before. 

It is obvious also, that by the reverse of this method we may 
find the length of a seconds pendulum, having given the space 
fallen through by a heavy body in the first second of time from 
quiescence. If Z, length of second pendulum, and s, space de- 
scended freely in a second : then Z=*S0264 and s =:z4'9348Z, 
in any place whatever. And thus the theory and experiments 
mutually assist each other, in determining data of such import- 
ance as these, in many other branches of science. 

Defs. If the circumference of a circle be rolled along 
a right line, until any point o of that circumference which was 
in contact with the line come in contact with it again, that point 
o will describe a curve called a cycloid. The line on which 
the circle rolls is the base of the cycloid ; and the diameter of 
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tliat circle which is perpendicular to the base when the circle 
touches its middle point is the of the cycloid. 

The circle which rolls along the right line is called the gc«,c- 
rating chxh. 

Con. The base of the cycloid is equal to the clrciunference 
of the generating circle. 

£73. Prop. Jfa line ofb be drawn Jrom any point o in the 
ryeloid^ parallel to its hase^ and meet the generating circle de- 
scribed upon the axis in f, the circular arc vev is equal to the 
right line of. 

Let the generating circle touch the base in b (fig. 1. p]. 
XIII.) when the generating point is at o. de perpendicular 
to AC and equal to cv is the diameter of the circle boe. Draw 
the chords oe, fv. Tlienj since BEncvj and bgitcb, the 
remainder ge = bv : consequently og =: v'(bg-ge) n fb == 
a/(cB'Bv). Add FG to each of these equal s^ then will of zz 
GB. Also OE zr. v^(eb • eg) rz vF zz ^/(vc • ¥b) ; therefore 
arc Eio zzarc vcf : and since every point in own has been suc- 
cessively in contact with ad, while the point o moved from a 
to its present position own zz ad, and EOurrAC: hence fjo zz 
DC ; and consequently vBFzzEioizDczzGBzz oF. 

Cor. Because of is always equal to the arc v^f or Fio, their 
cqtemporary increments or^ decrements are equal ; that is, the 
initial motions of the point o which traces out the cycloidal arc, 
the one parallel to the base ac, the other in the direction of the 
circle or its tangent at o, are equal to each other. 

£74. Prop. If an ordinate ob he drawn (%• 1* pi XIIL) 
^rom any point o of the cycloidal arc, intersecting the circle cm 
in F, then will the tangent oe cf the cycloid he parallel to the 
chord FV of the generating circle. 

Draw the tangent to the circle doe in o, and produce 
BG, BO, to b and d; then are the initial motions of the point o 
in the directions oif, og, and equal to each other, by coroL to 
the foregoing proposition. And if the parallelogram of motions 
be constructed upon the equal sides coinciding with ot^ og, its 
diagonal will, by the composition of motion, be in the direction 
of the tangent : therefore, the contiguous sides of the parallelo- 
gram being equal, it will be either a rhombus or a square, and 
its diagonal will bisect the angle too ; that is, OE the tangent in 
o will bisect the angle ifOG, or make ifoE zz eog. But gobzzobt, 
because og and tb are parallel; and obtzztod, because the 
tangents to, td are equal; also TOB~ifod, being vertical or 
opposite angles ; therefore GODzziJod. Then adding equals to 
equals, BOG+GOE^do^-f-^OE, ordoEzzBOE; consequently oe 
IS at right angles to Bd, and meets the diameter be in its ex- 
tremity E, Again, cd is equal and parallel to fo, therefore bg 
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is equal aud parailel to cf ; and her|ge, since DOBr=:GFv=:aright 
angle, OE is parallel to Fv* 

Gob, 1. Since bo is perpendicular to oe, the tangent to the 
cycloid at o, it coincides in direction with the radius of cur- 
vature at o. 

Cob, A tangent to the cycloid at the vertex v is per- 
pendicular to the axis vc, and parallel to the base ac. 

The method of determining the tangent to the cycloid by the 
composition of motion was first given by Roberval, in his 

Observations on the Composifion and on the Tan^- 

gents of Zwr?,’’’ published in the Memoirs of the Academy 
of Sciences, 1666. The same method is again applied to the 
case of cycloids and epicycloids, by Mr. West, in his Mathe-^ 
matics^ published in 176^. Afterwards by Dr. Parkinson, in 
his MeckatiicSf published in 1785. And again by Mr. Ludlam, 
in his Essays^ 1787. Neither of these gentlemen seem aware 
that their method is the same in principle as RobervaPs. 

£75. Pbop. The involute of semicycloid aou (fig. 13 pL 
XII.) is an equal semicycloid tjpv an opposite direction,^ the 
extremity of the base of the latter being in contact with the 
vertex the former. 

From any point o draw ob parallel to ac, cutting the gene- 
rating circle in f, and join FU. Draw or a tangent to the 
cycloid in o, and at e, the point where it cuts the line uw 
drawn from v parallel to CA, let fall eb perpendicular to uw, 
and ecjual to cu. On ed as a diameter describe a circle in- 
tersecting the tangent OP in some point p. Then (art. £74) oe 
is equal and parallel to fu ; and (art 273.) of is equal to the 
arc Feu. The circles CFU, bpe are equal, as are likewise the 
angles fue and uep; the chords Fu, ep, therefore, are equal, 
and cut off equal arches. Because ofue is a parallelogram, 

UE is equal to fo, or equal to Feu, or equal to Enp. But if the 
circle epb had been placed on the line uw at u, and had rolled 
from u to E, the arch disengaged would have been equal to ue, 
and the point which was in contact with u would now be in p, I 

in a periphery of a semicycloid upv, equal to aou, having the | 

line UN equal and parallel to AC for its base, and nv equal and ji 

parallel to cu for its axis : and since the same may be shown to | 

obtain with respect to any other point in aou, the cycloid upv is f 

the involute of aou, as in the proposition. i 

Coe. 1. The arch ou of the cycloid is equal to twice the I 

corresponding chord fu of the generating circle : for this arch i 

is equal to the evolved line oep ; and it has been shown | 

that OE = EP ; consequently op = ou r:: 2oe r=: 2fu. 

CoK. 2. The arch of a semicycloid is equal to twice the 
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diameter c£ its generating circle ; and the whole cjcloiclal arch 
equal to four times the diameter of the generating circle. 

Cor. 8. The description of the cycloid upy by the evolution 
of the cycloid aou furnishes a simple method of determining 
the area of any cycloid. For since op is always parallel to 
the former op will sweep over the whole space aoufv, while 
UF sweeps over the whoie surface of the semicircle ufc; and 
since of is always double the simultaneous uf, the space aoupv 
will be quadruple the semicircle ufc. Also, the space described 
by OE in any instant is manifestly one-fourt Is of the space 
described in the same interval by the double line op; there- 
fore the space AOUN is equal to the semicircle ufc: each of 
them is one^third of the area nupv, or its equal aouc ; 
and the space acfuoa is two-thirds of the semicycioid 
AOUC. 

Cor. 4. From this proposition it will be easy to make a pen- 
dulum oscillate in a given cycloid, as uvw, whose base is 
parallel to the horizon. Thus, produce the axis vn till va = 
£vn; through a draw a line ac parallel to uw, andizrluw; 
on AC as a semi-base with axis cu describe a semicycloid aou ; 
and in like manner describe another semicycloid aw turned the 
contrary way ; then a string whose length is aou or av, being 
fixed by one end at a, and in its motion corning gradually into 
contact with one or other of the cycloidal cheeks aou, aw, will 
describe the cycloid uvw by its other exU'emity. 

£76. Prop. To find the time of a ‘peyidvluiris oscillation^ in 
the arc f a cycloid 

Let uvw (tig. Ifi. pi. XI 1.) be the cycloid in which the body 
is to oscillate: then by the preceding prop, and corols. vnzz 
na, and aou = aw zz av 1:2 ^uv w. The accelerating force in 
any point t of the curve is the same as if the body were placed 
upon the tangent : and by the nature of the mclined plane, 
the force of gravity: force in direction ^t : : : tg : : av : 

VH .(by sin. triangles) : : vn : va. In like manner, taking any 
other point s in the curve, the force of gravity : force in the 
curve ; : VR : VI : : vn : vr. Consequently the accelerating 
force of a body placed on difterent points t, s, of the curve, 
varies as the corresponding chords va, vr, of the generating 
circle, or as the portions vt, vs, of the curve, measuring from 
the vertex: these portions vt, vs, being the doubles of the cor- 
responding chords va, VR, by cor. 1. of the last article. This 
problem, therefore, is analogous to that discussed in arts. £37, 
£38. respecting a body which is attracted by a force which 
varies directly as the distance from the lowest point v : con- 
sequently, in this case as well as that, the times of descent from 
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anj points on the arc where the body begins to move from 
qiiiescenee to the lowest point v are equal ; and, as equal forces 
acting ill opposite directions will destroy equal quantities of 
motion in equal times, the times of ascent from v along the 
other branch of the curve will all be equal likewise : hence the 
times of oscillation in a cycloid, whether through greater or less 
arches, are equal. 


The expression tWy'-- in 
^ mf 


present case ' becomes y' : 




art, S87. when adapted to the 
I being equal to wtv or Av; 


this denotes the time of descent through half the cy cloid ; hence, 

in the case of vibration, ^:x:7r-v/~^for the time of oscillation in 

a^pendulum whose radius of curvature at its vertex is equal to h 
This expression agrees With that given in art. 269- for pendu- 
lums vibrating in very small circular arcs ; consequently, the 
chief inferences made from that equation will equally apply to 
the cycloidal pendulum. 

Cor. The time of descent through wv is to the time of de- 
scent through sv ( after halving passed over ws) as the 'semi- 
iivcuniferencc Nnv to the arc rq,v. For, on the radius av 
describe the quadrant awz, make vie z: 2 vr, and draw kl parallel 
to uw, ^ Then is -^vu ; : : 2 vr : 2vn : : vk : va. But vrr 

is the sine of the arc lz to the radius va, and Avr is the sine of 
hah the arcvQRto the radius 4'VN ; consequently lz and ^v^qr 
are similar portions of their respective circumferences; and 
therefore since the radii of the two circles are as 4 to i, the arc 
Lz equal Sruv. Now, av being equal to wsv, and VKzr^vRr: 
VTS, and the times of descent through av, kv, being as the arcs 
ALZ, LZ (art. 237.) we shall have, time in wsv : time in sv : : 
alz : LZ : : 2nrv : 2rqv : : nrv : R(iv. 

Coe. 2. The time of describing any arc vts after havinry 
fallen through upv, is to the time of describing upv, as the arc 
YQR to the semicircular arc vrn. This is evident, because the 
time of describing \s after passing over upv is manifestly 
the same as the time of describing sv, after having run throuHi 
ws. 

Tiie isochronism of vibrations in cycloidal arcs is demonstrated 
upon the supposition^ that the whole mass of the pendulum is 
concentrated in a point : a supposition which cannot actually 
take place in any vibrating body ; and when the pendulum is of 
finite magnitude there is no point given in position which de- 
termines the length of the pendulum ; for, that which is called 
the centre of oscillation will not occupy the same place in the 
given body wlien describing different parts of the track it moves 
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through^ but will be continually moved in respect of the pen- 
dulum itself during its vibration. This circumstance has pre- 
vented any general determination of the time of vibration in a 
cycloidal arc except in the imaginary case here considered : the 
property of isochronism, however^ obtaining herej has occasioned 
the name of Tautochrones to be applied to cycloids. 

Many other reasons have induced the artists to abandon 
the use of the cycloidal pendulum, although it was commonly 
adopted for some time after its first invention by Huygens. 
The principal are, the diflSculty with which the metallic cheeks 
are bent into the true cycloidal form ; the improbability of their 
long retaining it, supposing it once given; and the changes of 
which the pendulum is susceptible in consequence of the ex- 
pan siou and contraction by heat and cold. These sources of 
error are such as the peculiar property of the cycloid cannot 
obviate: and, as the variations from isochronism in very small 
circular arcs are very trifling and readily computed, the cycloidal 
pendulum is now wholly disused in practice. 


CURVE OF SWIFTEST DESCENT. 

277. At first view it might be imagined that as a right line is 
the shortest path from one point to another, so it should be the 
line of quickest descent irora one point to another not situated 
in the same horizontal line: but it has been already seen (art. 266. 
cor.) that the times of descent through arcs of circles in certain 
positions are less than the times of running down the chords. 
And there does not appear any reason why other curves may 
not be found through which bodies shall pass from one to the 
other of two given points in less time than they would pass in 
circular arcs. The general problem was first proposed in 1697, 
by John Bernouilli, under the title of the Brackystochronon^ 
or that curve along the concave side of which if a heavy body 
descend it will pass in the least time possible from one point to 
another, the two points not being in the same vertical line.*^ 
The problem was truly answered the same year by Leibnitz, 
Newton, L’Hospital, and James Bernouilli. The problem has 
been reconsidered more recently by Venturi, who, besides ar- 
riving at the same conclusions as the original investigators, has 
determined that there is a minimum of time of descent even in a 
circular arc: for an arc of a circle which does not exceed 60 
degrees is a curve of speedier descent than any other curve which 
can be drawn within the same arc ; and the arc of 90 degrees 
is a curve of speedier descent than any other curve which 
can be drawn without the same arc. And many other theorems 
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might be found, particularly if we Avere to assume different 
hypotheses of gravity : but all we shall attempt here is to give 
the solution of the problem upon the common supposition 
of gravity being a constant force acting in parallel lines 

Paop. To determine the curve along which a body j solicited 
by gravity^ will pass J^rom one given point a to another point 
B, not in the same vertical line^ in the shortest time possible. 

Let AC (fig. Z pi. XIII.) be parallel and be perpendicular 
to the horizon, intersecting each other in e, and let pm be any 
ordinate to the curve parallel to eb. Let ap—.t, pm = 2 ^, 
AM=: 5 )f; then the velocity at m will (arts. S43. 26B.) be ex- 
pressed by and consequently the fluxion of the time of de- 
scent through am will be truly defined by or its equal 3 / “ 


X {xx -f yyY, Here, therefore, the fluent of y ^ 
is to be a minimum 


xixx-^fyY 


when that of x obtains a given value ae. 

Whence we must have 3 / x x {xx yy) == a constant 
quantity ; which, in order that the terms may be homologous, 

may be denoted by a"” 


,or4-- Thena^:i 




therefore xz 




y- x{xx-\-yyf \ 

and ! 


consequently ^/a-y, Hence when %zz9,a\ 

that is, if these values of «/ and z be represented by cv and the 
arch VMA, the latter will be double the former ; which, as Ave 
have shown (art. £ 75 . cor. £.), is a property of the cycloid 
whose vertex is V, and diameter of its generating circle cv. 

When the point b falls on the other side the vertex with 
respect to A, as it must do Avhen eb is less with respect to ae 
than VC to ac, or than the diameter of a circle to half its cir- 
cumference, the process will be the same, and it will terminate 
in a similar conclusion. The cycloid therefore is the curve 
required. 

CoK. 1. If the celerity be supposed as any function f of the 
quantity 3 /, the problem may be resolved in the same manner ; 

in that case, the equation of the curve will be zz-- 

Cor. £. From the above investigation a very simple com 
struction may be deduced. Thus, a and p (fig. S, pL XlIL’l 

* For more concerning these and kindred inquiries, see Woodhouse’s Treatise on 
Isoperimetrical Problems. 
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oelng the given points : through a draw the horizontal line ab, 
on part of which as a base describe any inverted cycloid abJ^ 
join A, p, by the line ap cutting the curv'e ajsS in p ; join W, 
and parallel to it draw pb meeting ab in b : so shall ab be the 
base of the inverted cycloid avb, through which the body will 
pass from a to p in the shortest time possible. This con- 
struction is founded upon the property that cycloids are similar 
curvesjhaving only one constant quantity entering theirequation 
namely, the diameter of the generating circle. We see, also' 
that for any two given points a, p, there can be only one 
cycloid which will answer the conditions of the problem of the 
brachystochronon. 

It should be remarked, that this simple construction was 
first given by Newton in the Philosophical Transactions, 
No. ^24}. 

S78. Prop. If be the line of sieif test passage from a to 
p (ng. 4. pi. XIIL), ap ihs Tight line joining the points a 
and p them/ vs he drawn perpendicular to the curve in and 
AS let fall perpendicular Ip from ike point k upon i>s, the time 
■in which a body drawn by gravity describes the rmht line ap, 
ts to the time in xehtch it would pass from kto v alova the curve 
kVP, as kv to ks. 

Through p draw pn parallel to the a.vis of the cycloid and 
PT paral el to the base ba, meeting the axis in ii, and a circle 
t escnbed on the diameter cv in f and a, and lastly, meetina; the 
cycloid in m. Draw the chord of, which (art. 274.) will be 
jiarallel to Ps. Whence pm=:fc, and mc=pf = (art. 273 ) fv ■ 
and consequently AM = cavF. By art, 276. the time in arc 
ATV : time in cv _: : semicircumference : diameter ; and by art. 
.Ub. cor. 2. the time of describing vp (after having passed over 
AV) : tune in atv : : vf : vac. Therefore time fn avp : time 
m cv : : arc cqvf : diam cv. But, time in cv : time in np or 
OH : : ov : OF ; therefore, by equality, time in avp : time in n p • • 
arc cavF ; chord cf : : am : mp. Again, time of fall through 
HP : tune m nghthne ap : : p : ap; therefore, the ratio of the 
time along avp to the time in ap is composed of the ratios of 
AM to MP, and of NP to AP ; that is, time along avp : time in 

^ ■ np=mp . AS, each being the 

double of the triangle amp. Consequently, the time in which 
a body falling froin rest runs through the curve of the cycloid 
AVP, IS to the time in which it would pass over the right line ap, 

ZZl “^nne^ 

b™ weenTand V* <iemonstration proceeds when the point p is 

* r' liypothenuse of the right-angled triangle 

ASP IS always greater than as, the time of descent through tlic 
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right line af is always greater than the time of passing through 
the arc af. 

Cor. 2 , When p coincides with v, ps and as coincide with 
VC and ac respectively; and then, time in arc a v to time in 
chord Av, as to v^(l or as 1*5708 to 1*86^1 nearly. 


SUPPLEMENT TO CHAP. 11. 


071 the small Comctions Pendulums^ mi account of* the mi- 
nute Varlatkms they may he supposed to undergo from 
Change of Temper'ature, Latitude^ ^c. By Mk W* Gal- 
h'aith, Edinhui'gh. 

If N = 86400 be the number of oscillations of the pendulum i. in a mean solar day ; 
and rtf not differing much from n, the number of oscillations of a given pendulum 
nearly equal in length to l; we can easily find approximations to these quantities for 
small differences. 


First, we have the time t : 


consequently 


and I Now 

L 


suppose the pendulum L to be increased by the small quaniity At- to find the 
number of seconds n will be diminished, or those the pendulum will lose In a day. 

„ ' . , !2LAN ' 

in tins case let i. + At- = ~ i. + *— — - nearly, 


hence AL = 


and AN =5- 


4nal 


2L 


(n— an)‘^ 




(1) 


It may be observed, that the same formulae can be applied when N is increased, 
and consequently L diminished. 

Again ; let Sl be the variation of l for one degree of the thermometer to compute 
the change of h or N, then on this account At- =» Al X l (S) 

(4) 

n here being the number of degrees of difference of temperature. 

According to the mean of a number of experiments upon various kinds of brass, its 
lineal variation from the freezing to the boiling point is =0 00 1 8 "09 part of itself. 

0*0018709 

This gives for every degree of Fahrenheit — i= 0*0000104 part of itself, or 

1 80 

O'OOCOI nearly the value of Sl, which agrees sufficiently well with Capt. Rater’s ex- 
periments, 

: ' fit ' ' 

Substituting this in formula (3) it becomes al = — (b)i or, in words, shift 

^ ^ ^ ICOOOO'^ ’ 

the decimal point in the length h five places to the left, and nmltiply by the number 




of degtees of change of temperature, the result will be the expansion at the rate we 
hav-e mentioned; otherwise the actual variation by experiment from formula (3)^ m 
be employed. If the value of formula (5) be subtracted in formula (4), we get 


Or shift the decimal point in 4- sr five places to the Itfi ; this result, multiplied by the 
number of degrees of change of temperature, will give the correction required. 

If IT do not differ much from 86400, formula (6) would become ak «= 0*4327?. (7) 
And this may be considered as sufiiciently accurate, unless the number of degrees 
of change of temperature, be considerable, or nr differ above 100 seconds from 
86400, the expansion for each degree of Fahrenheit’s thermometer remaining the 
same. 

To exemplify these, let us suppose S5= 6® Fahrenheit; then by formula (7) 
A2ir *a=0*432 X 6 — 2**592, the retardation or acceleration in a day for that expansion in 
a brass pendulum. 

At 62® Fahrenheit, Gapt. Kater found the pendulum sent out with Capt. Hall made 
86235*98 oscillations in a day ; it therefore, from an expansion answering to 6® of 
Fahrenheit’s thermometer, would be retarded 2**592, and 86235®*98 — 2«*69 = 
86233s*39, the number it would actually perform in the same place at a temperature 
of 680. 

Now, (27 1 * iv) ^ : I' i : we have, since Capt. Hall found the same pendulum 

made 86101*34 oscillations in a day at the Galapagos, (86233*39) * : (86101*34)<»: ; 
39‘”*13929 : S9»®'0I9514, the length of the pendulum oscillating seconds at the 
Galapagos at 62® of Fahrenheit, that at London being 39‘“* 1 3929. This operation, 
however, is tedious. 

The formula will give an approximation to this, for An ss= 86233*39 -“861 01*34 = 

looAc XT r r L X AN 39*13929 X 132*05 

J 32*05* Hence from formula (1) Al = as 

^ ^ 4^ 43116*7 

0*M987. 

Hence 39*13929 — 0 11987 = 39*01942, which differs from the former only 

0‘“*000094, or about "J qIqqq ' approximating rules, when 

AN^ is great, cannot be employed where extreme accuracy is required. They will be 
sufficiently correct when an is small, as in the case of determining the length of the 
pendulum at various points on an arc of the meridian not differing above a degree or 
so from each other. If, however, the mean of the numbers of oscillations at the two 
places be used, the results would in general be more correct; and formulae (I) and 
(4) may always be employed when the difference of the numbers of oscillations at the 
two places does not exceed 30 or 40. 

To render the results accurate in all probable cases when the formulae are used, we 
computed the following Table of corrections for various differences in the number 
of osculations* 


AT DlTFEllEHT LATITUDES^ 


Variation of 
Osciliations in 

24 hours. 

Coirection L 

Differences. 

Correction II. 

OSCIL, 




1 

0*00000001 

0*00000001 


2 

000000002 

0*00000003 


3 

0*00000005 

0*00000003 


4 

0-00000008 

0*00000005 


5 

0*00000013 

0*00000006 


6 

0-00000019 

0*00000007 


7 

0-00000026 

0*00000007 


8 

0*00000033 

0*00000009 


9 

0-()0000042 

0*00000010 


10 

0-00000052 

0*00000 1 57 

0*00000000 

20 

0-00000209 

0*00000261 

0*00000001 

30 

0-00000470 

0*00000366 

0*00000001 

40 

0*00000836 

0*00000470 

0*00000002 

50 

0-00001306 

0*00000575 

0*00000003 

60 

0*00001881 

0*00000679 

0*00000005 

70 

0-00002560 

0*00000784 

0*00000006 

80 

0*00003344 

0*00000888 

0*00000008 

90 

()-00004232 

0 00000993 

0*00000010 

100 

0-00005525 

O-O0GO1O97 

0*00000013 

110 

O-0OCO6322 

0*00001202 

0*00000015 

120 

0*00007524 

()*00001S06 

0*00000018 

130 

0*00008830 

0*00001411 

0*00000021 

140 

0*00010241 

0*00001515 

0-00000025 

150 

0*00011756 

0*00001620 

0*00000029 

160 

0*00013376 

0*00001724 

0*00000033 

170 

0*00015100 

0*00001828 

0*00000038 

180 

0*00016928 ^ 

0*00001933 

0*00000043 

190 

0*00018861 

0*00002037 ! 

0-00000048 

200 

0*00020898 

0*00002142 

0*00000053 

210 

0*00023040 

0*0000224-6 

0*00000058 

220 

0*00025286 

0-00002351 

0*00000064 

230 

0*00027637 

0*00002455 

0-00000070 

240 

0*00030092 

0*00002560 

0-00000077 

250 

0*00032652 

0*00002664 

0-00000084 

260 

0*00035316 

0*00002769 

0*00000090 

270 

0*00038085 

0-00002873 

0*00000098 

280 

0*00040958 

0*00002978 

0*00000105 

290 

0*00043936 

0*00003083 

0-00000113 

300 

0-00047019 

0-00003187 

0*00000121 

310 

0*00050206 

0*00003292 

0*00000129 

320 

0*00053498 

O'0G0O3396 

0*00000138 

330 

0*00056894 

0*(K1003,501 

0*00000147 

340 

0*00060395 

0-00003605 

0*00000156 

350 

0*00064000 

0*00003710 

0*00000165 

360 

0*00067710 

0*00003814 

0*00000175 

370 

9*00071524 

0*00003918 

0*00000184 

380 

0*00075442 

0*00004022 

0*00000194 

390 

0*00079464 

0*00004)26 

0*00000204 

400 

0*00083590 


0*00000215 

F.I», forseadiii; 

: os. 1 2 3 

4 5 6 

7 8 9 

after J 0 oscil. 

cor. 5 8 1! 

12 13 12 

11 8 5 
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In this table, column first contains tbe difference of the number of oscillations made 
by the experimental pendulum at two different places column second contains the 
correction of the formula, or its deviation from the result deduced from the method of 
obtaining the length of the pendulum by the squares of the number of oscillations when 
the length at the first place of observation is 39 inches; and is always to be sub- 
tracted .column third contains the differences to obtain proportional parts readily;— 
and column fourth contains the correction to be applied for a variation in the length of 
the pendulum of one-tenth of an inch, or when it is increased from 39 to 39*1 inches; 
and is always to be added. By means of these it is hoped the length of the pendulum 
can with sufficient accuracy be more easily obtained than by using the laborious pro- 
cess of the squares of the numbers of oscillations, as may be seen by the following ex- 
amples. 

Capt. Kater found that his experimental pendulum at London, in Latitude 51® 31'' 
8 '^ N., after the proper reductions made 86061*52 oscillations in a mean solar day at 
92 ® Fahrenheit; while at Unst, in Latitude 60“ 28^'' N., the same pendulum, at the 

same temperature, made 86096*90 oscillations. Bequired, the length of the seconds 
pendulum at Unst, that at London being 39*1392.9 inches? 


Number of oscillations at Unst . 

at London 


86096*90 

86061*52 


Difierence more 


25*38 


Hence the seconds pendulum must be longer at Unst, and the general correction must 
above be added. 


Now by formula ( 1 ) which by substituting the proper quantities stated 

above becomes 

39* 1 3929X35*38 ' 

^ • -- •■ 4i048-45 = 

Correction from table, col, 2 , for 30“** . . . . , ■ — 470 

Prop, part for 5“S'38, col. 3, . . , . . . . . . >-197 

Equation for 2 d difference, foot of table, . . . . . + 13 

Correction for + 0* 1 3929, col, 4, - • . r . . . ^ 2 

Amount . . ....... . . , —656 656 

Total correction to be added . , . . . . + 0'032l 6041 

Length of seconds pendulum at London . . . . 39*13929 

Length of tbe pendulum at Unst . . . . . 39*17145 

difiering only one unit in the fifth decimal place from the determination of Capt. 
Kater. 

In the application of the corrections of tbe formula, tbe equation of second dif- 
ference and that from column 4 are applied as they ought to be to the first part of the 
correction from column 2, with contrary signs. Indeed, it is unnecessary to carry 
tliera further than about five or six places of deciriials, being more than even the best 
observations can warrant, as may be readily seen by comparing those of Kater and 
Biot at the same place ; as for e.sample, at Leith or Unst, In tact, without the small 
corrections, the formula in this case would have given Kaier’s determination exactly. 

Again; Capt. Hall found that an experimental pendulum, making 86335*98 
oscillations in a mean solar day at London, at the temperature of 62“ Fahrenheit, 
made 86101*34 oscillations at the Galapagos Isles, at the temperature of 6 ‘B** 
Fahrenheit. 


\ ';AT BtFFEEENT^LATITlIDES. , 

Number of osciilatious at London , . , . . . 86235*98 

Correction for 68®, or 6^ more than 62® =*43 12x 60 fof- 

niula(6) . . . , . . . . . - 2-59 

Number of oscillations at 68® . . . . . . S6*3S3*39 

Number at Galapagos at 68® . , . . . 86101*34 

Difference less . . . . . . 132*05 

Hence the seconds pendulum must be shorter than that at London. 

Whence by formula (1 ), as before, 

, 39*13929 X 132*05 

we have al = rrrTTT-^ — = - 0*1 1986870 

4oli6*/ 


Correction from table, col. 2, for 1 30®** 
Prop, part for 2*05®®*, col. 3. 

Equation, second difference 

Correction, col. 4, 

• 

-8830 

- 289 
+ 8 

- 5 


Amount 

• 

-9106 

9106 

Total correction 

Length of pendulum at London 



- 0*1 1977764 
39*13929 

Length at Galapagos 


. 

39*01951 


At the temperature of 62®, or that at which the length of the pendulum at London 
39* 13929 was obtained ; and so on in similar cases. 
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CHAPTER III. 


ON CENTRAL FORCES. 

^79. Since abody, when once put into niotioHj will (art. SI.), 
unless prevented by obstacles, persevere in that state with the 
same velocity and the same direction, it follows that a body can- 
not describe a curve line unless it is subjected to the action of 
a constant force, or meets with obstacles after obstacles which 
change at every instant the direction of its motion. If the force 
which acts on a moving body according to any direction different 
from that in which it is moving, act at finite intervals of time, and 
communicate at each interval a determinate velocity, the body 
will describe a polygon. But if the body have received at first 
a finite velocity, and the force which deflects it from its path act 
continually or without interruption, the body will then describe 
a curve line : such is the effect of the constant solicitation of 
gravity ; and such also that of the resistance of fluids. 

A body which is moving in a curvilinear track may be con- 
sidered, at any instant whatever, as if it were moving along the 
tangent of that point of the curve at which it is found ; and if 
the force which deflects the body at any instant ceases to act, 
the body will persevere in its motion according to the direction 
of that tangent, 

Dhfs. 1. The centre qf attraction or of force is the point 
towards which any body is solicited or impelled. 

Deflecting force is the force which tends to bend the 
course of a body at every instant. 

8. CentTi])€tal force is the force which tends constantly to so- 
licit or to impel a body towards a certain fixed point or centre. 

4. Centrfu gal force is that by which it would recede from 
such centre, were it not prevented by the centripetal force. 

5. These two forces are called jointly Central forces. 

Cor. The centrifugal and centripetal forces, being cor- 
relatives in circular motions, may be represented by the same 
line. 

6. Projectile force is that with which the body would run out 
in a tangent to its path, if there were no centripetal force to 
prevent it. 



CHAF.:' in. ' : CEKTK-AL ' tORCESV SS3 ^ 

Coe. The centripetal and projectile forces are heterogeneous, 
and cannot be compared. For the action of the one is incessant, 
biit that of the other is impulsive. 

7. The path described by a body acted upon by a centripetal 

force is often called its or its 

8. Radius vector is a line drawn from the centre to which 
the force is referred, or in which it is supposed to act, to any 
point in the trajectory wherein the body is found. 

Angular velocity is the velocity with which the angle is 
described which is contained between any tw^o positions of the 
radius vector ; it is measured by an arc of a circle whose radius 
is a unit of distance, and comprehended between two positions 
of the radius vector at the interval of a unit of time. 

10. When a body moves round a centre in an orbit or tra- 
jectory which returns into itself, the time employed by the body 
after passing a certain point before it returns to that point again 
is called the periodical time^ 

S80. Peop. If from two points a and n, equally remote from 
the centre qf attraction c (fig. 5, pi. XIII.) two hodies mom 
with equal velocities, the one along the right line ac, the other 
in a curve line dbq, their velocities at all equal distances from 
the centre will be equal. 

Let DK in the tangent of the curve at the point d be the 
space which would be described in an evanescent portion of 
time with the velocity at n, fg the arc of a circle whose centre 
is c, and gk its tangent; and while af would be described with 
the velocity at a, let fh be added to it by the attractive force. 
Draw the arc hi, and il a tangent to it at i, meeting dk pro- 
duced in L : draw also kb parallel to bc, and lb perpendicular 
to BL. Then, bg : bk : : gi : kl : : kl : kb, by similar 
triangles; therefore gi : kb ; : dg- : dk-; and consequently kb 
will be the space described by the attractive force, while bk 
would be described with the velocity at b ; for the force may be 
considered as uniform during the description of the evanescent 
increments, and the spaces described by the action of a uniform 
force are as the squares of the times (art. £270- Hence, the 
resultant will be bb, which is ultimately equal to bl ; and the 
whole velocity will be increased in the ratio of bl to bk, or of 
Bi to BG, or of AH to AF *. Consequently, since h, i, and l, are 
ultimately equi-distant from c, the velocities in ea and eb are 
always equally increased at equal distances, and will, therefore, 
always remain equal at equal distances. 

Coe. The same thing may in similar circumstances be shown 
to obtain with respect to the velocities in ec, and any other 
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i'l 


1 

i 

i 


curve and conseqaently it will hold with regard to the 

two curves: therefore, generally, tz&o or more: bodies' beuig cit-^ 
traded toward a give7i centre %mth equal forces at equal di- 
stances^ f their mlpcities be once equal at equal distances^ they 
will 7'emam ahvays equal at equal distances^ zehatever' be their 
directions, 

S81, Prop. A body revolving in an orbit, by the Joint effects 
of a projectile azid a centripetal fbi'ce, describes by its jmlius 
vector equal areas in equal times, and in unequal times areas 
qnoportionai to the times. 

Let ABCD, &c. (fig. T. pL Xni.) be part of an orbit described 
by a body, which is solicited by a centripetal force towards the 
point (p. If the projectile force alone acted, tlie body would 
move funiformly in a right line as av : but if the centripetal 
force be su])posc(i to act by separate impulses or solicitations, 
as at B, c, D, kc, when the body receives the impulse at b 
it will be clrawm out of its course towards p, and (art ^17.) will 
describe the diagonal bc in the same time as the projectile 
force alone would have made it describe BC. After equal 
intervals similar effects will take place at c, i), &c. Since ab, 
BC, kc, are the lines described in equal times by the l)odv, the 
areas descril^ed in equal times by tlie radius vector will be a^b, 
Bpe, &c. Now ab, expressing spaces passed over by a 
uniform motion, are equal bases of tlie triangles a^b, uor, 
which being terminated by the same point p, have likewise 
equal altitudes, and are therefore equal. And because the body 
at B is by the joint action of the projectile and centripetal forces 
carried forwards in the diagonal bc of the parallelogram gc, 
the opposite sides ob, cc, are parallel, and cc is parallel to Btp. 
But Bp is the common base of the two triangles b^c, Bpe: and 
these triangles are between the same parallels; therefore they 
are equal. Consequently a^b, which has been proved equal 
to B<pc, is likewise equal to ; that is, the areas described in 
equal times are equal. And, by composition, any sums of these 
areas are to each other as the times in which they are descrilied : 
that is, the areas are universally as the times. 

Let the number of these triangles be augmented, and their 
breadths diminished indefinitely, the centripetal force being now 
supposed to act continually : then will the ultimate perimeter 
ABCD, &c. be a curve line which is always concave towards 
p the centre of force; and, the above reasoning being still 
applicable to those triangles whose breadths are indefinitely 
diminished, the areas will be as the times. 

It does not necessarily follow, that the centripetal force 
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should cause the body always to ajpp'oach the centre of force; 
it may continue to recede n*om it, hotwith standing its being 
drawn by a force residing there ; but this property must always 
belong to its motion, that the trajectory which it describes be 
concave towards the centre of force. 

Cor. L The plane in which the trajectory lies passes throiigh 
the centre of force. For the diagonal bc of the parallelogram 
CG is in the same plane as its sides ; therefore bc, Btp, are in the 
same plane : in the same manner ed, co, cc, are in one plane, 
being the same as the former ; and so on. 

Cor. The p7Y}jeciile velocity of a body revolving in a curve 
cibont am immoveable centre (fforce^ is reciprocally as the per-^ 
pendiciilar let fall centre upon the tmigenf to that 

point of the orbit zchere the body is when its velocity is estimated. 
For the area of any of the triangles a<^b, B(pc, being constant, 
the base which represents the velocity is reciprocally as the 
perpendicular demitted upon it from <p. 

Cor. 3. The angular velocity at the centre of force is re-- 
ciprocalhj as the squa re of the bodfs distance from that centre. 
For, if the small triangles ^cr>, (pBA (%. 8. pi. XIII.) are equal, 
they are described in equal times : and 2 area C(pD-:<pc • co; 
also £ area <pBA ~ <pB • ep ; therefore (pc • CQ=:<pB • bp. But, angle 
€!?d : angle A<pB: : cq: cq : : pc - CQ : pc • cq : : ps - bp : pc -cq:: 
area pBA : : area pcq : : ps^ : pd^ or pc^. 

Cor. 4. If ab, bc, and de, ef (%. 7.), the arcs described in 
equal times, be completed into the parallelograms ac, df, the 
centripetal forces at b and e wall be to each other in the 
ultimate ratio of the diagonals bg, ez, when those arcs are in- 
definitely diminished. For the motions of the body bc, ef, 
are compounded of the motions bc, bg, and Bf ez; but bg 
and EZ are equal to cc and pf which, as appears from this 
proposition, ax'e generated by the impulses of the centripetal 
force in b and E, and are therefore proportional to those 
impulses. 

CoR. 5, The forces with which bodies are drawn into curvU 
linear orbits are to each other as double the versed sines -Agb, 
4ZE, of the indefinitely small arcs abc, def, described in equal 
times; and these versed sines converge to the centre p^ and bisect 
the chords when those arcs are dimmished indefinitely: for 
SLicIi versed sines are half tlie diagonals of parallelograms; bg, 
EZ, being bisected by the diagonals ac, fi>. 

Cor. 6. Conversely, if the radius vector fa body describe 
areas proportional to the times about any point p^ it is urged to-, 
wards that pomt by the centripetal force. For if p be not the 
centre of force, let it be some other point, as s ; then, by 
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the prop, the body will so that its radius vector will de- 
scribe also areas proportional to the timeSj about the centre s ; 
which is impossible ; for it is manifest a body cannot uni versally 
describe areas proportional to the times about two different 
centres in the same plane. 

2S2, Prop. To determme the ratio of forces by which bodies ^ 

tending to the cent7'es of a given circle are made to 7'evohe in 
their peripheries. 

Let Aua (fig. 12. pL XII.) be the circle in which one of the 
bodies moves round the centre of force c, and let the inde- 
finitely little arch ao be the distance it moves over in a given 
or constant particle of time ; then, cor. 5. of the preceding prop, 
the centripetal force at o will be measured by twice Ap. And 
by the nature of the circle the chord and arc ao will be ulti- ' 

mately equal in length ; whence ao^zza^ ♦ Ap = AC • con- 
sequently, 2At?zz^, And the same may be shown with re- . 

spect to the motion in any other circle. So that, if r, and r, 
denote the radii of two circles, f, and the resjiective central 
forces, v, and t?, the velocities with which the bodies move in 

their peripheries, we shall have f :y*: : therefore, the 

forces are as the squares of the velocities directly^ and as the | 

7'adii inversely, ' 

CoR. 1. in a circle the velocity is uniform^ if the centre of ' 

force coincide with the centre cf the circle. For the radius 
which is the perpendicular to the tangent (cor. 2, art, 281.) is 
a constant quantity. 

Cor. 2. Because f , it follows that 

^ a T ^ 

Y : V : : a/rf : Vf, and ^ 


Co a. S. Comparing the analogy v : ly : ; v^rf : with the 

expression ^ oc — in uniformly accelerated motions, it follows 

that the velocity is every where equal to that which a body 
woidd acquire in falling by the same un form force through 
half the radius. 

Cor. 4. If the ratio of the periodic times be denoted by that 
of p to p, then the ratio of the velocities being as to we 

shall have by equality v'Rf : ; whence also 
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Cor. 5. A few other propei’ties of circtilar motion under 
different hypotheses maybe thrown together; thus, 

If F :p : : 1 : 1, then f : r : r. 

If v'^ : V- : : r : R, then f : f\ : 

also p : R^ : r^. 

If F : Ji : 1 : 1, then p : y? : : V r : >/r. 

If V : : : r : E, then f : v^. 

Cor. 6, If the measure of the force, or the yelocity which 
would be uniformly generated in a unit of time, be expounded 
by any power 7'” of the radius ac (fig. 12. pL XIL), then the 
distance through which a body would freely descend in the same 
time by the constant operation of that force will (art. 24B.) be 
expressed by Jr. Hence, since the distances descended by 
means of the same force uniformly continued are as the squares 
of the times, it is evident if the time of moving through AO be 
denoted by that the distance a p descended in that time will 

be denoted by^ x : so that we shall have Aorr V(^Aj>AC) 

71 -h l 

= -y- X r " ; which being the distance described by the re- 
volving body in the time jf, it follows that the space passed over 

n+l 

in the given time 1, will be equal to r ® . 

?z4- 1 

Coe. 7. Hence, to find the periodic time we haver ^ : tt x 


n-h i 


1 -11 


2r (the whole periphery) : : 1 : ^Ttr-^r ® :=:2ir ^ , th^ true 
measure of the periodic time. 

Cor. 8. Hence also it follows that if n be expounded by 
1,0, — — o successively, the velocity corresponding will 

be as ?*, 7'^, 1, r“^^, and r~”^ ; and the time of revolution as 
Ij 7", r^, and 7'®, respectively. 


SCHOL.IUM. : 

S83. From the preceding proposition and its corollaries the 
velocity and periodic time of a body revolving in a circle, at any 
given distance from the earth’s centre, by means of its own 
gravity, may be deduced. Thus, let the radius of the earth 
( 3: ^1000000 feet, nearly) be denoted by r, and the space 


I 
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tlirongh which a heavy body falls at the surface ( —16^-- feet) 
by the force of gravity at the surface beiug denoted by ^ ; 
then wdll the velocity per second in a circle at the surface 
(cor. 2.) be rz \^gr == 26000 feet nearly ; and the time of re- 
volution 71* n 5075 seconds. Let n be put for 

VgJ' ^ ^ 

the radius of any other circle described by a projectile about 
the eartlfs centre : then, because the force of gravitation above 
the surface varies inversely as the square of the distance, we 

have, by cor. 8. r'^. : : ; 26000 feet (velocity per second 

at the surface) : 23000 , the velocity in the circle whose 

radius is n. And : R- : : 5075'^ (the periodic time at the 
surface) : 5075 -v/—, the periodic time in the circle whose 
radius is R. 

Fo 7' example^ if R be assumed equal to 60r, the distance of 
the moon from the earth, the expression for the velocity will be- 
come 3356 1 feet per second; and that for the periodic time will 
become 2360035'' or 27 days, nearly. 

284 Thus also the ratio of the forces of gravitation of the 
moon towards the sun and the earth may be estimated. For 
265 f days being the periodic time of the earth and moon about 
the sun, and 27*3 days the periodic time of the moon about 
the earth; also 60 being the distance of the moon from the 
earth in terms of the earth’s radius, and 23920 her mean di- 
stance from the sun in the same measure, we have, by cor. 4, 
23920 60 1 1 > 

‘ * 27:5^ : : R : / : : ^ : 1 nearly ; that is, the moon s 

gravitation towards the sun is to her gravitation towards the 
earth as 2|. to 1 nearly. 

285. Again, from the same principles the centrifugal force 
of a body at the equator arising from the rotation of the earth 
is derived. For the proposition and corollaries apply to cen- 
trifugal forces as well as centripetal ones ; the terms, as before 
observed, being correlatives (when those two alone keep the body 
in its orbit). And we have just found (art. 283.) that the time 
of revolution is 5075^ when the centrifugal force becomes equal 
to the gravity ; also (cor. 4.) it appears that the forces in circles 
having the same radii are reciprocally as the squares of the 
periodic times: hence, therefore, since the earth's rotation is 
performed in 23-' , 56'” or 86 I 6 O'' we have 86160^ : 5075- : : 
the force of gravity : the centrifugal force of a body at the 
equator arising from the earth's rotation : : 1 : nearly 
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.^ 86 . Since the time of revoliitioB^^o^ a body under the equator 
Ea (fig. 6 . pi XIIL), and in any parallel of latitude bg, 
is equal, the centrifugal forces (cor. 5.) are as the distances ce, 
AB, from the axis of motion, or, as radius cb, to the cosine ab 
of the latitude. But in any latitude, as at b, the centrifugal force 
is not (as under the equator) opposite to the whole gravity, but 
only a part of it, which also is to the whole as the cosine of the 
latitude to radius. For, produce ab the direction of the cen- 
trifugal force to D, and CB the direction of gravity, till it meet a 
perpendicular let fall upon it from d at f ; then bd representing 
the whole centrifugal force at b, bf will represent that part of 
it which is directly opposed to gravity ; but bd : bf : : bc : ab : : 
rad : cos be. Therefore, combining these two ratios, it follows, 
that the dmimution q/' gravitT/ at the surface of the earth 
arising from the centrifugal force varies as the square of the 
cosine of the latitude. 

The law just stated for the diminution of gravity is on the 
supposition of the earth’s sphericity ; but as the polar axis 
of the earth is rather shorter than the equatorial, the former 
being to the latter nearly as 819 to 320, or what is technically 
denominated the comp'ession being about ; and as, more- 
over, the density of the earth is diiferent at different distances 
from its centre ; the preceding theorem is not exact. It would, 
however, take us too far from the immediate subject of this 
chapter, were we to trace all the minutim here. Let it suffice 
if there be added a theorem or two for the relations of gravity at 
different latitudes. In order to which, let y the gravity under 
the equator, g that at either pole, g* that under any latitude A ; 
then gzr (1 4 - -0052848 sin ®A) 7 ; and therefore g = 1’0052848/. 
Or if ^ denote the gravity at 45% then for any latitude A, we 
shall have g -g' (1 - *002837 cos 2A) . And the absolute length 
of the centesimal second’s pendulum expressed in metres 
n -739575 +0-004094£ sin ^A‘ 

287. But now to determine more universally the ratio of the 
force of a body revolving in any given circle to its gravity ; we 

have already given t for the periodic time at the sur- 

face of the earth when the gravity and centrifugal force are 
equal : if, therefore, the time of revolution in any circle whose 
radius is f feet be denoted by t seconds, it will follow, from cor. 


4. of the prop, that 


71 ® * 4 ?’ 

s 


p 


gravity of body : its centrif. 


force in that circle ; which is as unity to or as 1 to 1-2274 



*“ very nearly. Thus, if the length of a sling by which 

stone is whirled about be 2 feet, and the time of revolution 
half a second, the force by which the stone endeavours to fly 

will be to its weight as 1*2274! to 1, or as 9*8192 

unity. 

The Circumference of the circle whose radius is p being 
and t the periodic time, the velocity in the circle will be-^ ; 
and if this be put for d in the general expression vzz (art. 


we shall have 


27:^ 

\/ (2^5), whence the space 


a heavy body must descend freely to acquire the velocity in the 

circle; but it is manifest that f 1 1 ^he preceding 

expression for the centrifugal force; so that our theorem agrees 
with the comprehensive one first given by the Marquis de ITIo- 
pital, find from .what height the body must have fallen 

to acquire me velocity in the circle ; then.^ as the radius (f the 
circle to double that heighty so is the weight of the body to Us 
centrifugal force* 

288. From the general proportion in the preceding article, 
the centrifugal force and periodic time of a pendulum de- 
scribing a conical surface may readily be found. Thus, let ca 
(fig. 9 . pi. XIII.) the length of the pendulum, be denoted by I ; 
€S, the altitude of the cone, by a ; the semidiameter as of the base 
by and the periodic time by ^ : then, because the body is re- 
tained in the circle by three different forces, viz. the centrifugal 

force^^-, in the direction s a, the force of gravity^ or the 

weight, 1, in a direction parallel to cs, and the force of the 
thread AC compounded of the two former ; it follows that cs 
a : h : : weight of body at a : force upon the thread 

1 : : : cs: SA :: a : Whence 

10784 \/ a. Consequently, the periodic 

time varies as the square root of the altitude (f the conic pendii- 
luMy let the radius of its base be what it may* Or, comparing 
this theorem with that in art. 271. I. it appears that the semipe- 
riodic time in the cone is equal to the time of* oscillation of 
a simple pendulum whose length is the altUtidc of the cone. 
Because \gp or its equal 2 ^ 7 ?% represents the space a heavy 
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body will descend by its own gravity in / seconds (art. £43.) ; and 
beGause : : & : it hence appears, that as the 

square of the diameter any circle is to the square of its peri« 
fhery^ so is tnmce the altitude of the cone to the distance a 
hemy body will freely descendin the time of a complete gyration 
of the conical pendtilum. 

Hence also, if cs be to ca as a square inscribed in a circle to 
the square of its circumference, or f the angle cas he nearly 
2^ 53' the periodic time of the pendulum will he equal to the 
time of free descent through cs 

£89* Prop. 2b determine the law of centripetal force tending 
to a given point by which a body may describe a given 
curve A,PO* 

Draw PT a tangent to the curve at any point p (fig. 10. 
pi. XIIL), and from c, the proposed centre of force, demit the 
perpendicular CT : let po, the radius of curvature at the point p, 
be denoted by ri, the distance or radius vector cp by /?, and tbe 
perpendicular ex upon the tangent b}?^ jp, the velocity in the curve 
being denoted by v. Theiij because the centripetal forces 
in circles are as the squares of the velocities directly and the 
radii inversely (art. £8£.), it follows that the force tending to the 

* When a body is made to describe a circle by being fixed to one extremity of a 
string (or of an inflexible bar), while the other extremity is attached to an immoveable 
point, or by moving along the concave superficies of a polished sphere or cylinder: in 
both cases, whatever be the proportion in which the centrifugal force is increased by 
increasing the velocity of the projection, the reaction of the string or of the surface 
will always be increased in the same proportion, so that the body will describe the same; 
circle with different degrees of velocity. But when the centripetal force and the di- 
stance from the centre are given, the velocity is given (art. 282. cor. 3.), being that 
which would be acquired by falling dowm half the distance. If, therefore, the velocity 
be increased whilst the centripetal force continues the same, the centrifugal force being 
increased in the duplicate ratio of the velocity, it will be greater than the centripetal; 
therefore in the time that the body would have described , any distance mt in the tan- 
gent (fig. 12. pi. XII.) it will be drawn to a greater distance than a from the centre, 
and will have described a curve exterior to the circle maw^. For a like reason, if the 
velocity be diminished, the centrifugal force becoming less than the centripetal, the 
body will describe a curve interior to the circle ; but if the centripetal force be at the 
same time increased or diminished in the same proportion, the body will still be retained 
at the same distance from the centre, and describe the circle MAma, 

Hence it is manifest that when a body describes any orbit exterior or interior to that 
of the circle, the tangent being perpendicular to the radius vector, the centrifugal force 
of the body in its orbit is equal to the centripetal force with which the body would de- 
scribe a circle at the same distance, and with the same velocity in the direction per- 
pendicular to the radius vector. The same will be true if the direction be not per- 
pendicular to the radius vector ; for in this case if the motion be resolved into two, one 
in the direction of the radius vector, and the other perpendicular to it, the latter is the 
only part which will increase or diminish the centrifugal force. 

in this last case the body is retained in its orbit by three forces ; the centripetal and 
centrifugal forces, and that part of the motion in the tangent which is in tlie direction 
of the radius vector — Nkwtoxt oh UUwiate Ratm, 
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point o, by wliielrthe body might be retained in its orbit at 
whicli must manifest^ be the same as the force in the circle 


•whose radius is po, will be defined by or by — , 
is inversely asp, by cor. art. £81. Wherefore, by the 
resolution of forces, we shall have cp (r:p) : cp (rzf) : : — 

(force in direction ro) : force in the direction pc.— N ow, 

the general expression for the radius of curvature is e=:-^ 

which value of e substituted for it in the preceding expression 
for p, the centripetal force towards c, will transform it to this : 

an equation expressing the law required. 


■ sinGe 


1^3 p 


Another expression, which will be sometimes useful, may be 
found by taking the value of the radius of curvature in terms of 

the arc and its rectangular co-ordinates, that is, r for 

this introduced into the expression f rz will convert it to 




Cor. 1. If the point c be so remote that all right lines drawn 
from thence to the curve may be considered as parallel to each 
other, then making pr perpendicular to cp (py> being an eva* 

nescent portion of the curve), the force will be as 


or 


(CP X pr)3’ 

barely as since pzzCT may in this case be rejected. 

This expression being general in all cases where the force acts 
in parallel directions, it hence follows that the force which 
always acting in the direction of the ordinate pm would retain 

the body in its orbit is every-where as ; because in this 
case PC coincides with pm, and pr becomes 

Coe. £. Since the force tending to the point c is universally 

or-^^, the force to any other point c will of con- 


as 


Cl3XPO 


sequence be as . Therefore, the forces to diiferent 
centres c and c, about which equal areas are described in the 
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same time, are to each other in the inverse ratio of to 

■CP:'* ■ 

Cor. 5. Hence also the ratio of the velocity at r to that by 
which a body might revolve in a circle about the centre c at 
the distance cp, is easily obtained. For, since the velocity at 
]? is that by which the body would revolve in a circle about the 
centre o, and the forces tending to the centre o and c are to 
each other as p=:CT and ; it therefore follows, if the ratio 

sought be assumed as v to that : : p : £ (art. £8£.) 

Whence also : : p x po (=:pR) : p x pc (=p^) ; and con- 
sequently V :u : : : 1 : : : 1 : : 4“ * 




/A. because 


R “ 


CoR. 4. Finally, the law of centripetal force being given, the 
nature of the trajectory may hence be found : for, since the force 

F is universally defined by it is manifest that the fluent of 

Fp which, when f is given in terms of f, will become 

known ; and then, the relation between j? and ^ being given, 
the curve itself is known. ^ ^ . 

We may now show the application of this proposition by an 
example or two. 

£90. Ex. I. Let it he required to find the force tending to 
the centre of an ellipse xelie^i a body revolms in its periphery. 

Let the semitransverse d a (fig. 11. pk XIIL), be denoted by 
< 7 , the semiconjugate axe dE by h, the radius vector dri by p, 
and its semicqnjugate c^r by ni then, by the nature of the 
ellipse, (Emerson’s Con. I. 34.) pp -f?m=r:afa+^^, whence 

— p^) : again {ibid.1.37.) [==></ h::a:p 

( ’ tbereforep Consequently, 




(a® + 

So that the force tend 




rh (a3 + ft3^ 

ing to the centre of the ellipse is directly as the radius vector. 

Ex. II. To find the laio of the cmirip^^ byxvMch a 

body teJidmg to the focus c is made to rewhce in the periphery 
of an ellipse. 
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Other focus f (fig. 11.) draw fs parallel to CT, 
the tangent tp at right angles in s ; join then 
c'd z:^, as before, and the latus-rectum or para- 

■ ■ ■ 

meter zz a. Denoting cp, and ct, as before, we have 
AB — cpzzSa— whence, by reason of the similar tri- 
CPT, EPS, it will be § ; p ; : 2a— f : fs But, 

by the nature of the curve, fs x CT z: cV : whence, 
nS®; and consequently ^ rz — . The fluxion of the 

latter expression is—™— So that we have (art. £89.) 

and (art. £89. cor. 8.) v" 

ff 

Hence it appears, that the centripetal 


2,(2ri~p) 


force is in this case reciprocally as the square of the distance ^ 
or CP ; and that the velocity at p is to that by which the body 
might describe a circle at the distance cp, every- where in the 
ratio of Vfp to Vac''. 

Otherwise thus .* Let another body descending in a right-line 
begin to fall with the same velocity, then among the general 
equations for variable motions we have (art. £8£. Ill .) (p zz 

where s is equivalent to § in the present case ; and f being 

considered as negative, the equation becomes pzi — the 
same being likewise true in the curve, by art. £80, Now vzi 
(art. £11. cor. £.) and its fluxion v therefore <p zz 

-i- . which is the same expression as at art. £89« 

^ p^p "■ 

but deduced from art. £80. The rest may then be determined 
from the properties of the ellipse, as above. 

Ex. III. Required the law which would cause the hody to 
move m a hyperbola^ the force tending to the focus. 

In this instance, proceeding as before, we shall have 

' instead o f^--^ zz&-, as in the ellipse. From 

this we obtain - 


+ whence there will result zz 


the very same as in the ellipse. 


.i 
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'Ex. IV , Tk> find the lazo the force tends to the 

focus ^ wmdd cause the body to mom in a 'parabola. 

Here the equation will be ^ — “1^7“ ” 4 ^ 5 

and the force again as jy. But the measure of the velocity 

will in this instance become V zz a/ - conse- 

fi\ 

quently the velocity in a parabola is to that by which the body 
might describe a circle at the same distance from the centre of 
force, in the constant ratio of a/ 2 to unity. 

5^91. Prof. To determine the ratio cf the velocities of bodies 
7*evolving in different of^bits., about either the same or diffej^ent 
ce^itres ; the orbits themselves a^id the forces fending to the 
centres being given. 

Let APB (lig. 11, pL XIII.) be any orbit which a body 
describes about the centre of force c ; let the force itself at the 
principal vertex a be denoted by f ; let r denote the semipara- 
meter, or the radius of curvature at a, and let ot be perpen- 
dicular to the tangent tp. Then (art. ^82. cor. %) the velocity 
at A is always as vFr ; and (art ^81. cor. £.) we have ct : oa 

: : fier (the velocity at a) : ~ the velocity at p. This 

answers, however, the values of ac, r, and f, may vary. 

Coe. 1. If the centripetal force be as the square of the 

distance inversely, or f the velocity at p will become 

~ a/~ or Consequently the velocities of bodies revolving 

in diffhrent orbits about a common ce^iU'e are directly as the 
squa7'e roots of the parameters^ and reciprocally as the per pen^ 
diculaf'S from the centre of force to the taiigents to the curve at 
the points whei'e the bodies are. 

Cor. If the velocity at p be denoted by rp, and op be 

drawn, then, since pp cx^-, it follow-s that f v<J.vp • ct, or as 

the triangle cpjy. Hence, the areas described about a common 
centre offorce^ by the radius vector, in a given time, are in the 
s uhdupU cate ratio if the parameters. 

Cor. 3. And, since the area of the curve apdb, when an 
ellipse, is known to be as ac' • c'b, or as ac' • A/(r* ac^); 
wdience, if this be applied to ^/r, expressing, by the last cor. 
the area described in a given portion of time, we shall obtain 

"r 

Ac' • Vxd or ac'- for the relative measure of the time of a 
complete revolution. Therefore, it appears, that the periodic 
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times^ let the species of the ellipses he zdtat they arc in 
the sesquiplicate ratio of the principal aoces. 

This, of consequence, obtains when the ellipse becomes a 
circle ; agreeing with what has been previously shown, under 
the fourth case of cor. 8. art. £8£, 

Cor. 4, Hence, therefore, it follows that the periodic time in 
an ellipse is the same as in a circle zohose diameter is equal 
to the transverse axis^ or radius eqiial to the inean distaiica 
CD. 

SCHOLIUM. 

It appears from this proposition and corollaries that the 
periodic time of a planet under the influence of a force varying 
inversely as the square of the distance, depends on its mean 
distance alone^ and will be the same whether the planet describe 
a circle or an ellipse having any degree of eccentricity whatever. 
Now suppose the shorter axis de of the ellipse adbe (fig. 11, 
pL XIII.) to diminish continually, the longer axis ab remaining 
the same : then, as the extremity of the invariable line dc moves 
from D towards c', the extremity c will move towards a, so that 
when D coincides with c', c will coincide with a, and the ellipse 
will be transformed into a straight line ab, the length of 
which is equal to £cd. In all the successive ellipses produced 
by this gradual diminution of c^n the periodic time remains 
unchanged, if the force acting at c continues unchanged. 
Just before the perfect coincidence of d wdtli the ellipse 
may be conceived as undistinguishable from the line ab ; and 
the revolution in such ellipse undistinguishable from the as- 
cent of the body along the right line from a to b, and the sub- 
sequent descent in an equal time, from b to a. Consequently 
a body solicited by such a central force will descend from b to 
A in half the time of the revolution in the ellipse adbe ; and the 
time of descending through any distance nc (supposing the 
projectile force extinguished) is half the periodic time of a 
body revolving at half that distance from the sun. Hence 
we see that the squares of the times of falling to the sun^ 
or other centre (f force^ are as the cubes (f the distances 
from it: a^Teeing with the conclusion in art. £36, To find 
this time of descent in particular instances, multiply half the 
periodic time by the square root of the cube of or the whole 
periodic time by or by |■V£, or by ‘1767767. This 
process gives us M* £0^, for the time of descent of the moon to 
the earth. Mercury to the sun IBd. Venus, Sdd. YIK 

The earth, Mars, l£ld. lOiA Jupiter, 7 65rl. 

Saturn, 1901d, Herschell, 5433(7. 177^. And the same 
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rule will apply to the descent of the satellites of Jupiter^ 
Saturoj, &c. to their respective primaries. See Thorp s New- 
tori, voL I. p. 193. Whiston’s Mathematical Philosophy, 
p-'17S. 

51:9^. P BOP. The centripetal force tending to a given point c 
being inversely as the square of ifie distance^ and the 
direction and the velocity of a body at any point v being given ; 
to determine the path in which the body moves ^ and^ vf it returns^ 
the periodic time. 

It is manifest from art. S90. that the trajectory is a conic 
section j of which the point c is one of the foci. Let the other 
focus be F. Upon the tangent demit the perpendiculars ct, 
Fs, and draw CP, FP. Let Ad na, as before; the sine 

of theangle of direction cpt=w 2 , to radius 1; and let the given 
velocity at p be to that by which the body might revolve in a 
circle about the centre at the distance cr, in any given ratio 
of n to unity. Then, by art. 290. ni \ ii v^pf : Vac^; there- 
fore, : 1 ; : pf {zz2a--p) : Ad=:a whence we find Ad= 

Again, since CT=:m-cp, and Fsr:7?2*FP (the angles 
CPT, FPS being equal), we have do'^ rzcT’Fs =z m-cp*FP = 
so that the semiconjugate axis c^n is likewise given. 

Lastly, by cor. 8. of the preceding article, it will be cn^ : 

s. , « . . « , ■ ‘ ' 

cp^' : : T (the periodic time in any given circle whose radius is 

' ' ' jr ' ' ' ■ ' , 

cn) : t • cp'^ -r cn'-^, the required time of revolution when the 
orbit is an ellipse ; that is, when is less than 2. For, when 

'#=2, the axis of the curve (expressed by ) becomes 

mfinite, and the orbit degenerates into a parabola : and if 
exceeds 2, the axis becomes negative, and the curve is a 

hyperbola, whose principal diameters are and ~~f— 

respectively. 

Cor. 1. Because neither the value of Ad nor the expression 
for the periodic time is aflected with m, it follows that the 
principal axis and the periodic time will remain invariable if 
the velocity at p be the same, whatever the direction at that 
point may be. 

Cor. 2. We may readily apply this proposition to the case 
of bodies projected from the surface of the earth : for it has 
already been shown (art 283.) that a body projected with 
a velocity of 26000 feet, or 4*92424 miles, per second, would 
describe a circle at its surface: and by this prop. 1 : , 
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26000 feet : SOTCO feet or 6*98893 miles velocity of projectioii 
when the parabola would be the trajectory. Hence appears the 
truth of what is often remarked in popular treatises of astro- 
nomy ; that if a body were projected from the eartlf s surface with 
a velocity exceeding? miles per second^ it would (if not resisted 
by the air) describe a hyperbola; if with a velocity of rather 
less than 7 miles per second, it would describe a parabola ; and 
if the initial velocity were between 7 and 5 miles per second, 
the body would describe an ellipsis: if the velocity be less 
than five miles (or 4*924?24?) per second, the body would not 
describe a complete ellipse, as its periphery would in part, if 
not entirely 5 fall within the circumference of the earth, and of 
course the motion of the body would be stopped at the first 
point of intersection of the two curves. 

293. Prop, The aitractlon of a corpuscle to a sphere is Just 
the same as if all the matter of the sphere were collected 
into its centre ; the force being supposed to vary inversely as the 
square of the distance. 

In order to prove the truth of this proposition, we must first 
investigate the force by which a corpuscle would be attracted 
towards a circular plane. Let o, therefore, be the centre of 
the circle AECD (fig\ 12, pi. XIII.) to which the corpuscle P is 
attracted. Suppose abed a smaller circle in the same plane 
as ABCD, and having the same centre, and by supposition the 

attraction of p to any particle e will be as Putpoizd^, 

the number 3*14159 being as heretofore represented by 
w : then oc- zzx- — d^^ and tt (a ?- — zz area of circle abed. The 
fluxion of that area is therefore and, by the resolution 

of forces, x : d : : the attraction of p to c In the 

direction po. Hence the fluxion of the whole force is truly 
defined by xdx ^ or its equal 2Trx x ; and the force it- 
self by 27j;r X : which when properly corrected becomes 
— “ + ^z:£7r(i— So that when ^zzpc the attraction 
to the whole circle becomes 2^ (1 — or the attraction varies 


Now let ABCD (fig. 13.) be a sphere, and p a corpuscle 
attracted towards it. Draw paoc through the centre o ; andi 
let BID be the diameter of a section aBCD of the sphei'e per- 
pendicular to PC. Put the radius AO=r, vozzd, 
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r: c, vvzr.y and pb = pb nc + x : tlien will ai zuy — €y ci r::: 
2r and consequently ai • ci^ bi® r: — c) • (^r — 

= PB‘^ -* =r {c I- From this equation there arises ^ ri 

2rc^9c‘^ + 2ex + x‘^ 2dc + 2cx + x'^ , j ■ . XTrri 

“ "5 because dzrr + c. Whence it 


iV + 2c 


2(1 

T1 


follows, that (1 — ^) tlie A^aliie of the attraction towards the 


circle ancD is equal to 2ir (1 


9dc + 2 c, V 4* a 2 , 




g'’r(2ra-a.°) . j_. 

2d • (c + a?) 2d • (<-* + .i?) 

“if for the fluxion of the 


multiplied by ?/ gives t? ^ 

required force. The fluent of this is winch expresses 

the attraction of the segment aed. And this, when b and 
D coincide with c and x -z: becomes for the measure of 

the attraction of the whole sphere, which therefore varies as 

7'’3 

—» Now if the density ^ of the sphere should vary, the 
attraction must (ccet, pm\) vary as so that for all spheres 
the attraction varies as Eut the quantity of matter a varies 

as and consequently the attraction varies as There- 
fore, if the spheres were evanescent in magnitude, or the same 
quantity of matter condensed into the centres, the attraction 
would be the same. q. e. d. 

4r^r3 1 . 


Cor, 1, When d z= r, the value of the attraction 

comes -lirtJr, So that at the surface (ftlie sphere the aUractum 
is directly as the radius. 

Cor. 2. If the molectdce of two spheres s, s^, attract each 
other hy a free varying inversely as the square of the distance^ 
the attraction is the same as f the whole quantity qf matter in 
each sphere were collected into its respective centre. 

Cor. 3. Hence what has been proved respecting the attraction 
of two corpuscles when the force varies inversely as the square 
of the distance, holds true for two spheres, the particles of which 
attract each other according to the same laws. Consequently, 
f the nioleciilce of two spheres act upon each other according to 
that one sphere xoill describe a cmiic section about the other 
in am fits fad. 
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294. Since it is known that the sun and all the planets are 
nearly spherical, and that they revolve in ellipses in one of the 
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foci of which the sun is always very nearly ; the preceding pro- 
positions, therefore, furnish astronomers with just reason for 
concluding, that melt planet is attracted to the sun hy a force 
which is directly as the quantity xf matter in the central hody^ 
andinmrscly as the square of the distance of their centres : amd 
that the constituent particles also attract each other by a force 
which vaines in lihe manner. But we need not stop here. It 
is one of the constant laws of nature (art. 21.) that a body can- 
not act upon another, without being subject to an equal con- 
trary reaction. Thus, the planets and the comets being drawn 
towards the sun, likewise attract the sun towards them by the 
same law : thus also the satellites are attracted towards the 
planets, and the planets contrarily towards the satellites ; and 
both these again towards the sun. This attractive property 
is, therefore, common to the sun, planets, their satellites, and to 
comets ; and, of consequence, we may regard the mutual gra- 
vitation of the celestial bodies as a property generally obtaining 
throughout the universe. This consideration will lead to a few 
more general propositions which will immediately follow : we 
may just observe previously, that what is already done will 
enable the student to understand the principles on which the 
quantity of matter and density of the planets are commonly as- 
certained. For the effects of attraction at different distances 
being as stated at the beginning of this scholium, and the quan- 
tity of matter being jointly as the magnitude and density of a 
body I if therefore the effects of the attraction of different bodies 
are known, and their diameters, we can find their densities, and 
thence their quantities of matter. Now to find the densities, 
let ^ represent the density of the central body, r its radius, q its 
quantity of matter, t the periodic time of the revolving body, 
d its mean distance from the central body, and s the natural sine 
of the angle under which r appears at the distance d. Then 

Q,a^r^, while t^cx— , and this again, : hence But 

*=T’ T-7’ 'thence i and consequently 5a . 

From this general expression the comparative densities of most 
of the planets have been determined. But this brief sketch of 
the method must suffice: for this is not a place to enter 
more into detail. 

295. Prop. The common centime of gravity of iieo bodies 
is not affected by their mutual atir actions. 

Since a body B attracting another body (fig. 14). pi. XIII.) 
exerts its influence equally upon every particle of b, the ac- 
celeration of B^to B is the same whatever the quantity of matter 
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in may be, and will vary as the quantity of matter in b : the 
magnitudes of the bodies being supposed indefinitely small’' with 
respect to their distance. And in like manner the acceleration 
of B towards from the attraction of the latter, is in pro- 
portion to its quantity of matter. Let therefore b and attract 
each other, g being their centre of gravity; then the accelera- 
tion of b' towards b from b’s action : acceleration of b towards 
b' from e's action : : b : b' : : gb' : gb (art. 110). Hence, the 
spaces B^, bV, which the bodies pass over in indefinitely small 
portions of time, in consequence of their mutual attractions, 
will be as gb-, and gb. Consequently the remainders ceVcse, 
must be in tlie same ratio; and, therefore, g continues to be 
the common centre of gravity of the two bodies. 

Con. I. while the two bodies act on each other they he 
projected from and n in opposite and parallel directions^ with 
velocities proportional to their distances from the centre of 
gravity, they will describe similar figures about that ceritre. 

For let and rsd be the spaces which the bodies urged by 
the projectile force would describe while their attractions would 
have carried them to and e\ then, completing the parallel- 
ograms ed^ the bodies at the end of that time will be found 
at b^ and b* Now the spaces described being as the velocities, 
B^dJ or db[ : Bcl or eb ; : oe' laei hence the angle bg6zzbg&, and 
consequently Vob is a right line: also Gb' : ab : : gb^ : gb ; so 
that G is the common centre of gravity of the bodies in their new 
situation 1/, b ; and the same may be shown after a second and 
after a third interval of time, and so on, 

CoR. 2. If we conceive each body to be acted upon, at the 
same time, by equal accelerative forces in the same direction, 
the retowe motions of the two bodies will not be altered, and 
they will still continue to describe similar figures about g which 
is then in motion. And by varying the motion of the system, 
the absolute initial velocitiesof B and B^may be varied ad libitum. 
Hence ^ if b and b' he projected with any velocities^ they will 
continue to revolve about their centre of gravity^ and descinhe 
similar fgures about it ; and the centre of gravity ^ not being 
disturbed by their mutual attractions, will continue to move on, 
uniformly in a right line. 

Coil.* 3. If the attractions are inversely as the scpiares of the 
distances, the bodies will, ze ith regard to their common centre 
of gravity, describe similar cornc sections about that poizit 
as a focus. 

S9G. Prop. The periodic time of two bodies b, b^, attracting 
cadi other with any forces s^evolving about their common centre 
ff gravity a, is to the periodical time of one (f the bodies 
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revolving about the other unmoved, and describing a similar 
Jigure^ in the suhdiiplicaie ratio of the other body b to the sum 
of the bodies b + 

Let be the orbit described about the centre c (fig. 14.), 
and bV that described about b. Draw the common tangent 
and taking b'd', indefinitely small, draw gd^r', and 
parallel to it bd^'r'^ ; then will bb', b'd^^, be similar parts of 
the similar curves. The times in which the bodies are drawn 
from the tangent bVJ' through the spaces r"d\ with the 
same force, will be as a/b'pJ and -v/bV (art. ^3.^.), that is, 
because of the similar figures GBufo^, gbVb'', as \/gb' to 
Vbb^: or again, since gb' is to bb^ as b to b + b' (art. ilO.) 
the times will be as Vb to v'Cb + b'). But time in rW =: 
time in b'd^, and time in b'b'' zz time in iiV : also the whole 
periodic times vary as the times of describing similar portions. 
Therefore period, time in wh. curve bV : period, time in wh. 
curve bV : : vb : v' (b + b'). 

Cor. Bodies revolving about their common centre of gravity 
desc) ibe^ by their radii vectores^ areas proportional to the times 
of description. 

£97. Fbojp. If two bodies b and nttracting each other 


mutually withfyrces reciprocally proportional to the square (f 
their distances^ revolve about their common centre of gravity g ,* 
then will the principal axis of the ellipse which the body b ffe- 


scribes about the other ^ by this motion^ he to the principnl axis 
(f the ellipse which the same body b might describe about the 
other quiescent in the same periodic time^ as ^(b + b^) to 

Conceive a body to be placed at g, whose attraction upon 
B shall be equal to that of : then, as the attraction varies 
as the quantity of matter directly and square of the distance in- 

versely, we have -- = - 7 --, and therefore zz b'. . Now the 

squares of the periodic times of bodies revolving about the focus 
of an ellipse vary as the cubes of the major axes directly, 
and the absolute forces inversely; therefore, if the periodic 
time be given, the major axis must vary as the cube root of the 
absolute force. Consequently, major axis of ellipse described 
by B about b^^ : major axis of ellipse described by b about at 


rest in the same periodic time : : 


,1. J, 

bV** 


BG** : B'B 


J-dV 


Again, by similar figures, the major axis of b about at 
rest : major axis of b about : : bb' : bg. Therefore, com- 
ponendof major axis of ellipse described by b when both bodies 
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revolve about their centre of gravity : major axis of ellipse de- 
scribed' by B about b' in quiescence in the' same time : : 

: Bc/ : : (/(o , 

Coil, bodies ciUmctmg each other ^ move about their 

covivdiyii centre of gravity^ their motions will be the same as if 
t keg did not attract each oilier^ hut were both attracted with 
the same forces bg a third hadg placed in the centre qfgramtg , ' 
Piiop. Ifti hodg projected in a giten direction he co?»- 
stanllg drawn towards two f red points which are not both in the 
same plane with the miked direction^ U eg ml 

solids in equal times about the right line joining the said 
‘points : and the converse. 

Jiet the , time be divided into any ii umber of equal parts, and 
in tlie first moment let the body describe the line aq. (fig. !• ph 
XIV.); in the second, if not prevented, it would proceed to 
describe the line nr equal to Ag; but at a it is acted on by 
centripetal forces tending to the centres c and b: let these 
forces be expressed by the lines qs, uv, which would be de- 
scribed in consequence of their individual energy, while the 
body would be carried by the projectile motion from a to t. 
Complete the paralielopiped whose sides are the lines qs, q,v, 
QT, the body by the joint action of these forces will describe 
Q,i) the diagonal of the parallelepiped (arts. 64.^17.). But 
the solid Q.CB ax: QCBT, because they have the same base q.cb, 
and the same altitude (for the line ta cuts the plane ciBA in a, 
and TGrraA); also the solid acBTniOCBD, because they stand 
on the same base, and are between the same parallel planes 
Qco, i)T. In the same manner it is evident that equal solids 
will be described in other equal moments of time, round the 
some points. If, therefore, the number of intervals of time, 
and of the right lines aq, qd, be indefinitely increased, the path 
of the body will ultimately become a curve, and the body im- 
pelled by continued forces will describe round the points c, b, 
equal solids in equal times ; and in any times solids proportional 
to ^ the times. ' 

Conversely, if these solids qcba, qcbb, described in equal 
times, be equal, the line td will be parallel to the plane qcb ; 
and therefore the body will be urged by forces QS, qv, tending 
to the. points c, b. ■ ' ' , . ; ■ ; 

Cor. "rite orbit aqd 4'c. is not contained in one plane^ ex^ 
cept in some pcirtknlar cases. For, that the orbit may not de- 
viate from any plane, the forces on both sides of it ought to be 
equal and similarly situated. 
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£99. By means of the law just laid down, philosophers ex- 
plain the motion of the moon and satellites, which are attracted 
towards two principal centres. But it would be incompatible 
with the objects of this Wvork to enlarge here upon these and 
other particulars, connected with the doctrine of attraction and 
centripetal forces. The student who wishes to obtain a pro- 
found acquaintance with such matters should consult Newton’s 
Principia^ lib, 1.; Clairaut’s Theorie de la Lime ; Euler’s 
Theoria Motimm LiincB ; D’Alemberfs sui: dif- 

ferem Points dii Sysieme du Monde; Simpson’s mid 

Tracis ; Dealtry’s Fluxions ; Frisi’s CosmograpMa, and De 
Gravitate Vniversali Corporum ; La Place’s Mecamcine Ce- 
leste ; Vince’s System of Astronomy^ voL £. ; Dawson's paper 
on the Inverse Problem of Centi'al Forces^ in the Manchester 
Mepioirs, 'Vols. 4 and 5, or corrected in Ley bourn’s Math. Re- 
.posltory, Nos. 4 and 5, N, S, and; Poisson’s elegant Traite de 
AIeccmiqiie.r 
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CHAPTER IV. 


ON THE ROTATION OF BODIES ABOUT FIXED AXES;, AND IN 

lillEE SPACE ; WITH THEOREMS RELATIVE TO THE CENTRES 

OF OSCILLATION^ ■GYRA.TIONj PERCUSSION/ SPONTANEOUS / 

■ ROTATION, &C. 

SOO. In demonstrating the chief propositions relative-, to 
rectilinear motion, whether uniform or variable, accelerated or 
retarded, we have either considered the bodies as physical 
points, or we have imagined that the impelling force has been 
impressed, and the resistance exerted, in the direction of a right 
line, passing through the centre of gravity of the body moved' 
and, therefore, that every particle of such body must partake of 
the same velocity as that with which the centre of gravity moves. 
But in Bunieroiis instances which occur- to the mechanist, a 
body or system of bodies is so situated that when any force or 
any nuoiber of forces are impressed upion it, it canoot^ take-' any 
other inoiior! than one of rotation about- a fixed axis, which 'iiiay 
either pass through the body or system, or be at an extremity 
of it : so that the velocity of the constituent raolecuhu of the 
system shall be greater or less according to the greater or less 
distance of any individual particle from the axis about which 
the motion is performed. And in such cases it is necessary to 
call to our aid other considerations than what were required 
when discussing the properties of acceleration and retardation. 

Again, with respect to the motion of bodies at liberty to 
move freely by the action of any force impressed, if any such 
body receive an impulsion in any direction which does not pass 
through the centre of gravity, the motion which will ensue is a 
rotatory one : for if at the same moment a body is impelled 
according to any direction ab (not passing through the centre 
of gravity), an equal and opposite force is exerted upon the 
body, in a parallel direction, CG, passing through the centre of 
gravity, tiie centre of gravity will manifestly be kept at rest : 
nevertheless, it is clear that the other parts of the body will not 
be in a state of quiescence ; because the two forces, though 
equal, are not directly opposite: so that the only motion that 
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the boJy can have, its centre of gravity being at rest^ isr evi- 
dently a motion of rotation about that centre. Now, the fixed 
axis ro*md which a body revolves is pressed by the impelling 
force while it generates rotatory motion ; but the axis being (by 
hyp.) immoveable, reacts equally against that pressure, and 
when it passes through the centre of gravity would, as above 
stated, cause each particle to move with the same velocity, and 
in the direction of the force. Ifi> then, the force which presses 
against a fixed axis in given circumstances be ascertained, the 
motion of the body in free space when the axis is removed will 
be known ; for the latter rnotion will consist of the rotatory mo- 
tion about the axis passing through the centre of gravity con- 
sidered as fixed, compounded with the motion of the centre of 
gravity caused by the foixe now at libet'ty to impel that centre, 
the fixed axis which passed through it being removecL 

When a solid body receives an impulse on any one point, or 
that point is urged in any way by a moving force, it cannot 
move unless the other points with which it is connected by the 
force of cohesion move also (except the force of impulsion is 
sufficient to overcome that of cohesion ; a case which is not 
meant to be considered here). And whatever is the motion of 
any particle, that particle must be conceived as urged by a force 
precisely competent to the production of that motion, by acting 
immediately on the particle itself. The particle immediately 
impelled by the external force is either pressed towards its 
neighbouring particles, or is draw- n from them ; and by tins 
endeavour to change its place the connecting forces are excited, 
or brought into action. We arc but little acquainted with tlie 
nature of these connecting forces : but this is not of much con- 
sequence in a mechanical point of view; for the fact that the 
forces by which the moleculm of bodies act on each other are 
equal is sufficient for our present purpose. 

In the propositions we are about to enter upon, the attention 
will be chiefly called to two objects, viz. The moving force by 
which the revolving motion is generated ; and the inertia of the 
different parts of the system moved. And both the effects of the 
moving force and of the inertia of the particles depend upon 
their distance from the axis of motion, all other things being 
the same : if both these be ascertained the absolute acceleration 
will be determined, and consequently the absolute velocity 
generated in a given time. 

These preliminary observations may be terminated by re- 
siiarking, that since in rotatory motions all the particles of 
a body are supposed to turn together without changing their 
relative positions ; therefore, when a body has made a complete 
rotation, each particle has described the circonifercnce of a 
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circle^ and tlie wliole paths of the various particles will be in 
the ratio of their respective circuiuferencesj or of their radii; 
and the same is true of any portion of a rotation : so that the 
velocities of the different particles are proportional to their 
distances from the axis of rotation, and are not adequate mea» 
sores of the rotatory vdocUy of the body; its proper measure 
is the angle described by any radios' vector of the body in a unit 
of time. 

SOL Prop. If a body revolv? cthoiit an axls^ the particles 
of which that body is composed resist^ by their inertia^ the 
coimyinnlcation of motion to any gwen pointy xoiih forces which 
are as the ])artlcl€S themselves^ a nd the squares of their distances 
from the axis of motion jomtly* 

Let a force f be applied at any point a (fig. 2 . pi. XIV.) in 
order to communicate motion to a system of particles jp, 

&c. revolving at determinate distances round the centre of 
motion c. Let a be such a quantity of matter as will, if con- 
centrated in A, have the same effect in resisting the communi- 
cation of motion to that point, by its inertia, when any particle 
p is removed from the situation p, as that particle would have, 
revolving at the distance pc. Now the effect of the given force 
acting at the point a (in a direction <p a perpendicular to ca), 
to move a body at that point, is to its effect to move a body at 
p, inversely as those distancevS ; or as pc to ac, by the nature of 
the lever :• and if these bodies be moved with equal angular ve- 
locities, their distances from the axis being then (art. SOCi) as tlie 
spaces described in a given time, the moving forces are inversely 
as the spaces described. But taking for a moment the notation 

of art. £ 28 , we there have or Fsa bv*; in which, 

if F a -^5 then will b OC -^: consequently, the quantities of 

matter must be inversely as the square of the velocities; or, in 
the present case, inversely as the squares of the distances from 
the axis; that is, a t p : : pc* ; ac®; whence Ave have a=z 

which indicates that the resistance of the particle p at the 

distance pc is equivalent to the resistance of the mass at 

the distance as. In like manner, taking another particle p', at 
the distance p^c, and a corresponding quantity of matter a' con- 
centrated into the same point A, we shall have the resistance of 
tlie particle y/ at its distance equal to the resistance of the mass 

at the distance ac. And the same may be shown of 
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other particles &c. Consequently, if vve use, as hitherto, 

the character f to denote the whole fluent, or sum of all the se- 
parate resistances, we shall have the resistance of the whole re- 
volving body expressed byy* ~^ % 

Cor. 1. The force which accelerates the foint a of any body 
revolmng on an awis^ to which point that force p is applied^ is 
equal to the product of the force into the square of the distance 
AC, divided by the sums of the products of cdl the moleculm 
into the squares <f their respective distances from c, the centre 
of motion. 

For the mass moved is f the nioving force is : 

but the accelerating force is equivalent to the quotient of the 
moving force by the mass, and is therefore represented by 

‘■t ^ • PC® ‘ 

Cor. % The angular velocity of a system^ generated in a 
tinie^ by any force <p at a, perpendicular to ac, is propor^ 
tional to the rectangle of the force into the distance at whJich 
it acts^ divided by the sums of the products of all the moleculce 
into the squares of their respective distances. 

For the absolute velocity of the point a is as the accelerating 
force, and the angular velocity is as the absolute velocity di- 
rectly and the distance reciprocally ; therefore the angular 

velocity is as f^--~ x or clb <p ^ kc -r f p • pc®'. 

Cor. 3. The angular motion of any system^ generated by a 
•uniform force^ toill be a motion imformly accelerated. 

This is evident, because the accelerating force is in a constant 
ratio to the uniform force 0 . 

Cor. 4. What has been here shown with respect to moleculae 
situated on a right line passing through a centre of motion will 
hold equally with regard to a body or system moving upon an 
axis : for all the particles of such body may be conceived to be 
transferred to the plane in which the axis of suspension cp 
performs its motion, by an orthographical projection, the lines 
of transference being all parallel to the axis of motion; this 
supposition will, it is obvious, neither affect the place of the 
centre of gravity (with regard to the axis of motion) nor the 
angular motion of the body. 
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3053, The preceding investigation has been conducted upon 
the supposition that the forces were each applied in a direction 
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perpendicular to the line drawn from each point of application 
to its respective centre of motion: but the same conclusion 
would result if the moving forces were applied in any direction, 
provided that, instead of these forces, we had taken their equi- 
valents when reduced to the perpendicular direction. As this 
proposition and its corollaries are, however, of great import- 
ance in all that depends upon rotatory motion ; and as the same 
conclusions, when drawn from diffWent methods, strike the 
mind with greater force; we shall here consider the matter in 
another way. . 

Let an axis of rotation pass through c (fig, 4 pi. XIV.) 
perpendicular to the plane of the figure, and let a body fixed 
firmly to this axis be acted upon by several accelerating forces ; 
we are to inquire into the circumstances of the motion pror 
duced. Suppose, at first, that a particle, p, situated at p in the 
■figure, is urged about the fixed axis by a force 0 , applied in the 
direction pu : that force tends to impress upon the particle p 
a certain velocity in the direction pd, yet, in consequence of the 
mutual cohesion between the different moleculge of the body, 
and the connexion of the whole with the fixed axis, the velocity 
can only be produced actually in the initial direction pJ perpen- 
dicular to CP. Drawing, therefore, vcl perpendicular to cp, the 
force (p must be decomposed into tvvo others, in the directions 
pd, PC, of which the one ve will be extinguisbed by the resist- 
ance of the axis, and the other pd has place: where, of conse- 
quence, we have pd=r<j5 cos i)Pd (art. 59.). If, therefore, we 
denote the distance cp ofjj from the axis of rotation by r, and 
the perpendicular distance dc of the force from the axis l3y 

v/e have, in the triangle cpd, sin DPCzrcos DPdr: ; and, con- 

sequently, pd=:<p— . This expression would represent the 

effective accelerating force of the particle p, if that particle 
were alone; but the connexion of this particle with the others, 
and the operation of the forces acting on the latter, change this 
effect: if, then, the arc a be run over at the end of the time t 
by a particle at a unit of distance from the fixed axis, ar will 
be the arc described in the same time by the particle p; so 
that the velocity, and the effective accelerating force, (art, ^32. 

I. VI.) of this latter will be 7'-4-5 and r •^ respectively. 

t ■■ ' . ■ 

Now comparing this force with the former, and observing 
that they are both directed in the same right line, we may have 
recourse to the principle of Alembert, stated in art. £67. 

Tlie accelerating force — which is impressed in the direction 
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of the initial motion, must be decomposed into 
r • effective accelerating force. 

0 a f accel. force destroyed by the action of 

^ "IT * * c the other powers in the system. 

In like manner we may proceed to investigate the effects of 
other forces &c. acting upon the moleculse &c. 

(whose distances are r\ &c.) in tiie directions &c., 

and at the distances S‘'V&c. the expressions being the same 
with the letters accented similarly : the whole^ therefore, will be 
in equilibrio when impressed by the movii^g forces 






rV, It fp” 


' r ■ ‘ ' r; • ^ p ^ 

Now as the system is attached to a fixed axis, only one 
equation (art. 98 .) is necessary to express the state of equili- 
brium. And, if we suppose that the forces &c. are 

parallel to the plane of the figure, or perpendicular to the plane 
of rotation (and they may all be resolved to such planes by an 
obvious process), it will be merely requisite to make the sum of 
the moments of the powers (art. 60 .) ^yith respect to fixed 
axis equal to nothing. Here, that of the first force iviil be 

^ and the moments of the other forces will be ex- 
pressed in the same manner, adding the accents. Thus, then, 
W'e shall have 


-f &c. r: 4 - &c.)— 

Or taking the character J ' as before, and denoting the angular 
velocity by u, we shall have f A- f : whence, 


= / 


Hence, if the quantity /r^jp, which is the sum of the pro- 
ducts of the several moleculse into the squares of tlseir respective 
distances from the axis, be called the momentum of inertia^ and 

-7- be called the angular accelerating force^ the equation 

ust given may be thus stated in words at length : 

The angular accelerating force is the quotiejit of the sum of 
the momenta of the momng forces^ or (art. 60 .) of* their result- 
ant^ divided by the momentum inertku 
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303. From the above eqiiatioii we may readily obtain an ex- 
pression .for the angular velocity. For (art. 23^. II.) (p 


&c.' give J*<pop : 


“h&c. whence we have 


have ; and, taking the fluents, 

^ ^ + &C. ^ 

+ ,/tjy 4. ^ r^J} * 

From which it appears that cor. 2, art. SOI. is not confined to 
a single force; but may be extended to as many forces as we 
pleasOj and applied to the body in any directions whatever. 

S04. As to the part Te of the force (p^ which operates as a 
pressure upon the fixed axisj and is entirely destroyed by its re- 
action, it may be easily determined. For cos npc^ and 


■ ; therefore^ cos dpc 




consequently, 

And the same may be shown with regard to the effect of any 
other forces &c. upon the axis of motion. 

305. Def. The centre (^oscillation is that point in the axis 
of suspension of a vibrating body in which, if all the matter of 
the system were collected, any force applied there would gene- 
rate the same angular velocity in a given time as the same force 
at the centre of gravity, the parts of the system revolving in 
their respective places. 

Or, since the force of gravity upon the whole body may be 
considered as a single force (equivalent to the weight of the 
body) applied at its centre of gravity, the cent7-e of oscillation 
is that point in a vibrating body into which, if the whole w^ere 
concentrated and attached to the same axis of motion, it would 
then vibrate in the same time the body does in its natural state. 

CoE. From the first definition it follows that the centre of 
oscillation is situated in a right line passing through the centre 
of gravity, and perpendicular to the axis of motion 

306. Prop. If u boch/ vibrate abend an aa!is by the force 

Since, according io tlie former of these definitions, the centre of oscillation is a 
definite point, and according to the latter it is variable; it might, perhaps, be better 
to say, that a body has a centre of oscillation when it is attached to a centre of motion, 
and has a Vine of oscillation wlien it moves upon an axis ; the Bne of oscillation in the 
latter case being parallel to the axis of motion. But this is morel v hinted by the way, 
and not introduced into the text. 
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of gravity^ the distance of the centre of oscillation frmn that 
axis is equal to the quotient arising from dividing the sum of 
the products of each particle into the square of its distance from 
the axis^ hy the 'product qftlie mass or body into the distance of 
its centre of gravity from the axis. 

Let AB (fig. 3. pi., XIV,) be a plane passing through the 
centre of gravity o of the body perpendicular to the axis of 
vibration on which the body is orthographically projected; c 
tbe centre of motion of that plane, or of the whole body re-« 
duced to that plane ; o the centre of oscillation in the line oa 
produced, and p, p, &c. the constituent molecular of the body 
thus projected. Through c draw cx parallel to the horizon, 
and upon that line demit the verticals or perpendiculars pJ, 
p'dy Gg, 00, &c. Now since the angular velocity of the 
several particles is not changed by this projection, we have 
p - pc^+p^ •pt*^+&c.=: fp • pc% the momentum of inertia of 
the whole body b, while b • oc^ will express the momentum of 
inertia of an equal body concentrated into the point o. And 
since the force of gravity acts in the parallel directions pJ, 
f dy &c. we shall have (p ‘ p • • p^ • d'c4-&c. for the eflect 

of gravity to turn the body about c, by the nature of parallel 
forces, and this is equal to ^ * b • cg ^ by the nature of the centre 
of gravity (art. 108,). And if b were concentrated in the point 
o, then would • B, • co be the accelerating force of gravity 
to turn the body about c. But, that the same angular velocity 
may be generated in both cases, the quotients of the accele- 
rating forces with respect to c, by the momenta of inertia, must 

be equal (art. 301 . cor. S, 308 .), that is, ^ , 

whence oc® r: ^ ■' — . Now, the triangles cog, 

COO beinff similar, we have ~ zz — : hence, substituting the 

o y CQ, C,§' , 

former fraction for the latter in the preceding value of og% it 
becomes oc‘^zz— : consequently 

■ ■ ■ B« CG 'B • 'CG* 

This expression, being independent of the line cx, will con- 
tinue the same for all inclinations of the line co; so that the 
centre of oscillation o, thus determined, is a fixed pointy agree- 
ably to the definition. 

Cob. L Hence any body ab, suspended at c, and vibrating^ 
may, so far as regards the time of vibration, be considered as a 
simple pendulum tohose length is co. 
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Goit, % That CO may. he the equimlent pendulum, and o 
the centre of oscillation, o must he in the line CG-^ otherwise it 
would not rest in the same position with the body, when no 
force was keeping it out of its vertical position. 

CoR. 3, If a body be turned about its centre of gravity in a 
direction perpendicular to the axis of motion^ the place of the 
centre of oscillation will remain unaltered. For the quantity 
fpr"^ will be not at all affected by such a motion of the body. 

Cor. 4. The distance of the centre of gravity from that of 
oscillation (if the plane of the body’s motion remain unaltered) 
will be reciprocally as the distance*' of the former from the point 
of 'suspension. ■ , If ' therefore, that distance be foimd when the 
point of suspension is in the vertex, or so situated that the 
operation may become the most simple, the value thereof in 
anij other proposed posUio7i of that point will likewise he given 
by one single proportion. 

Cor. 5. The product of the distances of the centre of 
gravity, and that of oscillation, from the axis of motion, is 
inanifestly a constant quantity for the same plane of vibration. 
If therfore, the centre (f oscillation be made the point of 
suspension, the p^oint (f suspension will become the centre of 
oscillation‘s. 

Cor. 6. Hence also, f upon the plane of vibration passing 
through the centre of gravity of any body, two concentric circles 
he described, having the common centre q, and radii oc, Go, the 
body suspended from any point in the periphery qf either circle 
zoUl 2>e7 form a7i oscillation in the same time. 

Some other corollaries depending upon the relation sub- 
sistiog isetween the centres of oscillation and of gyration will be 
given after we have treated of that centre : when also we shall 
apply the propositions to the determination of these centres in 
various bodies. Previous to this, however, we may here show 
how. 

307. To find the distance of the centre qf oscillation from 
the point of suspension experimen tally. 

Suspend the body proposed very freely by the given point, 
and make it vibrate in small arcs ; then count the number n of 
vibrations it makes in a minute, by a good stop-watch, applying 
when necessary the correction indicated in arts. §69, §70; 
so shall the distance CO of the centre of oscillation and point 

of suspension be denoted by-^— For the length of the 

* Capt. Kater has very ingeniously applied this property to the actual determina- 
iion of the length of the second’s pendulum. Sec Phil. Trans, for 1818. 
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simple second ponduliim being inches nearlys and t he lengths 
of pendulums being reciprocally as the square of the number of 
vibrations made in a given time ; therefore : 60^ : : S9| : 

- s the length of the simple pendolum which 

oscillates n times in a minute, or the distance co in the com- 
pound pendulum. 

Or 89|- = CO, t being the time of one vibration in an in- 

definitely small arc. 

Or, two-thirds of the length of a thin cylindrical rod, sus- 
pended at one end, and vibrating in the same time as the body, 
will give co; the reason of which will soon appear. 

808. Prop, m a compound pendulti}% consisting of seve7'al 
bodies revolving about a common accis^ tlie centre of oscillation 
may he determined by this process : add together the several 
p?^oducts of each mass into the dista7ices of the respective 
eefitres of oscillation cmd gravity from the axis qf‘ nnotion^ a7id 
divide the sum by the product of the whole sysie7)i mto the di- 
stance of the common centre of gi^avity from the axis of motion ; 
the distance of the centre of oscillation from the same axis will 
he represented by that quotient. 

For it appears from art. 306. that with respect to any body 
B in the compound mass, n: b • co • ca; and again, with 
regard to another body b' in the same system fp7'-:=zB’*c&* 
and so on; consequently s- /'b»co-cg; that is, 
the sum of all tlie in the whole pendulum is equal to the 
sum of all the products in each part of the pendulum, wliich 
arise from multiplying each part into the product of the di- 
stances of its centres of gravity and of oscillation from the 
common axis of motion. If, therefore, this latter sum be 
divided by the product of the compound mass into the distance 
of the common centre of gravity from the axis of motion, the 
quotient (art. 806.) will be the distance of the centre of oscilla- 

tion from the same axis : for ^ — - — a : whence co = 

yB«CO*C(3 B*CO.CG 

as well with respect to the compound mass as to anjr of 
its constituent parts. 

309. Def. The eenU^e of gyration is that point in which, if 
all the matter contained in a revolving system were collected, 
the same angular velocity will be generated in the same time by 
a given force acting at any place as would be generated by the 
same force acting similarly in the body or system itself. 

When the axis of motion passes through the centre of gra- 
vity, then is this centre called the principal centre of gyra- 
tion. 
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31 0 . Yjioi\ If* the sum of the products Jbrmed by multi’- 
•phjing each particle of a system Into the square of its distance 
from the a ms of mot that isr if the momentum qf* inertia 
he divided by the mhole mass^ the square root of the quotient 
7ciU he the distance of the centre of gyration from the axis 
of motion* 

For, if CR be the distance from the axis of motion to the 
centre of gyration, the expression for the angular motion 

;or (art. 301. cor, will be transformed to ; 
and these by the def. must be equal. Consequently, b.cr“ 


f and cn, r.: \/ 




Cor. 1. The distance of the centre of gyration from the 
axis of motion is a mean jjroportional hetxmen file distances of 
the centres of oscillation and gravity, from the same axis* 

For CR- rr while co rz ; therefore co*CGzz zz 

K ^ E*CG B 

cit'jaod CO : CR : : cr : cg. (Fig. £..pL XIV.) 

Goii. 2. The dutance between the centre of gravity a?id 
principal centre (f gyration is a mean qyroporilonal between the. 
distances of the centres of motion and oscillation, from the centre 
of gravity. 

For pc’^rzpo'^+GC- i^pG-GC ; therefore, by art. 307, we have 

But from the nature of the centre 

of gravity, //>PG on each side of g are equal, and because Scg 
is constant, 7 =b5>PG • gc = 0. Also, because^/ p • gc-=; b • gc-, 


we have oc zr GC + f - 


p • PG- 


and OGrZzf- 




whence this 


corollary is manifest. 

Cor. 3, The time in zchich a body vibrates xoill he the least 
possible xohen the axis of motion 2 Msses through the principal 
centre of gyration* 

For ii‘ n and yZ represent the distances from the centre of 
gravity to the point of suspension, and to the centre of gyration, 

it will be D : i>+f/ : : n j- J tine distance from the point 

of suspension to the centre of oscillation (cor. L), and this latter 
expression will obviously be a minimum when o=d* 

Cor. 4. If we wish to know what quantity of matter m must 
be placed at any other distance AC from c, so that the inertia 
may remain the same, we must have aO”»mzzcr^-b, whence m 
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Cor. 5, And, for a like reason. If any number of bodies 
B, b', b'', be put in motion about a common axis passing 
through c, by a force acting at a, the system will have the 
nsame angular velocity, if, instead of those bodies placed at the 
distances cb, cb^, cb", there be substituted bodies equal to 


CB * , 


cb'''-* 

C.V^ 


-- b'', all concentrated into the point a. 


SCHOLIUM. 

81 L Kaving now demonstrated the chief properties of the 
centres of oscillation and gyration, we may apply them to a few 
examples of finding the position of those points in bodies of 
given shape. And, first, let us speak of 


THE CEXTllE OF OSCILLATION. 

I. Let CP (fig. 2. pi. XIV.) be a right line, or very slender 
cylinder, moving freely about its extreme point c as a centre of 
suspension. 

Then, if CA, considered as variable, be denoted by the 
force of X particles at a will be defined by : its fluent, there- 
fore, that is, denotes the momentum of inertia of all the 
particles in ca ; and this, when ca becomes equal to cp, will 
be J-ciA In this case, too, the body Bncp, and cor=|cp: 

consequently (art. 806.) - 


:VCP*Cr 


f C P ® 


tcp ZZ CO. 


the distance of the centre of oscillation from the point of sus- 
pension. • 

Coe. In a line cp of uniform thickness, but the density of 
whose particles mc7'eases as their distance from c the point of 






•?ra’3 


(wheii^sr: 


suspension increases, w^e have co : 
cp) |cp. 

II. Let the point of suspension of the slender cylinder op be 
s, to find the centre of oscillation. 

Put CP zz iJ, cs z=^, pszz:w— and so r: a?, then (^y x v 

will express the fluxion of all the pr^ in cp, while (v — y),v 
represents the fluxion of the product of b*cg. Hence ^zz 

/• 


2u* 


(v-y)^v 

taken in any ratio to each other. If ^=0, or c and s coincide. 
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then r: w n-lcp, as in the preceding example. If 
then also A7z=fi5=:|cp; in which case o and i* will coincide. 
So that, whetlm^ a mry slender cylinder be suspended at one 
end, or at -L of Us length, its mbrations will be performed in the 
same time, (See art. 306. cor. 5.) When then <i:r=QO , 

or the centre of oscillation is at an infinite distance ; the tendency 
to oscillate will then cease, and if any extraneous force produce 
motion it will he completely rotatory • 

Coil. When the vibrations are to be the quickest possible 

-6*'y?y + , , . . n i • 

— must be a minimum; or its iiuxion making y 

variable rzO, Hence {i^yy — 6ry)*(3i) — ^y) — — &Dy -f 6y") 

r:0, and^rzA^:; When s is taken between a and g 
the negative sign manifestly obtains, and y:=:{v (1 — >v/|-) 

.M. 

Hence it appears that the time of vibration of a slender 
cylinder (however short) with a moveable point of suspension, 
may be made to increase from the time assigned by the 
miniraum' lioiit, up to infinity: -and the like would obviously 
obtain with respect to a wire with a sphere at each end; 
though the absolute time of vibration would not be the same 
with as without the balls. (See the general results at the end 
of this article.) 

HI. Let ACB (fig. S', pi. XIV.) be an angular pendulum, 
composed of two thin cylindric wires ac, cb, vibrating upon 
the point of suspension c, in the plane of the figure. 

Bisect AC, and cb, in g, y, and bisect in o, so shall g, y, a, 
be the centres of gravity of ac, cb, and of ac - f- cb. In this 
instance we may have recourse to art. 308. Denote AC or cb 
by a, and the natural secant of angle acg—^acb, by s; then 
0 and 0^ being the centres of oscillation of the separate masses 
AC, cb, we have (ex. I.) and by trigonometry, 

^ . 1 . . .1 . ^ - ac.Jac*|ac + cb.^cb-|cb 




Hence we have 


(ac + cb) . 


Cor, 1. Since co varies with the secant of I-acb, it follows 
that the time of vibration of the angular pendulum may 
be increased sine Umite, while its length remains constant; 
the time of vibration depending upon the magnitude of the 
angle aco. 

Cor. 2, When the angle aco vanishes, or ac and cb coin- 
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ckle tbronghout, the time of vibration will be equal to that of 
a simple pendulum whose length is fAc: when ago is a riglit- 
angle, the time of vibration is iniiiiite^ or the pendulum rest 
upon its centre of gravity in all positions. 

Cor. 8. Hence if AoncB be given, and the time of vibration, 
he angle ACE may readily be found : for the above expression 


'' Sco . . , ' 

CO gives srr 

^ . 2a 

Thus, If AC rr 15 inches, and the time were 1 second, co 
wx>uld be 39|- inches, and a* sec of 114^ nearly : 

hence ACB=: 150^ £8^. 

If, while AC =15 iKches, the time of vibration should be 5 

75 X sa-i 


seconds, then co=£5x89|-, and st 


:97-81£5=secof 


consequently acb=: 178^ 49F nearly. 

IV, Let the solid formed by the rotation of the curve v?; 2 m 
about its absciss va vibrate about an axis passing through c ; 
to find the centre of oscillation. 

Put GvnJ, the variable absciss vair a’, its coiTesponding 
ordinate am:::y^ VA=a, AM=r, 8T416='72'; then, as may 
easily be shown (tlioiigh that part of theinvestigation is omitted, 
to save room,) the sum of the products of each particle in the 
circle nm into the square of its distance from the axis = 
ca^ + 4- Plence ntx x 

[ {d -f + 4 ^^] js the fluxion of the sum of all such 

products for the whole body. Consequently we shall have 

X ((cZ + iTX?/^ + :p/4). 

. ■ CO ^ r-TT*.Tr.r^.r^-:.,-r,.L.^r™>: ■. - 

, 3?*CG ■ . ■ ■ . , 

V, Let the general theorem in the preceding example be 
applied to the case of the cone whose vertex is v, and radius of 
its base am. 

■X . 


In this case vmu will become a right line, so that a: r \ 


y- 


-ouzz-nx^ putting Hence f'lix x + 

{d -f xY -p + ^itd 

But, by the rules of mensuration, the body 
(art, 1£4 g) vo iz whence cg = cZ 4“ 

B ‘ ca zr -'ndn^x^ + ^7 which dividing the 

precedent fluent, there results co = — — — ; 

which for the whole cone when xzza^ and nxzzyzzr^ is trans- 
formed to this ; ' 
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CO 


4* 12a® + 3r® 


20rf4l&a 

Cor. 1. When c coincides with V, or the cone is suspended 
by its vertex, d vanishes, and the expression becomes 

4a® + r« , , y® 

Corrvor;, — - — —4^4- 

ba ^ * da 

Cor. 2. If, when d vanishes, r be r: then will co s: a. 
Consequently, if a right-angled cone he suspended at its mrtea\ 
its centre of oscillation zoill coincide teith the centre of its base^ 
and the cone will vibrate m the same time as a simple pendulum 
■\whos£[ length is equal to the altitude of the cone. 

Remark. The conclusion in the last corollary flows also 
very naturally from the geometrical method of finding the 
centre of oscillation of a cone suspended at its vertex; which is 
this; Bisect the radius of the base (fig. 7 . pi. XIV.), in f ; 

Jom YFj and male iFrz^-^F ; then 10 drawn perpendicular to 
VF teill meet va or va produced, in o, the centre (f oscillation. 

For VF = ai^d vi But the tri- 

angles VAF, vio, are similar, therefore va : vf : ; vi : vo, that is, 

12 : aV+:^/’® : — — =:vo, which is 

the same expression as in cor. 1. 

When o coincides with a, we have (fig. 8.) vi ; 10 ; : 10 : 

IF ; : VA : af. So that 10 = * m ^ V4if'. ip 2 xf ; there- 
fore, VA =: 2af, and consequently va =: by construction ; 

which agrees with cor, 2. 

Cor. S. When V a is less than ax, o falls below a ; and when 
VA is greater than an, o falls above a. 

Cor. 4 . From the above it likewise appears, that if cones be 
made to vibrate as pendulums, about their vertices as points of 
suspension, the time of vibration may be increased sine limite^ 
while VN, the slant side of the cone, remains constant. In 
practice, however, this cannot be carried so far in conical pen- 
dulums as the similar thing in angular pendulums, noticed in 
cor. 1. exam. III. 

Cor. 5. Whether a right-angled cone be suspended at its 
base or its vertex, it will vibrate in equal times (art. S06. 
cor. 5.) 

These examples must suffice as general specimens of the 
method of finding the centre of oscillation : we shall here add 
the results of other investigations in some of the most useful 

cases. 

In surfaces when the vibration is flatwise, or perpendicular to 
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tlie plane of the figui'c, ,the distance co of the centre of oscilla- 
tion from the point of suspension will be as below : 

In an isosceles triangle suspended at its vertex, § the altiiude. 

In a circle suspended at its circumference, f the radius. 

Ill the common parabola suspended at its vertex, the axis. 

Um -h 1 ■ ■ . 

Any parabola, ditto 3^ ^ 

When the surfaces are moved edgewise, or in the plane of the 
figure; then 

In a circle, f of the diameter. 

In a rectangle suspended by one angle, § of the diagonal. 

In a parabola Its vertex, f axis + ^ param. 

Ditto middle of base f axis + ^ param. 

In a parabola whose distance co shall equal its axis, we have 
baser:^ axis v'^^^=axis x 1*85164. Such a parabola will ma- 
nifestly vibrate in equal times whether suspended at its vertex, 
or at the middle of its base. 

In an ellipse whose minor is to its major axis as 1 to v'B, if 
the point of suspension be at one extremity of the minor axis, 
then, either the ellipse or any zone or segment of it, bounded 
by a line or lines parallel to the major axis, will have cozr minor 
..axis* 

In an isosceles triangle — , where fljzzalt. and h zzj base ; 

and if azib or the A right-angled at the vertex, con a, as in 
the right-angled cone. 

In a square pyramid whose altitude is a, and side of its base 
£5, CO zz±a '\ — the vibrations being performed in vertical 

planes parallel to that passing through a side of the base. 

If a sphere whose radius is r, be suspended at the distance d 
from its centre, then is ^ the distance from the point of suspen- 
sion to the centre of oscillation If the point of sus- 
pension be at the extremity of a radius, then When 

i and r are given, we have ± ; whence we learn 

that a sphere may be suspended at twt> different distances from 
the axis of motion, and yet vibrate m the same time. When 
the radical expression vanishes, and dzzl^zzr 
-6SS495 r is the only value of d-^ the point of suspension being 
then the centre of gyration, and which varies with the time 
of vibration, is a mmimum. 

If the weight of the thread is to be taken into the account, 
we have the following distance between the centre of the ball 
and that of oscillation, where b is the weight of the ball, d the 
distance between the point of suspension and its centre, r the 
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radius of the ball, and w the weight of the thread or wire, 
GO =:-^ — ® expressed m terms of 

SB considered as a unit, tlien go =:-Si. 

If two weights w, w^ be fixed at the extremitiGs of a rod 
of given length ww', c being the centre of motion between w 
and w^; then if d=ow, i> :r cw', and m the weight of an unit in 

length of the rod, we shalMiave con ^ ; the 

radii of the balls being supposed very small in comparison with 
the length of the rod. 

In the bob of a clock pendulum, supposing it two equal 
spheric segments joined at their biases, if the radii of those bases 
be each zzf, the height of each segment t?, and d the distance 
from the point of suspension to a the centre of the bob, then 

is GO = ; which show's the distance of the centre 

of oscillation below the centre of the boU 

If r the I'adius of the sphere be known, the latter expression 

becomes go =: — - In a solid of this form if dr:40 

inches, rr:6, then will go = the centre of os*- 

^illation will fall about of an inch below the centre pf 
gravity. 


THE CENTRE OF GYRATION^ 

312. Ex. L Let a slender rod whose length iscP3:Z.(fig, 2.) 
revolve on the point c ; to find its centre of gyration. 

Let any variable distance CA=jr; then will the general ex^ 

.pression for (art. 310.) y become y'— ^ 

when JT izi, gives crz= 

The same conclusion may be deduced from cor, 1. art. 310. 
.and ex. 1. art. 311. For CGzufl^ and co=|./; consequently 

Ex. IL To determine the centre of gyration in a circle, or in 
a circular wheel of uniform thickness, so .that its weight may be 
.as its area. 

Let ir =z3*1416, and r the radius of the circle ; then is 
4he area.of the circle,; its fluxion is ; and therefore 
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/’2'irrV. Consequently == r v'l ~ =: 

B 2nrr 

*707107r=:::cR; the distance from c the centre of motion, to r 
the centre of gyi'atipn. The same evidently holds for a cylinder 
turning on its axis. 

Ex. in. Let ABOE, and aide (fig. 9. pi. XI V.), be two con- 
centric circles whose respective radii are r, r if the plane or 
solid wheel abed be taken away, and the ring ABDEa&&, re- 
volve about an axis passing through c perpendicular to the 
plane of the figure, it is then proposed to determine the di- 
stance CE. 

Here — ^rr^rithe area of the annulus, the fluxion of which 

is StfRR, R being supposed variable : consequently is the 

fluxion of all the pr*‘. And by the general rule we have CR== 

,./’*2jrR3R , r 4— r4 

— 

TTii’ — Tcr'^ 2r®-— 

CoR. 1 . When r vanishes, or the ring becomes a circle, we 
liave cR=:Rv'i, as in the preceding example. 

Cor. The sectors cab^ cab, being to each other as the 
areas of their respective circles, if be put for the correspond- 
ing part of the circumference, the same result will be obtained 
with respect to the sectors as to the whole circles ; so that if 
the part ab5<x revolved about the centre c, its centre of oscilla- 
tion R^ would be determined by means of the equation cr^= 

^ r4— 7*4 
2a2— 2fa* 

Ex, IV . To find the centre of gyration of a cone which re- 
volves about its vertex. , 

.Here we may again have recourse to cor. 1. art. 310, For 
we know that vc, the distance from the vertex to the centre of 

gravity, is=|a (art. 124); and vo=:|a+£-(ex.v.art.311.). 

Hence vr = v/(vg-yo) = v/ 

CoR. When aizr, as In the right-angled cone, we shall have 
VR=;t^/( v3 = -86602d2. 

The results in a few other useful cases are as follow ; 

In th« periphery of a circle revolving about the diara...CR=s=rad Vi. 

In the plane of a circle ditto... CB=^rad. 

In the surface of a sphere... ditto... cr= rad Vf. 

ifa a solid sphere .,.....,....ditto...CRt=rad r nearly. 

In a cone the axis...CR=7* *.54772 r. 

In a paraboloid ditto.. .CB=r *57735 n 

In a straight lever whose arms are b and 5, the distance cr » V— — / . 
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If the matter of any gy rating body were actually to be placed 
as if in the centre of gyration, it ought either to be disposed in 
the circumference of a circle whose radius is cr, or into two 
points R, diametrically opposite, and at distances from the 
centre each zzGR. 

For a practical method of finding the centre of gyration, see 
art 314. cor. 3. 

313. Prop. Whm a pendulum is at resty lady impinge 
on it in a horizontal direction^ the same velocity will be carmrvw- 
nicated to the point of impact^ as i/^the mass of the pendulum 
were remmed^ and instead of it an equivalent mass were concert- 
treated in the point of impact^ the quantity of the equivalent 
onass being to that (f the pendulum in a dup ticate ratio of the 
distances of the centre of gyratim and the point of* impact 
^from the axis of motion, . 

Let CADE (fig. 10. pi. XIV.) represent a pendulum whose 
axis of motion passes through c, and let any impact be Im- 
pressed upon the point p, in an horizontal direction, and per- 
pendicular to the vertical plane abcd, the pendulum being at 
rest. Let q be the quantity of matter which being concen- 
trated in p, the same angular velocity will be communicated by 
the impact, as when b the whole body is concentrated into its 
centre of gyration r. Then, since the resistances arising from 
the inertia of the two masses at their respective distances must 
be equal, in order that the angular velocities may be equal ; we 
must, as in cor. 4. art. 310. make b • CE^ira * cp^ ; whence q 


CB.2 



Cor. Hence v, the velocity of the impinging body i, may be 
determined. For, let v be the velocity communicated to the 
point of impact : then, by the laws of the collision of non-elastic 

bodies (chap. v. art. 343.), i : i-f-Gt : : n : vzz^j To de- 

termine measure the arc described by o, the centre of oscilla- 
tion in its ascent after impact ; and call its versed sine 5 , then 
(arts. £43* £63.) the velocity of the centre of oscillation at its 
lowest point =: \/^gs : whence, the velocity of the point of im- 
pact rr ^V^gs. 
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On the principles developed in this proposition and corollary, 
the celebrated mathematician Mr. Benjamin Robins founded 
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thd use of his ingenious contrivance, the BaUistk Pendukimy 
for ascertaining the velocities of military projectiles. (New 
Principles of Gunnery, prop. 8^) This machine consists of a 
large block of wood anne:^ed to the end of a strong iron stem 
having a cross steel axis at the other end, placed horizontally, 
about which the #hole vibrates together. When the machine 
is at rest, a ball discharged horizontally from a piece of ordnance 
strikes and enters the block, and causes the pendulum to vibrate 
more or less according to the velocity of the projectile ; and by 
the extent of the vibratidn the velocity of the ball at the time 
of the impact becomes known. A more minute and particular 
description of this instrument may be seen in Dr. Hutton’s 
Tracts. See, also, our volume, art. Ballistic pendzil urn. 

314. Pnop. Ifmotimt he communicated by a hanging weight 
to a system revolving on ajiw.d axis passing tJizvugh the cezitre 
oJ‘ gravity y and the moving force act always at a given di- 
stance from the axis of motion^ it will generate in the revolving 
system the same motion as the weight would acquire in the same 
time by falling freely by its gravity from a state (f quiescence. 
Let BOB (fig. 11. pi, XlVd represent a body or system 
moveable upon a horizontal axis passing through its centre of 

g ravity o ; let^ n be the centre of gyration, p the weight of the 
ody which gives motion to the system whose weight is w, by 
means of a cord pc?c wound round the circumference dcE. If 
GR be denoted by r, and cd by c/, the inertia of the whole sys- 
tem will be equivalent to the weight w uniformly diffused 

througli the periphery dcE, every point of which manifestly 
moves with the same velocity as p. The moving body p be- 
ing supposed either destitute of inertia, or incomparably less 
than the weight of the system, the accelerating force ^ will be 

^ ; consequently in the time t^ the velocity generated will be 
— multiplied into the quantity of matter* 

gives for the whole quantity of motion generated. But 

if p were to descend by the force of gravity, it would acquire, in 
the time the velocity gt (art. 243.) ; which multiplied into the 
quantity of matter p, produces the same quantity of motion 
as before. 

Cor. L Hence it follows, that the permanence of motion, 
estimated by the product of the quantity of matter and velocity, 
obtain^ in bodies which revolve on fixed axes* 

Can. 2. if p be supposed to possess inertia, the quantity 
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must be added to the denominator of the fraction expressing the- 

accelerating force, which will then become Calling 

this fraction and substituting^ for g in the formulae of pa. 
199, they may be applied to this class of motions. This ex- 
pression leads also to a useful practical purpose, explained in 
the next corollary. 

Gor. 3, To find ihe centre of gyration in amy system experi^ 
mentally. Suppose s to be the space described by the weight f 
descending from rest (as in the prop.) in t seconds: then the 
accelerating force being as in cor. £. we shall have 

; whence we obtain r = V ; in which equa- 

tion, if the numerical values of d, p, w, as resulting from the 
experiment, be used, r becomes known. 

315. Prop. Let the body db (fig- 11. pi. ^lY ,\ xohose centre 
of gravity o is the centre of the circle CEd, he attached to a 
fixed point a by means of a cord Acnd, wound about end as an 
axle; and let o be the centre qf oscillation when c is the point 
of suspension or momentary centre of motion of the body ; then^ 
if while the body descends by the force of gravity, it is made to 
tarn round by the ummiding qf the cord acecI, the space ac- 
tually descended by ihe body is to the space described in the 
same time by a body falling freely y as co to co. 

Through the point of contact c, and the centre of gravity g, 
draw the horizontal line ggo, and suppose the motion of the 
body to commence when these centres are so situated ; then 
(art. 305.) the angular velocity of the body at such commence- 
ment of its motion will be the same as if the whole were placed 
at o ; and if a body were placed in o, its initial velocity would 
be the same as that of a body falling freely. Drawing there- 
fore, ego indefinitely near cgo, and the small arcs oo, Gg*, ' hav- 
ing the common centre o, we shall have, veloc. of o : veloc. of 
G : : 00 : Gg* : : oc : GC ; but the velocity of the descending body 
is that of its centre of gravity ; therefore, velocity in free de- 
scent : velocity of body : : oc : gc. Now, since the points c, G, 
o, are always in a horizontal line, and the radius cg is given 
as well as the distance co ; the velocity of a body falling freely, 
and of the body unwinding from the thread, is always in the 
ratio of co to cg; and consequently, when co to cg is a con- 
stant ratio, the whole spaces described in a given time will be 
as stated in the proposition. 

Cor. 1. The xocight of the body db, to ihe tension (ftlie~ 
cord AC, as co to go. 

For, if the body were supported at o as well as c, g bciilg the‘ 
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cemtre of gravity, or estimate place of the body, we should have 
^art. 133. cor. 6.) weight of bb : pressure at c : : co : go. But, 
if the point o be set free, the force acting there will generate a 
motion about c, whilst the pressure there, and consequently 
the tension of the cord, will be neither increased nor di- 
minished. 

Cou, ^^. This motion of ' the body be, by unwinding the 
thread is unuformHy accelerated^ and the tension the cord is 
imariable through the whole descent. 

Cor. 3. If' any body whose transverse sections are circidar 
run down an inclmed plane^ while the cord or riband cEd U 7 i^ 
folds ; or if such round body roll down an inclined plane^ being 
hindered by friction from sliding : the space it describes in any 
time is to the space described by a body sliding down freelu 
without friction^ as cg to co. 

^ tor the forces which generate the motions are both decreased 
in the same ratio ; that is, as the absolute gravity to the relative 
gravity upon the plane; therefore, the spaces described will, in 
either case, remain in the ratio of cg to co. 
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The force by which spheres,, cylinders, &.c. are caused to re- 
yol’^ as they move down an inclined plane (instead of sliding) 
is the adhesion of their surfaces occasioned by the pressure 
agaii^t the^ plane: this pressure is part of the body **8 weight; 
for the weight being resolved into its components, one in the 
direction of the plane, the other perpendicular to it, the latter 
^ the force of the pressure ; and, while the same body rolls 
down the plane, will be expressed by the cosine of the plane’s 
' Hence, since the cosine decreases while the arc or 
angle ^ increases, after the angle of elevation arrives at a certain 
magnitude, the adhesion may become less than what is necessary 
to make the circumference of the body revolve fast enough ; in 
this case the body descends partly by sliding and partly by 
the same may happen in smaller elevations, if 
ttie body and plane are very smooth. But at all elevations the 
o y may be made to roll by the uncoiling of a thread or ri- 
band wound about it. 

fn elevation is er, and the friction be supposed 

oveT^tL on.another plane where the spaces passed 

over by the shding and rolling motions in the same time shall be as « : I, the elevation 

^ will be known by means of the formnln .In ^ 


Will be known by means of the fortmila sin e 
bourn’s Kepository» yoL ii. part !?* p, 0, 


V[9 cos^ + (2n -f 3)2 sin %]' 
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S16. If w denote the weight of body, 5 the space described 
by a body falling freely, or sliding freely down an inelmed 
plane, according as the supposition is that in the prop, or in 
cor. S. then the spaces described by rotation in the same time 
by the following bodies will be in these proportions. 

1. A hollow cylinder, or cylindrical surface, tension 

of the cord in the first case zzfw. 

In a solid cylinder, s-:| 5 , tens. zz^w. 

S. In a spheric surface, or thin spherical shell, tens- 

=:|:Wv ' 

4 In a solid sphei^e tens. 

Something of the same kind as we have stated in the pro- 
position obtains in common pendulous bodies. Aballhungby a 
fiexihle thread not only oscillates^ but also maJces part q/‘a rota- 
tion ; whence its oscillations differ from those of a heavy point 
hanging by the same thread. The curious reader who wishes 
to see how oscillations of this nature are to be determined, 
supposing the arcs described to be very small, is referred to 
.Bezoufs MechanicSyavt, 73^. The investigation, being long, 
is omitted here, in order to make room for more useful matter. 

317. Def. The centre of <percussion is that point in a body 
revolving about aiv axis, at which, if it struck an immovable 
obstacle, all its motion would be destroyed, or it would not in- 
cline either way : so that if at the instant of the impact the sup- 
ports of the axis were annihilated, the body would remain m 
absolute rest. 

During the vibration of a system of bodies round a fixed axis 
passing through c (fig. 12. pi. XIV.) if such an obstacle be 
opposed to any point o, as entirely to destroy the motion of that 
point, every other particle of the system will endeavour, by its 
inertia, to proceed in the direction of its motion, that is, of the 
tangent of the circular arc it was describing the instant o was 
stopped. These forces, therefore, will act on the system to 
turn it round o ; and if the sum of the forces on each side of o 
should be unequal, the motion of the system will not be de- 
stroyed when o is stopped ; but since the forces which act 
upon the pendulous body between o and c have an effect to 
continue the motion of the system, contrary to those which are 
impressed on the other side of o, if this point o be so situated 
that the sum of the forces to turn the system round o, on each 
side of that point, may be exactly equal, then the instant in 
which o is stopped, the whole motion of the system will be de- 
stroyed. 

CoE. 1 . When a pendulum, vibrating with a given angular 
velocity, strikes an obstacle, the effect of the impact will be the 
greatest if it be made at the centre of percussion. 
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For, in this case the obstacle receives the whole revolving 
motion of the pendulum ; whereas, if the blow be struck in any 
other point, a part of the motion of the pendulum will be em- 
ployed in endeavouring to continue the rotation. 

CoR, 2, If a body revolving on an axis strike an immoveable 
obstacle at the centre of percussion, the point of suspension will 
not be aifected by the stroke. 

We can ascertain this property of the point o when we give 
a smart blow with a stick. If we give it motion round the 
joint of the wrist only, and, holding it at one extremity, strike 
smartly with a point considerably nearer or more remote than ^ 
of its length, we feel a painful wrench in the hand : but if we 
strike with that point which is precisely at ^ of the length, no 
such disagreeable strain will be felt. If we strike the blow’' with 
one end of the stick, we must make its centre of motion at ^ 
of its length from the other end ; and then the wrench will be 
avoided. 

818. Prop. The distance of tJw cmtre of percussmi jrom 
the axis of motion is equal to the distance of ’ the centre of oscil-- 
lationfrom the same: supposing that the centre (^percussion 
is required in a plane passing through the axis motion and 
centre qfgramty. 

Let CBE (fig. 12.) be a plane passing through the centre of 
gravity o of the body, and perpendicular to the axis of suspen- 
sion which passes through c ; and conceive the whole body to 
be projected upon this plane in lines perpendicular to it, or 
parallel to the axis of motion ; for then, as each particle will 
fall at the same distance from the axis as in the body itself, the 
effect from the rotatory motion will not be changed, neither will 
the place of the centre of gravity. Through c and g draw the 
line CGON, and let p be the place of one of the particles p com- 
posing the system. Now, since the angular motion of all the 
partides is the same, the absolute velocity will be proportional 
to the distance from the axis of motion ; and if at the distance 
1 the velocity be expressed by unity, the velocity of p will mani- 
festly be denoted by ps, and its quantity of motion will be p • PC, 
which will act in the direction pr perpendicular to pc : produce 
PR till it meets on, drawn parallel to pc, in n ; then the force 
p ' PC acting in the direction pr will act upon o as though it had 
the advantage of the lever on, and consequently, jp • pc • on will 
represent the force of the particle p to move the system round 
o. But by reason of the similar triangles cpr, obr, we have 

EC : CP: : Ro : on=— ^=;cp — and, if pa be perpen- 
dicular to CO, we sliall have rc : op : : cp : ca = — . Hence 
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the entire force j) • pc • on becomes rr* jp * pc^ • -oa- 

CO— p-pc^. But;, when o is the centre of percussion the 
sum of all the p • CA ^ co— p • i>c% must be equal to zero, or 
J'p * CA • cp zzj'p Whence it follows that co = 

bTcg ’ denominators of the two fractions being 

equal, bj arts. 108, 109. and this value of co obviously cor- 
responds with that given for the centre of oscillation in art. 
306- 

Cor. L If the body be symmetrical with regard to the plane 
BGE, or if it" be a solid of rotation, tbe centre of percussion 
found in the axis of the body will coincide with the centre of 
oscillation. 

Cor. 2. If the centre of percussion be required in a plane 
which does not pass through o, as co for instance, we must 
proceed^ thus: from g, the centre of gravity, let fall on co the 
perpendicular eg; and, by the same argument as above, com 

y*.. -o 

Now, CO : CO : : CG : eg*; hence the angles ooc 


Jtl._ 

JjP'Ca B . 

and Gg*c are equal, and, consequently, the former is a right 
angle. 

Cor. 3. Hence it follows, that a body has several centres of 
percussion according to the plane passing through the axis of 
motion in which the impact is made, and the right line oo, at 
right angles to co, is their locals. 

319. Prop. If ob (fig. 13. pi. XIV.) he the axis of a hody^s 
motion^ cao a plane perpendicular to cb a7id lyassing through 
the centre of gravity g, pA a perpendicular let fall from any 
particle p of the body on the plane ca, and p the centre ofper^ 

cussiouy then zmll to =:cb-= the sum of all . 

Body.co 

For the sum of all the forces with which the body is liable 
to be turned in one direction round pb as an axis -sum of all 
the ^ • CA • (cB - Ajo) -Sf ■ CA • (CB - Ap), and the sum of all 
the forces which tend to turn it in the contrary directions sum 
of all the p-cA (Ap-CB) =r.yp • ca (Ap-cs). Therefore* 
in the case of no motion either way, we have j'p • ac • cb rr: 
/p • Ap • AC. But,/p • CB • AC=yp . cB • CG-f /'p • CB • G A ; and 
/p • CB • GA=:0, from the nature of the centre of gravity. In 
like manner/p-pA- AC=:yp.pA>AG-f.Jp-pA-CG, and jp-fh 
• CGnO; consequendy, yp • cb ■ CG= j'f-fK • ag; and car: 

j.p_ rP-y>A- AG_ y?).j>A.Ao 
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Cor. Hence the centre of percussion of a body turning 
round the axis cb, is determined by these conditions. 1st. It is 
in a line ro passing through the centre of oscillation and pa- 
rallel to CB, Sdly. Its distance OP from the centre of oscillation 


IS 
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320. As several writers on mechanics have asserted that the 
centres of percussion and oscillation reside universally in the 
same point, we shall, in addition to the preceding investigations, 
give a simple instance here, in which the contrary will be ob- 
vious, if we adhere to the first definition in art. 305. To this 
end let two equal balls b, b' (fig. 14. pi. XIV.) (of evanescent 
magnitude with respect to their distance from each other), be 
connected with an axis of motion cc^, by inflexible lines gb 
(=3) and c^b^ (—T)? void of gravity, perpendicular to cc^ 
(=6), and parallel to each other; to find the respective di- 
stances of the centres of gravity, oscillation, and percussion, 
of this system from each other. Join bb' and bisect it in g, 
the centre of gravity, so shall Gg = 5. Then (art. 306.) 

" == = 5 * 8 zrg’o, the distance of the centre 

of oscillation from the axis; whence go = *8. Through o 
draw b& parallel to CG^, then (art. 318.) will the centre of per- 
cussion p be somewhere in this line ; and by the last article we 

find Po =: 


b*ba.ag+b''b'^a^*a'o 6 + 6 


(b + b)^ 


Here the products 


6 and 6 are added together, because, while b and b^ are on 
opposites sides of Gg, mey are also on contrary sides of a line 
passing through a parallel to cc^ ; so that, if b a be +, b^a will 
be •“ , and ag being +, a'g will be — , and consequently b a * 
AG, and B^A^ * A^G, are both affirmative products. — ... Or, 
the centre of percussion p must be so situated that b * bc • 
must be irB^*BW *6*p; whence, since b=:b^, we have bW: 
BC : : 5p : pS^zz^ &pzz^ Wzzl-8. Consequently, opzzS— 1-8 

1*2 ; and gp=: ^ =1.4422 ; the triangle gop being 
right-angled at o. See also arts. 392, 393. 

321. Prop. In the wheel and cude^ when a weight ’b acting 
at the distance r, elevates a weight w acting at the distance r, 
Jrom the mathematical aoois^ the pressure sustained by that axis 
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I 

I 
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the weighi md ade and the 

friction of the cordy^e, not being 

Suppose ? and w to be at their respective extremities of the 
horizontal line passing through the centre of motion, and in 
that situation let o and g be the respective distances of their 
centres of oscillation and of gravity from the centre of motion. 
Then, since the whole system revolves with the same angular 
velocity as if p + w were placed at the distance a from the 
centre of motion (art. 305.) ; and, since the accelerative forces 
are as the velocities generated in a given time (art. 225.) or as 
the distances from the centre of motion; we have o : ^ : : p + 

w : (p+w), the force with which the centre of gravity de- 
scends. But 0 =: (art, 306*) and g zz -—-“ by the na- 

ture of the centre of gravity. Thei^efore — =: — , 

and — - (p + w) IT - Now the force with which the 

centre of gravity tends to descend is manifestly that by which 
the pressure upon the axis p + w arising from the weight is 
diminished by the motion : consequently the pressure upon the 


axis Isir p+w 


(pa - wr)® 
pa®-i-wr® 


npwv 


(a+r)® 
pa®4- wr® * 


Cor. 1. If Rnr, as in the case of the single fixed pulley, 


then the pressure 


4rw 
p + w * 


Cor. 2. The same reasoning will evidently apply to the 
pressure upon the fulcrum of a straight lever. 

322. Def. The centre of spontaneous rotation^ or sponta- 
neous gyration, is that point which remains at rest the instant 
any body is struck, or the point about which the body begins to 
revolve. 

When a body b (fig. 15. pi. XIV.) of any shape whatever 
receives an impulse, the direction of which does not pass 
through the centre of gravity ^ and takes, in consequence, the 
two motions of which we have before spoken (art. 300.), it is 
evident that, for an instant of time, we may consider it as having 
only one motion, namely, a motion of rotation about a point or 
fixed axis c, which may be either within the body or out of it, 
according to the shape of the body, and the distance os be- 
tween the centre of gravity and the direction of the impact. If 


* For an estimate of the pressure including the friction and the weight of ihe ma- 
chine, see Phil. Trans, vol. xlix. or New Abridgment, voL x. p. 559. 
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while the line as is transported parallel to itself from gs to 
we imagine that it turns about the moveable point c, as 
the particles of the body have greater or less velocities as they 
are more or less distant from g, it is manifest that there is upon 
SG a certain point c, which will be found to describe from d 
towards c an are equal to ggV which during an evanescent in-, 
stant may be regarded as a right line ; in that case the point c 
will have been carried as far backward by its motion of rotation 
as it will have been advanced parallel to go' by the velocity 
<;ommon to all the parts of. the body ; the point c has, there» 
fore, during this instant, been actually at rest in d ; and may, 
consequently, be considered as a fixed point about which the 
body during such instant has a rotatory motion* 

S9S. Peop. The centre (^spontaneous rotation is the same 
*mith the centre of suspension corresponding to the centre of 
percussion^ the centre ^ percussion being that point where the 
body is struck. 

The arcs cc^, sx, which the points c and s describe during an 
instant, being regarded as right lines perpendicular to gs or 
parallel to gg', the similar triangles cgg', o'si, give gs : gc : ; 

.SI : GG^ : now the yelocity gg^ will be expressed by and the 

ivelocity sh by ■ (art. SOL) ; therefore gs : gc : : 

and consequently the r, r', &c. being reckoned 

from G. Hence cs = gs + t/lll which value of cs 

B‘.GS ■■ ■ ■ 

^corresponds with the value of co in art. 318; because when 
we have the momentum of inertia with regard to an axis passing 
through the centre of gravity g, we obtain that momentum with 
I'egard to any other axis si parallel to the former, by adding 
to it the product of the mass into the square of the distance gs 
between the two axes. 

The same conclusion may be otherwise deduced, thus: — 
The action of the body against an immoveable obstacle in the 
centime of percussion must have the same effect upon the body 
as if the body had been at rest and the obstacle had struck it ; 
in which latter case the centre of suspension would not be 
affected, and therefore it becomes the centre of spontaneous 
rotation. 

Coe, 1. Since p the force does not enter the above value of 
CSj we see that the position of the centre of spontaneous rotation 
is independent of the magnitude of the impact. 

Cor. % The distance CG is always greater as the force or 
the result of all thefbrceSf acts nearer the centre of gravity ; 
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and vice versa. So that when cps eolncides with gg, gc will be 
infinite; or there will be no motion of rotation. 

Coe . 3. If an impact be made on any point of the axis of a 
sy mmetrical body^ or a solid qfrotationf and that point be con^ 
sidered "as the pomt of suspensionj the corresponding centre of 
oscillation will he the centre of spontaneous rotation. 

This will be evident on comparing this proposition with art, 
306. cor. 5. and 318, cor. 1. 

Cor. 4. To whatever point of a right line drawn through 
; the centre of gravity (f a body the impact he applied, the 

i velocity of ike centre of gravity will he the same. 

For the expression denoting the velocity^ contains no di.- 

stance. The same thing will readily appear otherwise, thus : 
To whatever point of q,p (fig. 15.) the force ^ is applied, the 

incipient motion a - ag+p * vp will be the same, by the second 
law of motion, the particles ct, p, being connected by the 
inflexible line qp ; and, consequently, the velocity of the cen- 
tre of gravity, or is always the same as if both particles 
were placed at g, and impelled by the same force (p ; for gcJzz, 

by the nature of the centre of gravity. And the 

same thing may be shown of as many other points as we 
please. 

Coe. 5. lienee^ in rotations about a centre of spontaneous 
gyration, the permanency (f the quantity of motion obtains. 

324. Prop, When f s, the direction of ^ the impact, passes 
through the centre of the impelling body, the centre of gr'avity 
of the body struck zcill move with a velocity equal to the pro^ 
mmt of the quantity of motion of the impelling body into the 
distance between the centres of gravity and spontaneous rota* 
tion, divided by the sums of the p7’oducts of the mpelling body 
into the distance of the point of impact from the centre of 
spontaneous rotation, and of the impelled body into the distance 
] between the centres of spontaneous rotation and of gravity. 

Let the quantity of matter of the impinging body be b, its 
[ velocity v, or bv:=zp; and when the body b is struck in the 

' direction (ps (in which the centre of the body b is always found), 

let the velocity of its centre of gravity be v, the centre of 
spontaneous conversion being at c. Then cg : cs ; : v : the 

: velocity of the point s, whicli is therefore ziv j conse- 

. quently » - v the velocity lost by b in the direction fs : 
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whence by the third law of motion 6 

h‘V*CG 


WCG— V*€S:' 


: b*V 5 and, 


by reduction, v 

■■■■ ■ ■ ■ B'CG+O’CS 

Cor. If the inertia of the striking body be evanescent, the 

velocity v will become or ; being the same as would be 

generated in the centre of gra vity if the body b impinged di- 
rectly on it with the velocity v. 

325. Prop , The conditions in the last corollary being retained^ 
the angular velocity of the centre of the system about the cen- 
tre of gravity^ is equal to the momentum (f the impelling body^ 
divided by twice the product of the mass cf the impelled body 
and the distance gc, into the periphery of a circle whose diame- 
ter is tmity. 

If a fixed axis passed through c, the centre of gravity would 

describe a circle whose radius is cg with the velocity--^. 

But in the present case the motion of the system will (art. 322.) 
be compounded of the uniform rectilinear motion of the centre 
of gravity in the direction gg', perpendicular to cs, and the 
angular motion tc[p=:gcgV generated round the centre of 
gravity. And, since the periphery of a circle whose radius is 


CG is 27 r*CG, we have this analogy, : P : 

the time of one revolution in seconds : whence it follows, 
that the number of revolutions, or parts of a revolution, in a 

second, or the angular velocity u, will be 1 ri — — rz 

hv 

2^.b*cg 

Cor. 1, Since c is the centre of percussion to s as a centre of 
motion, if a be the centre of gyration with respect to g as a 
centre of motion (that is, if a be the principal centre of gyra- 

tion), we have (art. 310. cor. 2.) gc-gs = gq.^, or cg n — ^ ; this 

value of CG being substituted for it in the preceding expression 

for the angular velocity, it becomes u= 

Cor. 2. TA<? of spontaneous rotation^ during the 

motion of the system^ describes the common cycloid. 

For the motion of any point in the system is compounded of 
the uniform rectilineal motion of the centre of gravity, and of 
the angular motion generated round that centre : but (art, 322.) 
the velocity with whidi the centre of spontaneous rotation 


27r‘B.CG 


bv 


rv. 
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would move roan ti the centre of gravity, if there only existed a 
rotatory motion in the system, would be equal to that with 
which the centre of gravity would move round it, if the centre 
c were fixed : consequently, since the centre c has both a 
rotatory and a pro^Tessive motion, each of which is equal to 
that of the centre of gravity, it will describe a cycloid, 

SS6. Prop. In the body or system b (fig. 15. ) to which^ when 
gmesceni 7notion has been communicated by the Unpulse of a 
force (p xvithout me^dia^ that is, rectilinear motion to the centre 
of gi'amiy measured by the space v which that centre would 
describe uniformly in any given time, and angular motion 
measured by the 'revolutions n, or parts of a revolution, tehich 
it would describe uniformly round a in the same time ; then if 
the notation in the preceding propositions be retained, and o. he 
the principal centre of gyration when the system revolves about 
its centre of gravity, the perpendicular distance fom the centre 
of gravity at xolikh the impelling force must act so as to have 
generated these progressive and rotatory motions will he os 

■ , V ' ' , ■*. 

Let 9S be the direction of the impulse, and let (p be equal to 
the momentum of an evanescent body b moving with the 
velocity b being the weight of the system ; then (art, 324, 
cor.) the velocity communicated to the centre of gravity will 

be = ; and the angular velocity generated in the system 

(art. 325. cor, ^0 — d-he prop, the velocity 

communicated to the centre of gravity is v, and the angular 
motion, that is, the number of revolutions, or parts of a revo- 
lution, described while the centre of gravity passes over the 
space V, is u : so that, from the conditions there arises this 

equation, v = % putting v for its equal 

tt 27?u.G(a® 

Hence Gsn . 

.■ ,v . 

Cor. If the body b be a sphere whose radius is r, then, 
art. 312. GQ^=z^r, and if be the absolute velocity of rotation 

of an equator of the sphere, we have v =: whence the 

preceding value of gs is transformed to this, osrrfr — . 
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327. This proposition may be applied to the double motioia 
of the planets. The earth revolves about an axis passing 
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through its centre of gravity, while, by a motion of translation, 
that centre is carried on in free space in an orbit nearly cir- 
cular. And a similar kind of double motion has been dis- 
covered in several of the planets ; and analogy leads us to 
believe it obtains in the others. Now, supposing the bodies of 
the planets to be spherical, as they are nearly, the use of 
this proposition at once appears. Having given, for instance, 
the magnitude of an impulse with respect to the mass of the 
earth, and the direction <ps in which it was applied, at any 
given distance so from the centre of gravity, the angular 
motion round o would be inferred : and, conversely, if the 
actual rotatory velocity of the earth’s equator and the velocity 
of its orbit be ascertained, the distance gs from the centre at 
which it may have received a single impulse ^s, adequate to 
produce the double motion, may readily be found. 

Thus, any point in the earth’s equator passes over 25020 
miles by rotation in a sidereal day ; and if the mean distance 
ef the earth from the sun be 95 millions of miles, the earth 
will pass over nearly 596904000 miles by its orbital motion, in 
a year, or about 366 sidereal days : hence 5969040004*366 cz 
16308852, will bezrv in our theorem, while 25020 zzu. Con-- 

sequently GS=z|-r-— zz—^. So that if an impulse be im- 
pressed on a quiescent sphere, and the direction of the force 
should be at a distance os from its centre of gravity of about 
part of the radius, the angular motion of that sphere, and 
the absolute motion of its centre, will have the same relation to 
each other, as those which actually obtain in the earth. 

The time of the rotations of Mercury, Venus, Herschel, and 
the other planets, is unknown; but for the following planets 
it is ascertained ; so that by the same theorem we obtain these 

values of gs. Mars ; J upiter ; Saturn^gj ; the 

We have not sufficient data to determine this for 

the sun. But (as Dr. Robison remarks) the very circumstance 
of his having a rotation in 27d. Th. 47m. makes it very pro- 
bable, that he, with all his attending planets, is also moving 
forward in the celestial spaces, perhaps round some centre of 
still more general and extensive gravitation; for, the perfect 
opposition and equality of two forces, necessary for giving a 
rotation without a progressive motion, has the odds against it 
of infinity to unity. This corroborates the conjectures of phi- 
, losophers, and the observations of Herschel and other astrono- 
mers, who think that solar system is approaching to that 
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quarter of the heavens in which the constellation Aqiiila is 
situated,” 

S28. Vrov, If a bodij revohe about an ams passing through 
its centre of gravity xoith the angular telociiy while this axis 
is carried round amtJier axis^ alsopassing through its centre of 
gravity^ with the angular velocity u, these txoa motions compose 
a motion of every particle of the body round a third axis lying 
in the plane of the other two ^ and inclined to each of the former 
axes in angles whose sines aix inversely as the angular velocities 
round them ; and the angular velocity y about this new axis is 
to that about one if the primitive axis as the sine of the inciina^ 
tmi of the latter axiSy to the sine of the inclination of the new 
axis to the other prirnitive axis. 

ThuSj if a body turn round an axis (fig. 1. pi. XV.) 
passing through its centre of gravity a with the angular velocity 
u, while this axis is carried round another axis bg& with the 
angular velocity ^vand if gd be taken to ge as u to if, (the 
points B and e being taken on that side of the centre where 
they are moving towards the same side of the plane of the 
figure,) and the line be be drawn, the whole and every particle 
of the body will be in a state of rotation about a third axis cgc, 
parallel to be, lying in the plane of the other two ; and the 
angular velocity about the axis cgt, will be to u, and to w, as 
BE is to GB and to ge. For, let i> be any particle of the body, 
and suppose a spherical surface whose centre is g to pass through 
p. Draw PR perpendicular to the plane of the figure : then is 
PR the common section of the circle of rotation ipi round the 
axis Aa, and the circle kpAc of rotation round the axis b&. Let 
F and o be the centres of these circles of rotation, and 12 , k/c, 
their diameters. Draw the radii pf, po, and the tangents pm, 
pn; these tangents are in a plane, mpn which touches the 
sphere in p and cuts the plane of the axis in a line mn, to 
which a line drawn from a through 11 would be perpendicular. 
Suppose PN to represent the velocity of rotation of the point p 
about the axis b&, while vf represents its velocity of rotation 
about A«; and complete the parallelogram pn(/‘: then is H 
the direction and velocity of the resultant of the composition 
of PN and p f and it is manifestly in the same plane as the con- 
stituent lines. Let perpendiculars fis^ be drawn to the 

plane of the axis, and the parallelogram pn^ will be ortho- 
graphically projected on that plane, its projection being also a 
paralieiogram rntf, (art. 68.)^. Draw the diagonal rt. 
Then, since pr is perpendicular to the plane of the primitive 
axis, prjJt is so likewise: and consequently, the compound 

• The coineidenc? of r with the centre of the circle ipiispurely accidental. 
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motion is in the plane of a circle of I'evolutidn about some 
axis situated in the plane of the other two. Produce tr, and 
draw GC intersecting it perpendicularly in h ; and let LpZbe the 
circle of rotation^ its diameter being then is p^ a 

tangent, and perpendicular to PH ; and it will meet rt in some 
point a of the line mn. The particle p is in a state of rotation 
about the axis cgc, and its velocity is to the velocities round 
or B&, as p^ to PF or to pn. Now pn the tangent is perp. 
to OP, and pr is perp. to on: therefore, op : pn : : pr : rn, 

and RN =: But the velocity of p about the axis bZ? is ?^-op : 

whence rn - r — s:: 2 /-pr. In like manner RF=u*rR. Con- 

, ■ OF , „ , , 

sequently rf : rn : : tr : ; go : ge. But nt : rn : : sin 
NRT : sin KTR, and gd : ge : : sin geb : sin gde ; hence, sin net : 
sin NTR : : sin ged : sin gde. Now since nr is perpendicular 
to EG, and NT (parallel to if) perpendicular to bg, we have 
RNTzrEGB. Hence tr is perpendicular, and cc parallel to ed, 
and the rotation of the particle p is about an axis parallel to 
ED. Also, since rn, rf, rt, are as the velocities z/, u, about 
these different axes, and vary respectively as eg, dg, be, we 
have 17 : u : :: EB : GD : gf, which was to be demonstrated. 

CoR. 1. Hence, if every particle of a body, whether solid or 
fluid, receive at the same instant two separate impulses, the one 
competent to the production of a motion of the particle round 
an axis with a certain angular velocity, and the other competent 
to the production of a rotatory motion about another axis with 
a certain velocity, the combined effect of these impulsions will 
be a motion of the whole system about a third axis given in 
position, with an angular velocity which is also given ; and this 
motion will oht 2 m without any separation or dismiion qfparts^ 
except such as may be occasioned by the action of the centri- 
fugal forces resulting from the rotation. 

Cor. Hence, also, if a body be turning round any axis, and 
every particle in one instant get precisely such an impulse as is 
competent to produce a given angular velocity round another 
axis, the body will turn round a third axis given in position with 
a given angular velocity. 

Cor. 8. Lastly, when a rigid body acquires a rotation about 
an axis by an impulse on one part of it, and either at the same 
time or afterwards receives an impulse on any part, which, 
alone, would have produced a certain rotation about another 
axis, the joint effect of these impulses will be a rotation about 
a third axis, in conformity with this proposition. For when a 
rigid body acquires a motion about an axis, not by the simul- 
taneous impulse of the precisely competent force on each 
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particle, blit by an impulse on one part, there has been propa- 
gated to every particle (by means of the cohesive forces) an 
impulse precisely competent to the production of that motion 
which the particle actually acquires ; and when a rigid body 
already turning round an axis Aa receives an impulse which 
makes It actually turn about another axis cc, there has been 
propagated to each particle a force precisely adequate to the 
1 motion, but of the change of motion 

which takes place in that particle, that is, a force which, when 
compounded with the innerent force of its primitive motion, 
produces the new motion ; that is, (by the prop.) a force which 
alone would have caused it to turn about a third axis b6, with 
a rotation making the other component of the actual rotation 
about cc. 
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This elegant theorem, the enunciation of which is due to 
P. Frisi, is very important, and gives a great extension to the 
doctrine of the composition of motion. It is of great use in 
many curious problems, and particularly that of the precession 
of the equinoxes. Such as wish for further information on va- 
rious points connected with the subjects of this chapter may 
cmsmt Simpson^ s Tracis^ Frisi^s Cosmx)graphiai Mn Vince* s 
Paper in the Phil. Tracis. Landen^s Memoirsy Atwood 
OTi the Rotatory Motion of Bodies^ the article Rotation in 
me Encyclopedia Britanmcay EuleFs Treatise de Motu Cor- 
porum rigidor%mi 
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CHAPTER V. 

PHYSICO-MATHEMATICAL THEORY OF PERCUSSION. 


S29. Dees. In the ordinary theory of percussion, or collision, 
bodies are regarded as either hard^ sqf't^ or elastic, A hard 
body is that whose parts do not yield to any stroke or percus- 
sion, butretains its figure unaltered. A soft body is that whose 
parts yield to any stroke or impression, without restoring them- 
selves again, the shape of the body remaining altered. An 
elastic body is that whose parts yield to any stroke, but presently 
restore themselves again, so that the body regains the same 
figure as before the stroke. When bodies which have been sub- 
jected to a stroke or a pressure return only in part to their 
original form, the elasticity is then imperfect : but if they re- 
store themselves entirely to their primitive shape, and employ 
just as much time in the restoration as w^as occupied in the 
compression, then is the elasticity perfect. 

It has been customary to treat only of the collision of bodies 
perfectly hard or perfectly elastic : but as there do not exist in 
nature any bodies (which we know) of either the one or the 
other of these kinds, the usual theories are of no service in prac- 
tical mechanics. In fact, if the effects which are experienced 
in the mutual impact of such bodies as nature furnishes were 
the same as those which would result from bodies perfectly hard, 
it would appear impossible to oppose to the moving bodies any 
pressure capable of destroying their effects. For the quantity 
of motion, or the momentum of a moving body, being valued by 
the product of its mass and velocity, while the effect produced 
by a body which merely presses is estimated by the product of 
its mass into a velocity denoted by 0 ; one of the factors of the 
latter product will do nothing, while both factors of the former 
w*!!! be finite, and of consequence the magnitudes are such as 
cannot be compared. 

Yet we may easily be convinced by daily experience, that the 
advantage which bodies moving swiftly have over those which 
oppose merely a resistance of pressure, though very great, is by 
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no means mfinite. Numerous circumstances which will be sug- 
gested to every mind, prove that, physically speaking, we may 
i balance a percussive force by one of mere pressure, and even 

that the latter may overcome the former and produce a greater 
effect It argues nothing to ascribe any part of this to fric- 
tion i for friction itself is a species of pressive force, or is, cer- 
j tainly, more analogous to pressure than to percussion, 

I The causes to which we should attribute the difference which 

] subsists between the effects of impact and of simple pressure 

I may be readily traced. When a body, supposed perfectly hard, 

I in the course of its motion strikes another body, perfectly l iard 

I also, the variation of motion ought to be produced in an in- 

( ' divisible instant, in such sort, that betweeri the initial velocity 

“ ^ and the velocity after the shock there shall not be any inter- 

mediate velocity. But if the motion of the body were modified 
by a pressure, or by a constant force, as gravity, then it would 
change by sensible degrees, and have undergone a determinate 
I variation at the end of a certain time. 

It is therefore the law of continuity so usually though not 
constantly manifested in nature, which distinguishes the effects 
of pression and those of impact, when the hardness is infinite : 
but as such hardness no where exists, since matter always 
possesses a certain degree of elasticity, and a limited cohesion 
of particles which may be surmounted, we may inquire if per- 
cussion, considered physically, conforms to the law of conti- 
nuity. Now when a body strikes another, two effects have 
place in each. 1 st. The parts in contact yield to the action of 
the stroke and become compressed, so that the figure of the 
bodies is altered by a flattening or impression, wlaich obtains in 
the parts in contact, and in the neighbourhood of those parts, 
gd. When the flattening or impression has arrived at the greatest 
degree of which the bodies are susceptible, then their inherent 
1 elasticity tends to destroy the impression, and effaces it either 

I wholly or in part ; this produces a mutual action and reaction of 

the bodies, which is continued till they are no longer in con- 


* Thus, in driving the piles for the foundation of the bridge of some mills, where 
the soil upon which the bridge was to be erected was a pure sand of ufiiform density to 
the depth of 47 feet, no piles could be driven lower than 1 5 feet, although the ram- 
mers in the engines employed were enormously great. So that percussion is brought 
into a state of equilibrium with mere pressure, and cannot therefore be infinitely 
greater. Indeed it is not a little inconsistent that many authors, while they admit 
that impact and pressure are comparable in the theory of Hydrodynamics, and Pneu- 
matics (as when, for example, they assume the weight of a column of water equal to 
the force of impact of that fluid on a wheel), should deny the same thing when writing 
on Dynamics. 
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tSLOt^* Hence it appears, that the law of continuity is fol« 
lowed actually in the impact of bodies ; and that no alteration 
in their motion takes place, without the previous taking place 
of all the intermediate alterations. It is true this alteration is 
always produced during an extremely short interval of time, 
and this occasions the great disproportion which is observed be- 
tween the effects of impact and those of pressure : but it is not- 
withstanding inconceivable, as Mr. Atwood retnarks, that any 
really existing body should pass from, quiescence into finite mo^ 
tion, or from one degree of finite motion to another, without 
having possessed all the intermediate degrees of velocity and 
hence it follows that the phenomena of collision may be con- 
sidered of a kindred class to those which are occasioned by ac- 
celerating or retarding forces, and act by insensible degrees in 
order to produce a finite ejffeet 

After these preliminary observations, we shall now present 
the reader with a physical theory of percussion, which will com- 
prehend all the circumstances of the motion, both during and 

* A very distinct view of this process has been given by Dr. Robison in the article 
Impulsion, Suj)p* Bncy, Britan, from whicii the following is extracted : 

As soon as the bodies come into sensible contact, compression must begin ; for we 
may suppose the bodies to be two balls, which will therefore touch only in one point. 
The mutual pressure, which is necessary in order to produce the retardation of a, and 
the acceleration of B,is exerted only on the foremost particle of a, and the hindmost 
particle of b ; but no atom of matter can be put in motion, or have its motion any 
way changed, unless it be acted on by an adequate force. The force urging any 
individual particle must be precisely competent to the production of the very change 
of motion which obtains in that particle. Except the two particles which come into 
contact in the collision, all the other particles are immediately actuated by the forces 
which connect them with each other; and the force acting on anyone is generally 
compounded of many forces which connect that particle with those adjoining. There- 
fore, when A overtahesB, the foremost particle of a is immediately retarded; the par- 
ticles behind it would move forward, if their mutual connexion were dissolved in that 
instant; but, this remaining, they only approach nearer to the foremost striking par- 
ticles, and thus make a compression, which gives occasion for the inherent elasticity 
to exert itself, and, by its reaction, retard the following particles. Thus each stratum 
(so to conceive it), continuing in motion, makes a compression, which occasions the 
elasticity to react, and, by reacting, to retard the stratum immediately behind it. This 
happens in succession : the compression and elastic reaction begin in the anterior 
stratum, and take place in succession backward, and the whole body gets into a state 
of compression. Things happen in the same manner in b, but in the contrary direc- 
tion, the foremost strata being the last which are compressed. All this is done in an 
instant (as we commonly, but inaccurately, speak), that is, in a very small and in- 
sensible moment of time ; but in this moment there is the same gradual compression, 
increase of mutual action, greatest compression, common velocity, subsequent restitu- 
tion, and final separation, as in. the case of bodies with a slender spring interposed, or 
even in the case of mutually repelling magnets. In all the cases, the changes of 
motion are produced by the elasticity or the repulsion, and not by the transfusion of 
the force of motion. The changing force is indeed inherent in the bodies, but not 
because they are in raotion j the use of the motion is to give occasion, by continued 
compression, for the continued operation of the inherent elasticity.** 
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after the stroke. From the same source the laws of the colli- 
sion of hard, softj and perfectly or imperfectly elastic bodies 
will be deduced. All that we shall give which is diiferent 
from the usual theory, w^e wish to be considered as originally 
due to jDow- George Juan^ a Spanish author, and published in 
ITYl, in a work entitled Examen Maritimo, The same theory 
has been lately adopted by M. Ermy^ and some other French 
authors. As the mode of investigation is analytical through* 
outf it shall be presented nearly in its original state, without 
announcing the various particulars as they arise, in separate pro* 
positions. 

330. Def, By the of the impreesion we mean it^ 

greatest lineal measure in the direction of the motion ; as if the 
whole impression were a spheric segment the depth would be its 
versed sine. The Ampluude (xfthe impresskm is the greatest 
section which can be taken perpendicularly to the direction of 
the motion: in the case of a spherical body it would be the 
circular base of a segment. 

Through the whole of this investigation the various quanti- 
ties will be thus represented : 

m and the two bodies which strike each other; 

b and the amplitudes of impression ; 

r and the comparative hardness of the bodies ; 

X and z, the depths of the impressions ; 
and the quantities of motion which the bodies acquire in 
a unit of time, in virtue of the action of the con- 
stant powers; 

w and the velocities with which the shock commences ; 

21 and Vy the velocities in any instant of the shock ; 

s and 0*5 the spaces described in the same time; 
that time. 

Any other characters that may be adopted will be explained 
as they first occur, 

331. Let it be supposed that the body 2 n follows and strikes 
the body and, of consequence, that the velocity w is greater 
than w ; without this the impact can never take place, unless the 
velocity w be negative, or contrary to w : but for the greater 
facility, we shall suppose all along (except it be otherwise ex- 
pressed) that the powersy*and as well as the velocities w 
and Wy are positive ; for it will be easy to render either of the 
quantities negative in the result of the computation. 

Let it be supposed, moreover, that the two bodies are moving 
in the same direction, and tliat the impact is so elfected that it 
does not ppduce any gyratory motion; otherwise we should 
render the investigation very intricate and perplexing. 
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Finally, let the bodies m and ft' be considered as so large that 
the impressions made upon them by the shock shall not pro- 
duce any sensible change in the place of the centre of gravity, 
or that the motions of these centres shall not be sensibly af- 
fected by the relative change of situation, in the various mole- 
culae of the bodies. 

SSS. All the quantities mentioned in art. SSO. may be readily 
introduced into the calculus, since each of them has a certain 
relation to determinate units ; the quantities r and p only, which 
represent the degrees of hardness, appear to present some little 
difficulty. Now to form an idea of hardness in that point of 
view under which we must consider it, that is to say, as a mea^ 
object, we may observe, that since this property is one 
of the most intimate and hidden properties of bodies, and since 
to measure is to compare, we cannot (properly speaking) mea- 
sure hardness, because in an unknown object we can make no 
comparison. But as hardness is only interesting to us by its 
effects, it is the measure of these effects which it is important 
for us to know ; and this measure for the respective bodies we 
denote by and p. 

If a perfectly hard body strike another which is not perfectly 
hard, and if the surface of contact to which the direction of the 
motion is supposed perpendicular is plane and constantly equal 
to a given surface, as a foot square (the foot being the unit), the 
resistance of the body struck will take from the impinging body, 

during an evanescent instant of time jJ, a quantity of motion in- 
finitely small, which let be called cv. If w be multiplied by the 
fraction expressing the ratio of the unit of time to the element 

of time, the product w y will be precisely equal to the quantity 

pf which denotes the hardness of the body struck during the In- 
stant which corresponds to the value of w, or rather which de- 
notes the effect that this hardness would produce by continuing 

its action for a unit of time. We have, therefore, r: or 

Thus it appears that a; is independent of the masses and of 
the velocities, whether absolute or relative {1% 15.); it repre- 
sents a quantity of motion which may result from an infinite 
number of comhinations of masses and velocities ; w, therefore, 
depends solely on the nature of the body struck : and although 
the masses and the velocities of the two bodies enter into the 
value of p^ they do so merely as causes producing the impres- 
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slon, and we determine ^ from experiments by the relation which 
they bear to this impression, 

A similar reasoning will apply to the quantity r, by supposing 
that the body struck is perfectly hard, while the impinging 
body is not ; and hence will arise the analogous equation 

^ If the surface of contact be not plane, we must substitute for 
It the amplitude of the impression: but this substitution will 
change nothing ; for all the points struck in the direction of the 
motion being contained in the amplitude of impression, it may 
represent the sum of all those points. 

333. To find the quantities (fi motion lost the values of 

a? and tJ which answers to any amplitudes of impression what- 
ever h and /3, we must make these proportions ; 1 : |3 : : pti 

cu, and 1 : b : : rt: brizzj; then will the equations and 

obtain, whatever are the amplitudes of impression, 

111 consequence of the equality of action and reaction, the 

values wzzjBpty and c^'zzbri, of motion lost by the impinging 
bodies, are likewise those of the motion gained by the bodies 
struck* 

334. To find the value of the motion lost by the hody^ or of 
the percussive forcey Vfhen neither of the two bodies is perfectly 
hard. In this case both are compressible, and if r* be the fluxion 

of the quantity of motion, we shall have to determine or 4^ . 

t ■ i 

Now it is manifest that p will be always the greater, as and 
hr are greater ; and thence (supposing t constant) will vary 

as ^pbr. So that when £=oo , or is infinite, we must have p=: 
rbi (333), and when moo , we have let us, then, mul- 

tiply by such a quantity as will satisfy these two con- 
ditions, and there will result 4-= And if 4-, or the force 

of percussion, be denoted by p, we have p = an expres- 

sion for the percussive force in any instant whatever, 

335. The fluxions of the impressions are reciprocally as the 
degrees of hardness. The fluxions |3«, of the impressions are 

produced at every instant by the same power let acting equally 
on the two bodies; and to produce these elementary impres- 
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sions the force pi has to overcome the powers ri, and pi; thus 

the effects hx and |S« are the greater as the powers rt and pi are 
the less; and as these effects are produced by the same cause, 

they will be in the inverse ratio of the obstacles ri and pt, which 
oppose them; we have, therefore, |!:r; whence 

S36. Since the body m, follows the body and by the im- 
pact causes impressions in both whose depths are ^ and the 
space s run over by the body m must be equal to the space tr 
described by the body ^ plus the sum + z of the depths of 
impression: hence 

Elastic bodies assume again at the end of the shock the figures 
which they had at its commencement ; so that in this case the 
impressions vanish, and at the end of the shock of elastic bodies 

$'ZZ(r, 

337. From the equation or 5 — crnar-f we de- 
duce : but the property of variable motion I.) 

gives ui=:s^ and vt'=z(r; we have, therefore, (m— v) cr-nx 
and t = the mlue of the element (f the time. 

When the impressions arrive at their greatest value we have 
+ max. or xi-^zzOy and the equation 

becomes w— 'nzzO: consequently, in the instant when the> 

S afest impressions are produced the mlocities of the two 
ies are equals 

S38. The accelerating forces which act upon the body m are 
j^and p; and as p tends to retard its motion, the accelerating 
force resulting from the joint operation of the two will bey— 
pi: for the same reason, contrarily applied, the accelerating 
force of ifs will be f + p. Recollecting, therefore, that f <py and 
p, may represent the products of masses and velocities, we have, 

by the nature of variable motion (art. gS3.) mw=(y— p) i, 

and ^^=(^5+1^) 3?; the sum of these equations is {f+(p) i 

the fluent of which is (y+?) c. To 

determine the constant quantity c, it may be observed that 
when teO, w, and dzzz&; and then the equation reduces 
to mw-f so that c=— mw— and the cor- 

rected fluent is (/+p) ttzm (z«— w)-f|ut(z; — sa?); whence it 

is easy to an equation which 
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expresses the relation between the my instant wJiat^ 
ever of the sJioch (f boiiesywheth^ elastic or no?i-elastic. 

339. If the bodies are not elastic the shock ceases at the In- 
stant when the impression is greatest ; but in this instant the 
velocities are equal (art. 337 f Therefore, in the preceding 
equation, we must make and there will arise 2 ^=^ 

— ^ j equation expressing the common 

after the shoclc qf non-elastic bodies, 

840» In like manner we might deduce from the final equa- 
tion in art. 338. the velocities of elastic bodies after the shock. 
But as we would state the question generally, we must deter- 
mine the velocities of both bodies, whether they are elastic or 
not, in any instant of the shock. 

The equations (/*—?) i= mu and (?+p) (art. 338.) 


give u 




and V 


from the former, we havew— 


Taking the latter of these 
rL ; and this. 


multiplied by gives 

Substituting in this equation, for i its value in art. 337. 
for p and x their values in art. 334. 335. it will be transformed 

to this, mp. • (u—v) =: 

Taking the fluents, we have (u - - w-w®) r: 

f a - (m + Now, /■ &=« + »; for 


« = ^ + K = ^ + because » = from art. 885. 

Conseq. we have, by substitution, (7^^— vT - 

m<p) • (a? -|~ 2 ) •— (m -f- iW/) y’ Mence u — vzi dr (w — 

Here the positive sign obtains 

previous to the instant of the greatest impression, and the ne- 
gative sign after that instant : for at the instant of the greatest 
impression we have wniy (art. 337.); and after that instant 
the re-establishing of the compressed parts accelerates the mo- 
tion of po and retards that of m, and, consequently makes u 
smaller than v. 

If the value of v in art. 338. be substituted for it in the pre- 
ceding equation, we shall, after a little reduction, find 
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; 


m+fx. 


H-* 






2(m +M)//3gg \ 
mjA ' 


mix 


And, by a similar mode of proceeding, we find 


m-^fx 


' + 


— {w+a,2)+ 




In these two equations for the vMocities the superior sign 
prves for any instant of the shock before that of the greatest 
impression, and the inferior sign after that instant. Thus, at 
the moment of the greatest impression the quantity affected 
with the double sign ± to qz vanishes, because it is then pass- 
ing from positive to negative or from negative to affirmative. 
These equations manifestly apply for any instant of the shock, 
whether the bodies be elastic or not. 

In non-elastic bodies the values of u and v reduce to the . 

common value which is the same as we found 

in the preceding article. 

341. Bodies perfectly elastic, on the contrary, re-establish- 
ing themselves in their primitive state at the end of the shock, 
we have for that instant .r, and each equal to zerOy and 
thus the values of u and v for elastic bodies become 


m-hju 
m + /x 


m + ju. 
m 


(w — w) : 


m+ju. 

(m— m)w 4- 2 otw - f (/+ ^f))^ 


If we suppose^/* -f (p zzO, we may easily deduce from these 
values of w and that of 772 ; for, by carrying through 
the calculus, we have n Hence, iny>cr- 

Jectly elastic bodies the smns of the products of the masses Into 
the squares of their respective velocities^ before and after Impact^ 
are equal. 

This equality was denominated by Bernoulli Conservatlo 
Virlum V ivarum^ and was considered as a general law ; but it 
is obvious from what is done here that it holds only in the case 
of perfectly elastic bodies. And, indeed, it is a consequence in 
itself easily deducible from the third law of motion, according 
to the Newtonian measure of momentum. 

34£. If the bodies are not perfectly elastic they will not re- 
store themselves entirely to their first state, but there will re- 
main an impression at the end of the shock : to find the final 
velocities of such sorts of bodie>s must substitue for jf, 
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|3, and f, tlieir proper values. Of these the last four may be 
ascertained by experiment and the calculus ; but the value of t 
seems more difficult to appreciate; nevertheless, this value is 
not incalculable, as will soon be seen. But it may Ibe observed, 
beforehand, that whenever _/' and p are not extremely great, or 
are not modifications of gravity, the value of t being very small 
indeed, the quantity (/+?>) t may be neglected without sensible 
error. This quantity was made to enter the preceding formulae 
in order to give them all possible strictness, and that none of 
the physical circumstances of the motion might be neglected, 
i N ow, dropping {f+ (p) t from the expression for the final velo- 

i city of the body, we have, for non-elastic bodies u — 

' and for bodies perfectly elastic u ~ j”* ^ ^ 

These are the values of the final velocities which 

are commonly given by writers on mechanics, and from which 
the usual theorems readily flow. 

343. The general theorem for non-elastic bodies may be thus 
expressed : 

m-W ±aw 

n — i— . ■ 

m+fi: 

In this we consider := 0 for the case where the body struck 
is at rest : the superior sign must be taken for the case m which 
the bodip both move the same way, and the inferior sign for 
the case in which they meet each other, 
i Hence we deduce these conclusions : 

^ I. If we suppose to be at rest, the equation becomes 

“ obvious u will decrease as increases ; 

so that when f* = oo , infinity, we have u=zO. 

II. If bodies of equal masses are moving in opposite direc- 
tions, our equation becomes u = : thus the two bodies 

move on together in the direction of that 'which is moving most 
: ^reijily, teith a velocity equal to hc^the difference of the mini- 

tive velocities. 

III. If the velocities of the two bodies are equal, we have 

“ ” where both bodies move in the same 

I direction, the superior sign being taken, we have m = w ; as is 

1 evident enough, since there can be no shock. 

; IV. The centre of gravity of a system of two globules, or 

i physical points, which strike each other, as an interesting pro- 

I perty of great use in various mechanical disquisitions. The 
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distance x of this centre from any one of the points of the line 
(art. 108.), d and ^ denoting the re- 


described is X : 


md ± /tS 
m-f/* 


spective distances of the moveables from the point. Now when 
these bodies are animated by the velocities Wj WyWe have for 

these velocities (art. 03^.) the corresponding valaes -r- and — - 

consequently that of the centre of gravity will be 


i m-¥/x 


^ mw ± juttt 
m + juL 


This expression being constant, justifies the conclusion that 
the centre of gravity or a system of two bodies striking each 
other has, both before and after the shock, a uniform motion. 
This answers to what the foreign mathematicians call the con- 
nervation of the centre of grmity. And it is certainly of im- 
portance to know that, whether bodies mufuallt/ attract each 
other ^ (295. cor. 2.), or whether they impinge vpon each oilier^ 
their common centre of gramtjf mill^ in motion^ continue to 
move on uniformly m a fight line^ 

344}. The general equations for perfectly elastic bodies may 
be stated thus : 

^ (m— m)w a =F (w2— + 2???w 


u : 


V : 


m-f fx 

The most important consequences they furnish are these. 

1. If one of the two bodies is at rest, then making = 0 we 
find, 

m — u Cw?,w 

, umvi* — ^ .... . 

If the bodies me equal, that xohich impinges remains at 
rest, and the body siruch moves with the velocity which the 
other had. For gives « zr 0, and © z= w. 

Con. Hence it follows, that if several perfectly elastic bodies 
Aj B, c, n, &c. of equal masses, are placed in juxta-position and 
at rest, and if a body m of equal mass is made to strike A, all 
the bodies remain at rest except the last, which goes off* with 
the velocity of m: for the body a transfers all its velocity 
to B, B its to c, and so on. 

2. If the bodies decrease in magnitude, each will go forzcard 
after the stroke. For if m > |«., u and v are positive. 

3. If they increase in magnitude each will he reflected bach, 

£wcept the last, and the quantity of motion wUl continually in- 
crease, For renders u negative, and the last v positive. 

4. H^e too we might show that the increase of* motion will 
be a maximum when - the bodies increase in geometrical pro- 
portion ; and if the number of bodies be increased without limit, 
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the ultimate ratio of the velocities of a and z (the first and last) 
will be that of -v/z to Va. But such theorems, though un- 
doubtedly curious, are of too little utility to tempt us to digress 
widely from the main purpose of this chapter 

II. If the bodies both move the same way^ then we conclude 
from the theorems : 

1. The body struck moves with a greater velocity c^er the 
stroke, 

“ If the masses are equal the bodies change their velocities 
during the shocks and continue to move in the same direction. 
For mz=:iu gives and v =z w* 

^ III. If the bodies move in contrary directions the inferior 
signs must be taken, and then 

1. If the masses and velocities are equal the bodies go bade 
with the same velocities that each had before the shock. For 
m zi and w = w, give ~ w, and n = w. 

% If \ho velocities are equal vro, have u 


3m— 


m+y, 


and V 


w. Whence we conclude that /x mil stop a body of a 

triple masSf but will recoil with a double velocity : For if m =: 
3/^, u zzO^ and v zz %w. But if /x >3m, the mass m does not 
stop, but recoils. 

3. f the masses are e^ual the bodies will both recoil^ after 

having exchanged vdocihes. For then n and n w. 

4. The impinging body is stopped^ emtinues its routes or re^ 
coilSf according as yj (m ^ f) is equah greater^ or less^ them 

And the same thing holds with regard to the body struck. 
Many other theorems might readily be deduced from the 
equations at the head of this article; but it is time to return to 
the general investigation which we have brought down to art. 
342. ,, 

845. When, in the equation given in art, 340. namely, 

= {f— nup) • (ar -f r;) — 

we suppose the hardness f invariable, we thence find 

. * . 

But (Sz being the element of the impression,y*/3«; will be 
the total impression of which this equation will furnish the va- 
lue for any instant whatever of the shock, the hardness being 
constant. 

In this equation making u = v, we have 

. 

* Many of them are elegantly exhibited in Bridge’s Mathematical Principles of 
Natural Philosophy. Lect. 5. 
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0 ^ 

And this value o{/P& anstvers to the instant of the greatest 
impression. 

When the 5o% stmck is immoveable, we have only to sup- 
pose 00 , to =: 0, and p = 0, and the preceding equation will 

become//3«s=i=rJ^^f±i>. 

846. Since ^ is the quantity of motion which the accele- 
rating force will produce in the body m in the unit of time, if 
we suppose that/ is gravity, and the second is the unit of timcj 
the English foot being that of space, we shall havejTnS^lw, 
and the latter equation will become 

If A be the height due to the velocity w, we have 
and 

y /3%r::3£|. -j- 

When z is very small with respect to w° or to A, which 
commonly happens, even in bodies which are not very hard, 
the value o?f will be sensibly proportional to w“ or to h ; so 
that the impressions *will be nearly as the squares of the 'velocities^ 
or as the heights due to those velocities. This will be still nearer 

the truth when = 0 and -|- S2-^z) = — 

{h + z): whence we conclude, that when a hard body falls on 
another body which is immoveable, the impression 7 nade in the 
latter is inversely as its hardness or resisting force, and directly 
as the height due to the velocity and the mass of the impinging 
body conjointly. 

^ This conclusion corresponds with those deduced from very 
different processes, at p. 180. of Dr. Hutton's Select Exercises, 
and p, 52 of Mr. Atwood’s Treatise on the Motion f Bodies. 

From the equation//3« (|.w^ + it appears that how- 

ever small the initial velocity w may be, provided it be a finite 
quantity, it mil always make an impression, unless f is infinite. 
It will not be the same if w zr 0 : for from thence will result 

/j3« =5?^ or-^=3S|. -y = ; when = 0, the depth 

of the impression will be also nothing, and the equation will 
become — z: now being equal to what we 

please, the impression may consequently be =: 0, while 7 n, f, and 
f , are any quantities whatever. 
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In fact, we may see, d ^mn, thatj^and p being quantities of 
the same nature, the effect of each being a pressure, may destroy 
each other at the first instant ; and that it is not the same with 
regard to w, which, occasioning a shock, can only be destroyed 
after it has produced an impression. 

The preceding formulae accord very accurately with experi- 
ments ; as will be sufficiently obvious to those who will com- 
pare them with the experiments described in s’Gravesande’s 
Phy sices Elementa Mamematka^ § 833, &c., and Mr, Atwood’s 
Treatise just referred to, 

If the two striking masses are equal, and during the shock are 
not subjected to the action of any power (but their mutual resist- 
ances only) we have ? 5 = 0 , and/& =:-^(w - wf:, 

and when wz:0,y*jS«= Which again is confirmed by 
many experiments. 

Now since experiments correspond witli these formulas, not 
only in the case of soft bodies, as clay, but even in those of 
bodies imperfectly hard and elastic, when the hardness f is 
supposed constant ; it is evident that in these cases the hard- 
ness is very nearly constant, and that we may safely suppose it 
such, as we shall henceforth do, 

347. The hypothesis of invariable hardness transforms tlic 
equation in art. 840. repeated at the beginning of art. 34*5. to 
this: 

= iKf-mf) * (.r-f 2;) — f (m ; 

whence we get on ; — — 

o ^ (nt+fjty/es 

and, in the case of the greatest impression, 

(juc/— ? 24 (p).(.y + z) 

g — + 

Though the first of these equations contains variables which 
do not enter the second, they will, notwithstanding, give always 
the same result, provided there be substituted the proper values 
of ly, a?, and at any instant of the shock. This na- 
turally results from the hypothesis of invariable hardness, which 
we see so much reason to adopt. 

348. If the body struck be immoveable^ then 00 , and 

and the preceding value of g will become g zz 

Now if h be, as before, the height due to the velocity w, we 
liave w® =: 64*|^A zz2gh (art. S43.) g being r: 32f . Substituting 

x % 
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this value of w® for it, we have p zz ; and if the 

body fall vertically, then isj^zzgm ; whence arises 

thus the hardness or resisting Jhrce £ mil be to 

f0z 

gravity/, 3&h + x+zXaf^kyOxss\ to 

Here, however, we must not lose sight of the circumstance that 
it is not the relation of these powers considered in their nature, 
but solely in their effects, that may be ascertained; and thatj^ 
is the product of a mass and velocity. 

After we have found the value of p, we may readily find that 
of r, from the equation (art. 335.): for this gives 

r/bx=z if ?,%, and consequently r = 

Formulae such as these may be rendered very useful in de- 
termining the relative hardness or resisting force of different 
bodies. A table of the relative hardness of materials united 
with a table of their relative densities (or specific gravities) 
would be of great utility; and particularly in the construction 
of arches, sluices, &c. 

We have all along taken as the capacity of a sphere, 
because in bodies of the same matter the capacities vary as the 
weights: in bodies of different matter in order to obtain a 
constant value of f , we must make m Cx cube of diameter x 
density, 

349. At the instant of the greatest impression the fluxion of 
p or its equal (art. 334.) is equal to nothing; that Is, 

Performing the multiplica- 
tions at length, suppressing the quantities which destroy each 
other, and divided by we have ^^^h+rb^$ = 0; now 

this quantity cannot = 0 except the fluxions b and ^ are like- 
wise =0, that is, unless the amplitudes b and /3, and conse- 
quently the impressions, have received all the augmentation of 
which they are susceptible. Therefore, the greatest Jhrce of 
percussion is that which obtains at the moment when the im-> 
pression is a maximum. 

850, The force of percussion in any instant of the shock is rrz 
^^^'tking, then,^/"/3i=ri, arid/^ 2 ;=«, which will make 
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r (art. S49.) =/?4; and introducing this value of r for it in the 

value of i\ it becomes — == . Lastly, substi» 

tilting for (j, in this equation, its final value in art. 347. we 
thence obtain 

^i + hi 

Here it must be remarked, that although we have used that 
value of p which suits the greatest impression, yet as p is con™ 
slant, the value of r would refer not less to any other instant 
of the shock. As and 2 : are introduced by the substitution 
off, they are constant, and express the greatest depths of 
impression: thus there are no other variable quantities in the 
value of p than /3 and 

351. When the body struck is immoveable, we have 00 
razzO, and (pzrO. And if we suppose, moreover, that the body 
struck is sufficiently hard to receive no impression, then will 
i zzO, and ^=0 ; whence we shall find in this case 

p ZZ-y 

352. Here also, taking /z the height due to the velocity w, or 
w®zz%/z, andy'for the gravity, ovfzzgm ; then will the value of 

p become P (A + 2 ) zz^^ (ft -f 2 ) : whence flows this 

proportion, r :f: : (h^z) :gm: : -- : 1. And this 

is the relation of the percussive to the gravitating force. 

353. Retaining always the immobility of the body struck, if 
the impinging body is susceptible of impression, the equation 
w'hich furnishes the value of the force of percussion will be 

whence it appears thaty*: p : : i : (ft-f-^H-^). 

If when the body struck is immoveable we have very nearly 

h—% I— i, and x—z, then will p= 2 i + ; and when 

y is gravity, P n (A-f 3*) : so that, in this case, the pcrcus- 

sion will be to gravity as (ft+S^) to unity. 

354 When two very hard bodies, as two of iron, for ex™ 
ample, are made to strike one another, the impression i which 
is made in each is nearly infinitely small with respect to ||3 
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; therefore, in this case, the force of percussion is almost, 
infinite with respect to gravity. Take, for example, the stroke 
of a hammer on an amil: since i represents the magnitude of the 
impression, which must vary as the product of ^ into a quantity 
proportional to its depth, which we know by experience to be 

extremely small; we may suppose 4 r; .Si, w expressing any 

number whatever, such that — is less than the depth of the 

impression, supposed less extended at the bottom than at the 
surface. This depth when it is at the greatest cannot fairly ex- 
ceed the T-sWo- ^ Substituting, therefore, for 

'i, its value the force of gravity will be to that of percussion 
as 1 : /3 or as 1 : or finally (neg- 

lecting %z because of its extreme minuteness), as 1 : 

Now, if the velocity of the hammer be equivalent to that which 
would be acquired by falling freely 10 feet, w^e shall have A =10, 
and making a; =12000 only, there will result ^a;^= 60000 ; that 
is, the weight of the hammer will be to the force of percussion 
as 1 to 60000. Thus the effect of the hammer is at least 
equivalent to what would be caused if at the same point where 
the blow was directed a weight were laid sixty thousand times 
as great ^ as that of the hammer* This will suffice to show 
the prodigious effects of the force of percussion, even with so 
moderate a velocity as that due to a free descent through 10 
feet. 

85S. The duration of the shock is an interesting particular, 
to the determination of which we may next proceed : Now we 

found (art. 337.) ^ = and (art. 340.) the equation 

^ And if we put for 

the first equation its value in the second, at the same 
time making z=.s, (w- w)» = y, and j we 

shall have tzz — an equation the integration 

of which will depend upon the value of (3, and the relation of 
X and z. 

We may at first suppose x=:0, and i=0 ; then will the equa- 
tion become fa, Wc may also imagine xzzz, 
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and then will ^r; — Now it is manifest that by 

dc (y 4 - <— e/jS 

finding the fluents in this second hypothesis solely we may 
readily infer the value of t in the first ; it will merely be necessary 
to take half the term which contains and after that to take half 
the value of 

The value of jS depends on the figure^ the disposition, and 
the reciprocal hardness of the striking bodies. So that we may 
conceive equal to any function of z with constant quanti- 
ties; for although it is not possible that this supposition can 
suit all bodies, yet we may always determine to what bodies it 
may be accommodated. 

Supposing, then,//3iK®r=C)s% c being a constant quantity, we 

; , ei ' 2g-r-4/gc 


have tz 


± (y + 2Sz — iCz2)^ 4: ^ 


/J_ + _ L+ = 

V fC j3c9 cC 


in which we have added •— — — rrO, to the denominator, in 
order that its three last terms with their signs changed should 
form a complete square. Making we obtain 


after a little reductionir: -4— - 

. ■ • , ■ ' %j^/sC 


bC * 

nz 










Now it is known that if x be an arc of a circle whose radius 


is unity, and d its sine, we have universally x 




and 


that the fluxion of the supplement of x is equal to 

Hence the last value of i expresses the product of into the 
fluxion of an arc of a circle whose radius = 1, and ^e =-^ 

ip or into the fluxion of the supplement of that arc, accord- 
ing as the denominator of the second member has the positive 
or the negative sign. Thus then, the fluents of this equation 

wiU be < = ^ arc sin + M. 

To determine the constant quantity m it must be remarked that 
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when ^ =0 the depth of impression 2=0 also ; in this case, there- 
fore, observing that negative sines answer to negative arcs, we 

1. " , , ■ ■ o. , » _ 


have -^^ sirc sin —— + 

VbC »6C * 

Thus the value of t is 


M = 0 , or M = arc sin 

VsC KfiC 




‘ :r7:) + arc sin 

asc' Use 


]• 


Hence, restoring the values of y, and £, we have 
i r: V ~~— . [arc sin" (— - — ) 

Csim + ju) Vr RCg (m + ^y 

4“ sin —*7— 

ncp(m+fj(,y 

This is the value of 3? when the positive sign is taken to the 
denominator of the second member of the preceding fluxional 
equation; and it then expresses any time elapsed from the 
commencement of the shock to any instant previous to the 
greatest impression. To have the time which elapses from the 
commencement of the shock up to the instant the greatest 
impression, we must take, instead of the expression arc sin 

“ supplement, that is, — arc sin (-|- - 

representing, as heretofore, 3 * 141 593 the semicir- 
cumference to radius 1 . Hence, for the latter case, we have tn 

V a RC5 ^ rc/j {m +^J- 

^ These two expressions for the time ought to be equal for the 
instant ot the greatest impression : we have, therefore, for that 

instant z= arc sin - ±fzl!!!±.\ 

ECp(m+iuy* 

Substituting this value in either of the preceding equations 
tor 2f, we shall have for the time from the commemement of the 
snock to' the instant (^greatest wipression 

t = y /— (Ijg 4_ arc cin 

op (?» + /^) ^ ■Ecp(«! + ^^y ' 

Inlodies perfectly elastic the impression dimmishes till 2=0 • 
substituting, therefore, this value of 2 in the second equation for 
the time, we have for the whole duration of the shock in such 

hc&es t — + g arc sin 

cp(m+;u)'' ~ ^ ncp(m+/iy' 

Whence it appears that the whole time is double that which 
elapses from the commencement of the shock to the instant of 



CHAP. V. 


COLLISION. 


greatest impression : thus showing the exactness of the last 
condition in the definition of perfect elasticity (art, 329.) 

In bodies void of elasticity^ th^ total duration of the shock 


is equal to the time which elapses between the commencement 
of the shock and the instant of greatest impression. 

If the bodies are not subjected to the operation of any active 
power, we havey=:0,and <p=:0 : whence the whole duration of 

the shock for non-elastic bodies will be */ and 

fov elastic bodies t V -- t— -' c. 

The quantity r which contains the initial velocities, not en- 
tering either of these expressions, we see that, when no active 
power animates the bodies, the time of duration of the sTiocJc is 
always the same (cedi, whatever are the initial velocities. 

The value of R is, as we have seen. 


[-( 


Now if w be = 0, and ik) = 0, that is, if the bodies are merely 
actuated by powers, the value of e will become e =: .. . 

Substituting this value in the expressions for the whole time, 
they will become, 

For non-elastic bodies < =# V — [Itt - f arc sin -tt V — . 


For elastic bodies V- 




c^(m + p.) 

Here it will be observed that sin (1)= radius, and arc sin (1) 
e:90*^. Hence it follows, 1st, That the duration of the shocks 
when the bodies are only actuated by powers, or accelerating 
forces, without initial velocities, is double the duration of tte 
shock when they only move with certain velocities, 
the value of these powers or accelerating: 
the above equations, the duration 
ever are the powers or accelerating 
bodies. It must be recollected, though, that 
forces are supposed constant. 

356. The quantities c and p which enter the preceding equa- 
tions being embarrassing in the computation, it will not be im- 
proper to find values of t which do not contain those quantities, 
and by means of which we may deduce the value of t immedi- 
ately from experiments. 

Let X be the greatest depth of impression ; then, because 
f^kzzcz% we have cx^ni; and from the hypothesis of a? =:x 
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we have o zz ; whence we find 

* (w+^)cxa 

(m+f.)fC= We have also 


X« 


+ (, 


pf-m^ 


T- 


c^(m + fit) ‘ '^c^(m + juy 

Multiplying the two terms by [cp substituting for 

(m+f^) its value, reducing the whole to a fraction, and ex- 
tracting the roots, we shall have at length 

Substituting these values of kc£, and of C£, in the preceding 
values of we have, for non elastic bodies^ 


/=>/ 


Imixiyr^wy + 2x(/xjf- m<i>) 


(■gTl' -p 


arc sm 


And for perfectly elastic bodies, 

2m^x? 


). 


t=Z a/- 


?£r)s4-2x(/^- W(J)) 


% arc sin • 


x(|u/-m^) 


+ 

a)' 


- ?«?)» + x(^/- m(p)' 

In these equations neither c, nor e, is to be found ; so that 
they comprise merely such quantities as result at once from 
experience. 

WhenjfrrO, and (pzzO, the preceding equations become, for 
non^lastic bodies, trz ; for elastic bodiesJzz ‘-2^. 

It must be observed that in the equation t == the 

difference w—t 2 ? may remain the same, though the absolute 
values of w and w vary ; so that this equation by no means con- 
tradicts the observation made in the preceding article, that, 
when the accelerating forces vanish, the times are independent 
of the initial velocities. 

If the bodies are only animated by powers, or only act by 
mutual pressure, then are w=0 and m:z:0; and the vmues of t 

bi^me and tzz^Tt ^ : if the body 

Struck is immoveable, these equations become tzxifV and 
. If we suppose f to be gravity, then f:=zgm, 
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mA tziTt ^ or tzz^'ir in the respe cases of 

non-elastic and elastic bodies ; ^ denoting as nsnal 
Retaining the hypothesis of the immobility of the body 
struck, we have (j^zzco and of consequence w±:fy; then will the 
expression for the time of greatest impression become 

jt— - 2«ixa \ 

If the striking body is moved by gravity, /a being the height 
due to the velocity w, we have iv®= and fz=:gm. Substi- 

tuting these values of w^ andy’ for them, there will result 

, . arc .sin^lv . 

When X is extremely small with respect to 7^, this equation 

will become if = 7 -^= •39079ixA/7^. This theorem would 

apply to the case of a hammer striking on an anvil. 

857. In a similar manner we may find the time in which the 
greatest impressions are formed, on the supposition that 
and x=0: for, we have seen (art 355.) that in order to this we 

must take the half of the term multiplied by ^ and 

then take half the value of if ; thus we shall have 

y ^ sm 

w/x( w -- 4- ^ 

The method will be the same for every other case, by finding 
the fluents of the general equation, 

: 


± [ (w - x)^ 

We have found (art. 340.) the equation 

if in this equation we suppose p constant, its fluent will be 
(u — v) = [f^”“ — (^ + jw.)2f 4* F ; when p^ = 0, 2 ^ = w, and «?=:?£?, 

whence we have then (w — and consequently 

m(p~(2w+jt^)p]5f,or^ by division, t:r: 

instant of the greatest impresdon 


2 ^— and the equation becomes jf; 
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If the body struck is immoveable, and <pzrO; 

wherefore if rr -- 

Wheny=0, and then : and if jw.— oo, 

and^=0,^r:— . 

In these equations the value of p may be found, as in arts. 
3S0S5S. 

358, The application of the preceding calculus depends 
principally on the determination of the impression: and this 
determination is sometimes attended with difSculties. For, 
notwithstanding that many authors have supposed that the 
figure of the impression is generally the same as that of the 
impinging body, it is manifest that this supposition will not be 
accurate with regard to hard and tenacious bodies. In a great 
number of these latter the amplitude of the impression is 
always much the largest; for the parts contiguous to the sur- 
face of contact, being not easily detached from the neigh- 
bouring parts, yield to the impulsion at the same time that this 
surface carries before it those which touch, and so on suc- 
cessively. Hence the diameter of the actual impression is 
always greater than the diameter of the surface of contact ; so 
that it is difficult to obtain an exact measure of the real im- 
pression. 

This remark, however, true as it is, cannot be applied to 
all cases without some modification; because there are some 
forms of the impinging body, such as the spherical, and con- 
vex forms in general, which greatly diminish this excess of the 
diameter of the impression over that of the surface of contact ; 
indeed this excess may often be considered as entirely va- 
nished, when the body struck is not of an extreme hardness 
and tenacity. 

S59. It will appear, from the perusal of this chapter, that 
the theory is made to flow from facts adverted to in art. 8^9. 
and serves for their explication. We hence see that when 
we know the physical circumstances of a percussion we may 
always assign an equivalent pressure, which will put it in equi- 
librio. It is not, therefore, absurd to say that we can weigh 
or balance the blow of a mass, or the stroke of a hammer; it 
is solely necessary to observe that the stroke of a hammer or 
other mass is not an absolute weight, but that such weight 
depends on the hardness, the form, and the nature of the bodies 
stnking and struck. Thus, in general, when a resistance of 
pressure is equivalent to a very considerable weight, it will resist 
the shock of a mass whose weight is small in comparison with 
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the former, and of which the velocity is that due to a moderate 
height. 

360, It has been all along supposed that the direction of the 
stroke is the same as that of the motion: but this is far from 
being always the case ; and when it is noty impact is called 
oblique-. To consider this in its utmost extent would carry 
us very far Indeed: but we have not room for a particular 
investigation. We shall, therefore, just mention two or three 
general facts already proved; and from them deduce a few 
easy cases. These facts are : Ist, That the actions of bodies 
on each other depend upon their relative motions, ^dly. That 
the motion of the common centre is not changed by the collision. 
By these we can reduce all to the case of a body in motion 
striking another at rest. Now the relative motion may be de- 
termined by the construction in art ^19. and to this must be 
superadded the common motion which changes the relative into 
the true motions. 


If, for example, two bodies A b, (fig. % pi. XV.) describe 
the lines ad, bd, and meet in d, the collision is the same as if 
B had remained at rest, and a had struck it with the direction 
and velocity ab. In the mean time, the common centre of 
inertia has aescribed cd with a uniform velocity, which at the 
end of an equal portion of time will carry it to c, cd being zzdc. 
If the bodies are non-elastic they remain together, and will 
proceed along dc; their common velocity being represented by 
DC, while AD, BD, represent the individual velocities of a and 
B previous to the impact. If the bodies are imperfectly elastic, 
draw through c the line parallel to ab; make ac to ac, as 
the force of compression to the force of restitution, with regard 
to the body a ; and make bc to he as the force of compression 
to the restitutive force, relatively to b; join na, d&, and those 
lines will be the paths of the bodies after collision. If the 
bodies are perfectly elastic, make cSzzcb, aerz ac ; and na, d5, 
will be the paths of the bodies. If ab be perpendicular to cc, 
then will angle ADCr:aDC, and finer;: &DC. And in a similar 
way it naturally follows, that if a body A, perfectly elastic, im- 
pinge upon a perfectly hard plane cc, in the direction ad, it 
will rebound from d in such a line na, that ihe angles ofin^ 
eidence and refaction ado, anc, shall be equal 

361. On this latter principle depends the solution of the 
problems often proposed relative to the game of billiards : the 
reader may take the following as a specimen. 

To Jind in what points c, d, on the two sides kb, li, erf a 
rectangular billiard table y an elastic hall placed at b must 
strtke^ so that it may hit a hall placed at a, after a dmble re- 
JlcxiofL 
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From the point a (fig. 3, pi, XV.) draw ah perpendicular 
to and produce it till iHrriA; parallel to li draw hf, and 
make it equal to ^gh, the point a being in kl produced. Join 
the points v, b, by a right line cutting kl in c, and join the 
points c, H, by a right line cutting li in d 5 then shall c and b 
be the points required. For the angles abi^ cbl, are each equal 
to IBH 5 and the angles fcg, gch, each equal to bck ; whence 
the truth of the construction is obvious. 

After ‘ methods slightly varied might several entertaining 
problems be solved: but such great simplicity is not to be 
expected in many of the cases of oblique collision which 
actually occur. We shall, therefore, conclude this chapter 
with a general proposition (from Dr. Robison), by means of 
which the different motions, whether progressive or rotatory, 
may in general be determined without much trouble; and 
which, in fact, requires merely a combination of some of the 
principles already exhibited in the preceding and present 
chapters. 

86 ^. Let the body a (fig. 4, pi. XV.) moving with the velocity 
V in the direction ab, strike the body b at rest; to determine the 
circumstances resultingjrom the shock. 

Let F be the point of mutual contact, and hj?n a plane 
touching both bodies in f. Draw afp perpendicular to this 
tangent plane, and through g, the centre of position of b, 
draw PGC perpendicular to fp, and gi parallel to fp. Let c, 
in the line pg, be the spontaneous centre of conversion cor- 
responding to the point of percussion f. Join cf. Let the 
direction cut the tangent plane in h, and pf in a ; and let ah 
represent the velocity v. 

The impulse is made at the point f, in the direction af or 
fp; and the centre of inertia of the body b will advance in 
the direction gi, parallel to fp, the direction of the effective 
impulse. But, because this does not pass through the centre 
G, the body will advance, and will also turn round an axis 
passing through G, perpendicular to the plane of the lines gp, 
PF, and the spontaneous axis of conversion will pass through 
some point c of the line pg, and will also be perpendicular to 
the same plane. Complete the parallelogram afhe. It is 
plain that the motion ah is equivalent to ae and af. By the 
motion ae, a only slides along the surface of b without press- 
ing it, or causing any. tendency to motion in that direction, ex- 
cept perhaps a little arising from friction. It is by tbe motion 
AF alone that the impulse is made. Therefore let v he zzv 

and then may be called the efficient impulse' of the 
body A in the present circumstances, and v the efficient ve- 
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hcity. This will be diminished by the collision. Let og be 
the unknown velocity remaining in A after the collision, or 
rather, in the instant of the greatest compression and common 
motion of the touching points of A and B, estimated in the 
direction FP. The effective momentum lost by a must there- 
I fore be A (t? — a?) : but the same must be gained by b, and its 

I centre G must move in the direction gi, pai’allel to fp, with 

this momentum ; and therefore with the velocity^^. That 

this may be case, the point of percussion f must yield with 
I the velocity because the bodies are in contact. But because 

c is the spontaneous axis of conversion, every particle is 
heginning to describe an arch of a circle round this axis. 
Therefore f is beginning to move in the direction Fg’, perpen- 
dicular to the momentary radius vector CF. Let f^ be a very 
minute arch, described in a moment of time. Draw ^perpen- 
I dicular to fp. Then pfis the motion f^ reduced to the dnee- 

tion FP, and will express the yielding of b in the direction of the 

impulse, while g describes a space equal to^^^^, and a de- 
scribes a space a?. Therefore f^ will express jt. Let pp be the 
space described in the same time that leg is described. Drawee, 
cutting GK in the point r, gi is the yielding of the body b to 

the impulse, and must therefore be equal 

^ The triangles efg and cpf arc similar ; for the angle cfp 
IS the complement offeg to a right angle : it is also the com- 
plement of PCF to a right angle. Therefore f^ : : : fc : cp. 
But F^: pp : : fc : cp ; because the little arches Fg, pp, have the 
same angle at c. Therefore vp-ef.zzoc. It is plain that 

CG : CP : : GI : vp. Therefore CG : cp : ; x, and x — 

f ... B , , , ■ . 

; aCw— fl7)cp A*CV A«CP 

> "“b-cg ^ wherefore ;r-B*CG + a;-A-cp 

— ^y*A*CP, and a? (b*cg-[-a*cp)zi2?»a*cp, and arrzz; — ^ 

-the velocity remaining in a, estimated in the direction pp, 

And u, the velocity with which g will advance, is x — ; for 

■ ■ ■■■■■, 

CP : CG : : pp : GI : : a; : M. It is evident that a will change its 
direction by the collision: for in the instant of greatest com- 
Rression it was reacted on by a force=A (v-x) in the direc- 
tion FA. Ihis must be compounded with a-v, in the direction 
AH, in order to obtain the new motion of a; or it may be found 
by compounding x, which is retained by a, with fh, which has 
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suffered no change by the collision. The hodies 

separate^ although they be unelastic. If they are perfectly 

elastic we double these changes in each. 

If B were also in motion before the collision, the motion of 
A must be resolved into two, one of which is equal and parallel 
to the motion of b ; and the other must be employed in the same 
manner as ah in the preceding part of this article. 


mi 





CHAPTER VL 

ON THE MOTION OF MACHINES^ AND THEIR MAXIMUM EFFECTS. 


368. When forces acting in contrary directions, or in any 
such directions as produce contrary effects, are applied to raa* 
chines, there is, with respect to every simple machine (and of 
consequence with respect to every combination of simple ma- 
chines) a certain relation between the powers and the distances 
at which they act, which, if subsisting in any such m«achine 
when at rest, will always keep it in a state of rest, or o{ statical 
equilibrium (art. S8.) ; and for this reason, because the efforts 
of these powers, when thus related, with regard to magnitude ! 

and distance, being equal and opposite, annihilate each other, I 

and have no tendency to change the state of the system to which | 

they are applied. So also, if the same machine have been put i 

into a state of tmiform motion, whether rectilinear or rotatory, 
by the action of any power distinct from those we are now con- 
sidering, and these two powers be made to act upon the ma- 
chine in such motion in a similar manner to that in which they 
acted upon it when at rest, their simultaneous action will pre- 
serve it in that state of uniform motion, or of dyriamical equi- ^ 

librium (art. ^8.) ; and this for the same reason as before, be- i 

cause their contrary effects destroy each other, and have there- ; 

fore no tendency to change the state of the machine. But, if 
at the time a machine is m a state of balanced rest, any one of i 

the opposite forces be increased while it continues to act at the 
same distance, this excess of force will disturb the statical equi- j 

librium, and produce motion in the machine ; and if the same j 

excess of force continues to act in the same manner, it will, i 

like every constant force, produce an accelerated motion ; or, ; 

if it should undergo particular modifications when the machine i 

is in different positions, it may occasion such variations in the j 

motion as will render it alternately accelerated and retarded* j 

Or the different species of resistance to which a moving ma- j 

chine is subjected, *as the rigidity of ropes, friction, resistance ^ 

I, Z ' I 
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of the air, &c. may so modify a motion as to change a regular 
or irregular variable motion into one which is uniform. 

364. Hence, then, the motion of machines may be consi- 
dered as of three kinds. 1. That which is gradually accelerated, 
which obtains commonly in the first instants of the comraunir 
cation. 2. That which is entirely uniform. 3. That which is 
alternately accelerated and retarded. Pendulum clocks, and 
machines which are moved by a balance, are related to the third 
class. Most other machines, a short time after their motion is 
commenced, fall under the second. Now although the motion 
of a machine is alternately accelerated and retarded, it may, 
notwithstanding, be measured by a unifonn motion, because of 
the periodical and regular repetition which may exist in the ac- 
celeration and retardation. Thus the motion of a second pen- 
dulum, considered in relation to a single oscillation, is accele- 
rated during the first half second, and retarded during the 
second: but the same motion taken for many oscillations may 
be considered as uniform. Suppose, for example, that the extent 
of each oscillation is five inches, and that the pendulum has 
made ten oscillations : its total effect will be to have run over 
50 inches in 10 seconds ; and, as the space described in each 
second is the same, we may compare the effect to that produced 
by a moveable which moves for 10 seconds with a velocity of 5 
inches per second. We see, therefore, that the theory of ma- 
chines whose motions are uniform, conduces naturally to the 
estimation of the effects produced by machines whose motion 
is alternately accelerated and retarded : so that the problems 
comprised in this chapter will be directed to those machines 
whose motions fall under the first two heads ; such problems 
being of far the greatest utility in practice. 

3to. Defs. 1. When in a machine there is a system of 
forces or of powers mutually in opposition, those which pro- 
duce or tend to produce a certain effect are called movers, or 
moving powers ; and those which produce or tend to produce 
an effect which opposes those of the moving powers are called 
resistances. If various movers act at the same time, their equi- 
valent (found by the theorems in book I. chap, i.) is called in- 
dividually the moving force; and, in like manner, the resultant 
of all the resistances reduced to some one point, ike resistance. 
This reduction in all cases simplifies the investigation^ 

The impelled point of a machine is that to which the ac- 
tion of the moving power may be considered as immediately 
applied ; and the working point is that where the resistance 
arising from the work to be performed immediately acts, or to 
which it ought all to be reduced. Thus in the wheel and axle 
(fig- 6- pk V.) where the moving power p is to o%’'ercomc the 
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weight or resistance w, by the application of the cords to the 
wheel and to the axle, a is the impelled point, and b the work- 
ing point. 

^3. The mlocity of the mmingpomr is the same as the velo- 
city of the impelled point ; the velocity of resicMnce the same 
as that of the working point. 

4. Tlhe performance or effect of a machine, or the worlc done ^ 
is measured by the product of the resistance into the velocity of 
the working point ; the momentum (f impulse is measured by 
the product of the moving force into the velocity of the im- 
pelled point. 

These definitions being established, we may now exhibit a 
few of the most useful problems, giving as much variety in their 
solutions as may render one or other of the methods of easy 
application to any other cases which may occur. 

866. Prop. rfR and r he the distances of the power afid 
the weight or resistance w from the fulcrum v <f a straight 
lever (fig. 1. pi. IV.), then will the velocity of the power ana of 

the weight at the end of any time t he — — gt, and — gt, 

respectively^ the weight and inertia of the lever itself not being 
considered. 

If the effort of the power balanced that of the resistance, v 
would be equal to Consequently, the difference between 

this value of p and its actual value, or p — w will be the 
„ ^ 
force which tends to move the lever. And because this power 
applied to the point a accelerates the masses p and w, the 

mass to be substituted for w in the point a must be w (art. 

310. cor. 4.) in order that this mass at the distance r may be 
equally accelerated with the mass w at the distance r. Hence 

the power p — ^~w will accelerate the quantity of matter 

P -p w ; and the accelerating force f = (p w) -r 

(P -h w)= But (art. 228.) w a Fif or is = giF ; 

which in this case r: gt^ the velocity of p. And, be- 

cause veloc, of p : veloc. of w : : r ; r, we have veloc. of w 

'■ ■ ' . n 


veloc. of V 


— RrW 




Rrp— 


gt. 


r'2j> ^ ^ R«P + r'^w ^ 

Con. 1. The space described by the power in the time will 

2 ^ 



36T. If we compare the values of s and v in this proposition 
and first corollary with those in the fourth example, art. 267. 
which relates to motion on the axis in peritrochio, it will be 
seen, as ought evidently to be the case, that the expressions cor-* 
respond exactly. Hence it follows, that when it is required to 
proportion the power and weight so as to obtain a maximum 
effect on the wheel and axle (the weight of the machinery not 
considered), we may adopt the conclusions of cors. 6 and 
his prop. And in the extreme case wdiei'e the wheel and 
le becomes a pulley, the expression in cor. 8. may be adopted, 
he like conclusions may be applied to machines in general, if 
and r represent the distances of the impelled and working 
points from the axis of motion; and if the various kinds of 
resistance arising from friction, stiffness of ropes, &c. be pro- 
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Igt^; the space described by w in the same 


~r^w 




R. 2. IfR:r: : n : 1, then will the force which accelerates 

_ ■„ ■ PW®-- ww 

be = — — — . 

, + w ■ ■ 

Coe. 3. If at the same time the inertia of the moving force 
p be = 0, as in muscular action, the force accelerating a will 

be = — obviously greater than the former. 

Coe. 4. If the mass moved have no weight, but possess in- 
ertia only, as when a body is moved along a horizontal plane, 


the force which accelerates a will he 




And either of 


p«a + w 

these values may be readily introduced into the investigation. 
Cor. 5. The work done in the time if we retain the oiiginal 

. .n 1 llrP— r’w / RrVW— . 

notation, will be ---^gtxw = -~--gt. 

Cor. 6* When the work done is to be a maximum, and we 
wish to know the weight when p is given, we must make the 
fluxion of the last expression = 0. Then we shall have rE^p° 


• S/'^R^PW : 


; = 0 and w = p ( + * 




Cor. 7, If r :r::n:l^ the preceding expression will be- 
w = p [v/ 

8. When the arms of the lever are equal in length, that 
en 72 =: I, then is wrzp(v^2 — 1):= •414214 p, or 
of the moving force. 
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pciiy reduced to their equivalents at the working points, so as 
to be comprehended in the character w for resistance over- 
come,^' ■ 

367. A. If instead of being required to find the greatest pos- 
sible by means of a in a given time 

it Jiad been required to find the greatest load^ which can be 
raised by a given might through a given space s in b, given 
time t; then the portion to be raised each time may be thus 
found. Let the time of one ascent, n the number of ascents, 

then ^ w/V <^5: ^ above, the given weight, and w 

the weight to be raised. Then, by the theorems for accele- 
rating forces, we have tlzz and consequently uzz-yzi: 

t y-E. ^ _ — because is ma- 

nifestly equal to f. But the had is equal to nP ; 

hence t x >v/ — ~ x w is to be a max. or, striking out 

2s P +• AV 7 0 

• • T • PAV® — AV3 ' • w ‘ 

tne constant quantities, and squaring, =: a max. In 

fluxions, (£pww — 3w®w) (p + w) — w (pw^ — w’’) = 0. 
Hence W“ — pw — p'^ ~ 0, and w zr — 1), or p : w : : 8 : 5, 

very nearly. Consequently the greatest of materials 

which will be raised m a given time under the specified con- 
ditions, will be when the quantity raised at each ascent will be 
about |-ths of the given weight. This corresponds with the 
result of a more general proposition treated in art. 375. 

368. Peof. Given r and r, the arms of a straight lever ^ m 
and their respective weights, a7id the power acting at the 
extremity qf the am r, to find the weight raised at the ex^ 
tremity of the other arm when the effect is a maximum^ 

In this case ^ is the weight of the shorter end reduced to b 
( fig. 1. pL IV.), and consequently ^is the weight which, ap- 
plied at A, would balance the shorter end : therefore, ~ -f — 

. . . -aRi. , .'...H, 

w, would sustain both the shorter end and the weight w in 
cquilibrio. But p + em is the power really acting at the longer 

end of the lever; consequently p + |m — + -^w), is the 

absolute moving power. Now by art. 312. the distance of the 
centre of gyration of the beam from F is = which 
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let be denoted by ^ ; then (by cor. 4. art. 810.) * (m + m) 

will represent the mass equivalent to the beam or lever when 
reduced to the point a ; while the weight equivalent to w, 

when referred to that point, will be -~ w. Hence, proceeding 
as in the last prop, we shall have 


(m + 7») w for 


the inertia to bt overcome ; and (p 4“ 4 m 


mr 

2e 




’aa" 


(M+W^) + P4-— W 


the accelerating force of p, or of w 
reduced to a. Multiply this by w, and, for the sake of sim- 


2R 


and for p ’ 


fl 

li* 


plifying the process, put g for p + 

qw - rw‘^ 

(m + ^7^) then we shall have — ^ quantity which varies 


as the effect varies, and which, indeed, when multiplied by 
gjf, denotes the effect itself. Putting the fluxion of this 

equal to nothing, and reducing, we at length find w iz 

Cor. When r r, and m = w, if we restore the values of 
n and y the expression will become w r: v'(2p® + 2mp + 

— (p 4- p/i). 

869* Prop. Given the length 1 and angle e of elevation of* 
an inclined plane nc (fig. 5. pL XV.) to Jind the length L of 
another inclined plane ac, along which a given weight w shall 
he raised Jrom the horizontal line ab to the point c, in the least 
time possible^ hy mea7is of another giveii weight p descending 
dikmg the given plane cb : the two weights being comiected by 
an inextensible thread pcw runnbig always parallel to the two 
pianea. 

Let the angle of elevation cad be denoted by e, and let the 
expression for the .space passed over in a given time, found art. 
S67. II. be accommodated to the present notation ; it will then 


be 5 


p sm w sin E 




This gives '■ 




p + w ~ ® (x»sini;“-w sin 

But in the triangle abc we have ac : bc : : sin b : sin a, that 
is, L : Z ; : sin e : sin E ; hence zz sin and / n: sin e ; m 
being a constant quantity always determinable from the data 


given. And becomes 


^(p-f w) 


Now when any quan- 
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tity, as is a mmiftiaioo, its square is manifestly a niini- 
miim: so tliat^ substitiiting for s and striking out 

the constant factorsj we have - z zz a min. or its fluxion 

~ 0. Here, as in all similar cases, since the 

il’action vanishesj its numerator must be equal to 0 ; conse- 
quently - 2 w/l — PL^ zz O5 PL = £vv^, or L : / : : Sw ; p. 

Cor. 1, Since neither sin e nor sin e enters the final equa- 
tion, it follows, that if the elevation of the plane ec is not given 
the problem is unlimited. 

CoE. 2. When sin e zz 1, bc coincides with the perpendi- 
cular CD, and the power p acts with all its intensity upon the 
weight w. This is the case of the present problem which has 
conimonly been considered. 

SCHOLIUM. 

S70. This proposition admits of a neat gmmet?ical demon-- 
stratioii, Tliusj let ck (fig. 5, pi. XV.) be the plane upon 
which, if w were placed, it would be sustained in equilibrio 
by the power P upon the plane cb, or the power # hanging 
freely in the vertical cn-; then (art. 154. cor. 5, 6.) bc : cn : ce 
: ; p : p^ : w. But is to the force with which it tends to de- 
scend along the plane ca as CA to CD ; consequently, the 
weight p4s to that force as ca : ce; or the weight p upon the 
plane bc is to the same force in the same ratio ; because either 
of these weights in their respective positions would sustain w 
on CE. Therefore the excess of p above that force (which ex- 
cess is the power accelerating the motions of p and w) is to p 
as CA — CE to ca; or, taking CH = ca, as eh to ca. Now, 
the motion being uniformly accelerated, we have s a or 

a : consequently, the square of the time in which ac is 
described by w will be as ac directly, and as ^ inversely ; and 
will be least when ^ is a minimum ^ that is, when ^ 

+ ^CE, or (because 2 ce is invariable) when — + eh is a mi- 
nimum. Now, as when the sum of two quantities is given 
their product is a maximum when they are equal to each omer ; 
so it is manifest that when their product is given their sum must 

be a minimum when they are equal* But the product of 
and EH is ce^, and consequently given 5 therefore, the sum of 
and EH is least when those parts are equal ; that is, when 


i 
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EH m CE, or CA = ^CE. So that the length of the plane CA 
is double the length of that on which the weight w 
kept in equilibrio by p acting along cb> 

When CD and cb coincide the case becomes the same as that 
considered by that admirable mathematician Mr. Maclauriii^ 
in his Viem Newtofi^s Philosophical Discoveries, fB,. 183, 
8vo. ed. Whence, with a very slight variation, the method in 
this scholium was deduced. 

371. Prop. Let the given weight p (fig. 5 descend along 
CB, and by means of the thread {running parallel to the 
planes) draw a z&eightw np the plane ac: it is required' to find 
the value ofi w, when its momentim is a maximum, the lengths 
and positions of the planes being given. 

The general expression for the velocity is rs — 

(art ^67. ex. II.) ; which, by substituting for sin c, and 


for sin e, becomes v — 




This multiplied into 


w gives 


ii(PWL-W®Z) 


gt ; which, by the prop, is to be a maxi- 


mum. Or, striking out the constant factors, gt, we have 

WIj ~~ W®/ • ■ ' ' • . 

— rz a max. Putting this into fluxions, and reducing, we 


have 


;0, or w =: PVCy + l) 


Cor. When the inclinations of the planes are equal, L and 
I are equal, and w =: p — p n p ( - 1) ~ -4142 p ; 

agreeing with the conclusion of the lever of equal arms, or the 
extreme case of the wheel and axle, L e, the pulley. Art. 366. 
cor. 7. art. 367. 

372. Prop. Given the radius fa wheel, and the radius 
r of its axle, the weight of both, w, and the distance of the centre 
of gyration from the axis of motion, f ; also a given power p 
acting at the circumference f the wheel ; to find the weight w 
raised by a cord folding about the axle, so that its momentum 
shall he a maximum. 

The force which absolutely impels the point a (fig, 6. pi. V.) 
is p, while w acts in a direction contrary to p, with a force 

j this, therefore, subducted from p, leaves p — 

== — for the reduced force impelling the point a. And 
the inertia which resists the communication of motion to the 
jK>int A will be the same as if the mass ^vere cou^ 
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centrated in the point A (art. 310. cor. 4'. 5.) If the former 
of these be divided by the latter, the quotient is 

the force accelerating a : multiplying this by ^5 we have 

for the force which accelerates the weight w 

in its ascent. Consequently the velocity of w will be 

multiplied into w gives^^^^— 

for the momentum. As this is to be a maximum, its fluxion 
■will=0; whence we shall obtain w=; 

A/(K4pg + 4- + pwRrg® -f p®R3y)»».Rgp..~.gaa> 

, j,a ■■ * \- 

Coe. 1. When e r:r, as in the case of the single fixed pulley, 

then W-IZ v'(^^P'^E'^4-SEP^®r<y + ~2iy^+P2^R£)^) — 

Cor. 2, When the pulley is a cylinder of uniform matter 
and theexpression becomes wn a/[r®(^p^ 4* |pze?-f 
~4-^— p. ' 

Cor. 8. If in the first general expression for the momentum 

Rypw— .r^w® 


Q+i^aw 


a max. 


of w we put a=E®p + /:%, we shall have^ 

Which fluxed and reduced gives w= —y/ A a. 

Cor. 4. If the moving force be destitute of inertia, then will 
Q=:|i2^, and w, as in the last corollary. 

373. Let a given power v be applied to the circwrrference of 
a wJ^el, its radim R, to raise a weight w at its axle, whose 
radius *5 r, it is required to find the ratio qfi&cmd xwTien vr is 
raised with the greatest mmientum ; the characters w and § de- 
noting the same as in the last preposition. 

Here we suppose r to vary in the expression for the mo- 

mentum of we suppose that by the 

conditions of any specified instance we can ascertain what 
quantity of matter g shall make which, in fact, 

may always be done as soon as we can determine^. The ex- 


pression for the work will then become M. 


The 


B“P+r<>(y + w) L 

fluxion of which being made=:0, gives, after a little reduction. 

Cor. When the inertia of the machine is evanescent, with 
respect to that of p + w, then is r=RV(l + 4)~l- 
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374. Prop. In any machine whose motion accelerates.^ the 
weight xoill he moved with the greatest velocity when the velo^ 

city of the power is to that of the teeight 1 + p -v/(l + 

1 ; the inertia of the machine being disregarded. 

For any such machine may be considered as reduced to a 
lever, or to a wheel and axle whose x'adii are r and r ; in v/hich 

the velocity of the weight (art. 366.) is to be a 

maximum j r being considered as variable. Hence, then, fol- 
lowing the usual rules, we shall find pRn?'[w-l- -/(w^+pw)]. 
From which, since the velocities of the power and weight are 
respectively as e and r, the ratio in the proposition immediately 
flows. 

Cor. 1. When the weight moved is equal to the power ^ then 
is R : r : : 1+ : 1 : : S‘4142 : 1 

Cor. 2. When the weight is double^ triple^ quadruple^ &c. 
the power, the preceding ratio becomes S + v" 6, 3 + ^/l^, 
4+ vSO, &c. respectively to 1. 

375. Prop. If in any machine whose motion accelerates^ the 

descent of one weight causes another to ascend.^ and the descend’- 
ing weight he given^ the operation being supposed contirmaMy 
repeated^ the ^eci will be greatest in a given time when the 
ascending weight is to the descending weighty as 1 1*618, in 

the case of equal heights ; mid in other cases^ when it is to the 
exact counterpoise in a ratio which is always betweeii 1 l^- 

and 1 to 9>, 

Xet tire space descended be 1, that ascended s ; the descend- 
ing weight 1, the ascending weight J : then would the equili- 
brium require (art. 363.); and 1 — will be the force 
acting on 1. Now the mass ^ reduced to the point at %vhich 
the mass 1 acts will be ; consequently the whole 

. mass moved Is equival^ to 14 -^? and the relative force is 

O— + the space being given, 

the time is as the root of the accelerating force inversely, 
that is, as and the whole effect in a given time 

being dbeedy as the weight raised, and inversely as the time 
of ascent, will be as i* a/ ; which must be a maxi- 
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mum. Consequently its square 




must be a maximum 


likewise. This latter expression fluxed and reduced gives 

^C?=r^(v^ ^ 

Here if 5 =: 1, a:;=z but if ^ be diminished without 

limit, r£?r: |5; if it be augmented without limit, then will 
\/(i’24-10s+9) approach indefinitely near to 5, and con- 
sequently wzz2s. Whence the truth of the proposition is 
manifesto 


376. Prop, Let (p denote the ahsoltde effoj't qfanymomng 
force^ when it has no velocity , and suppose it not capable of any 
effort when the velocity is w ; let e be the ffort answering to 
the velocity v, then^ jf the force he uniform^ f will bezz<p 



For it is the difference between the velocities w and v 
which is efiScient, and the action being constant, will vary as 
the square of the efficient velocity. Hence we shall have this 
analogy, ^ : f : : (w — 0)2 : (w — v)® ; consequently, f = 


) 2 : 

V w / 


:^(1 



Although the pressure of an animal is not actually uniform 
during the whole time of its action, yet it is nearly so : so that 
in general we may adopt this hypothesis in order to approxi- 
mate to the true nature of animal action. On which supposi- 
tion the preceding prop, as well as the remaining one, in this 
chapter, will apply to animal exertion. 

Coe. Retaining the same notation we have w zr 

This, applied to the motion of animals, gives this theorem : 
The utmost velocity with which an animed not impeded can mave^ 
is to the velocity with which it moves when impeded by a given 
resistance^ as the square 7'oot of its absolute force^ to the dffer-^ 
ence of the square roots of its absolute and tfficunt forces. 

377. Prop. To investigate expressions by means of which the 
maximum effect^ in machines whose motion is un^orm^ may he 
determined. 

I. It follows, from the observations made in art. 363. and 
the definitions in art. 365. that when a machine, whether sim- 
ple or compound, is put into motion, the velocities of the im- 
pelled and working points are inversely as the forces which are 
in equilibrio when applied to those points in the direction of 
their motion. Consequently, if /denote the resistance when 
reduced to the working point, and its velocity; while f and 


i 
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V denote the force acting at the impelled pointy and its velocity; 

we shall have or introducing t the time, Fv^—ybl 

Hence, in all worMng machines 'wfiich ham acquired a uni- 
form motion^ the performance of the macMne is equal to tlie mo^ 
mentum of impulse, 

II. Let F be the effort of a force upon the impelled point of 
a machine when it moves with the velocity v, the velocity being 
w when f=zO, and let the relative velocity w—y—u. Then 

since (art 376.) the momentum of impulse fv 

will become vp ( ~ ) ^ zr (p ~ (w —• w) ; because v r= w — u. 

Making this expression for fv a maximum, or, suppressing the 
constant quantities, and making ?r (w — ?A ^ max. or its fluxion 
r:0, when u is variable, we find 2\yzz^u, or Whence 

V r: w — w rz w — yW 3:|.w. 

Consequently, zohen the ratio of y to v is given hy the con- 
struction of the machine, and the reslstarwe is susceptible of 
variation, we must load the machine more or less till the velo- 
city of the impelled point is one-third qf the greatest velocity of 
the force ; then will the worJc done he a maximum, 

Or^ the zoorJe done by an animal is greatest when the velocity 
with which it moves is one-third of the greatest velocity zvith 
which it is capable qf moving zvhen not impeded. 

III. Since f zz p zz <p (^)z:|.<p, in the case of the max- 

imum, we have Fvzz|.<pvzz^<p*.|.wzz^(pw, for the momentum 
of impulse, or for the work done, when the machine is in its 
best state. Consequently when the resistance is a given quantity 
zee must malce v : 4<p ; and this structure of the machine 

zmll give the maximum =^^(pw. 

lY. If we inquire the greatest effect on the supposition that 
(p only is variable, we must make it infinite in the above ex- 
pression for the work done, which would then become wf, or 

^^f w ^ft^ including the time in the formula. Hence 

we see, that the sum qf the agents employed to move a machine 
may be infinite^ while the effect is finite : for the variations of 
jp which are proportional to this sum, do not influence the 
above expression for the effect. 

SCHOLIUM. 

378. The propositions now delivered contain, it is hoped, 
the most material principles in the theory of machines. The 
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manner of applying several of them is very obvious : the appli- 
cation of some, being less manife^^^ may be briefly illustrated, 
and the chapter concluded with two or three observations. 

The last theorem may be applied to the action of men and of 
horses, with more accuracy than might at first be supposed* 
Observations have been made on men and horses drawing a 
lighter along a canal, and working several days together. The 
force exerted was measured by the curvature and weight of 
the track-rope, and afterwards by a spring steelyard. The pro 
duct of the force thus ascertained, into the velocity per hour, 
was considered as the momentum. In this way the action 
of was found to be very nearly as (w — v)^: the action 
of horses loaded so as not to be able to trot was nearly as 

I (w — v) , or as (w—v) . Hence the hypothesis we have 

adopted may in many cases be safely assumed. 

According to the best observations, the force of a man at rest 
is on the average about 70 pounds ; and the utmost velocity 
with which he can walk is about 6 feet per second, taken at a 
medium. Hence, in our theorems, <^=70, and wzz6. Conse- 
quently F=:.^<p n 3 l^lbs. the greatest force a man can exert 
when in motion: and he will then move at the rate of |w, or 
S feet per second, or rather less than a mile and a half per 
hour. 

The strength of a horse is generally reckoned about six times 
that of a man; that is, nearly 420 lbs. at a dead pull. His 
utmost walking velocity is about 10 feet per second. There- 
fore his maximum action will be of 420=1 86|-lbs. and he 
will then move at the rate of y of 10, or 3y feet per second, or 
nearly 2|. miles per hour. In both these instances we suppose 
the force to be exeited in drawing a weight along a horizontal 
plane ; or by raising a weight by a cord running over a pulley 
which makes its direction horizontal. Mr. Tredgold, Mr, 
j Be van, and a few others regard this as rather an over estimate 

5 of the power of a horse. Mr. Tredgold gives 125 lbs. as the 

force of a horse, moving at the rate of 2i. miles an hour, for 8 
hours in a day. 

f 379. The theorems just given may serve to show in what 

■ points of view machines ought to be considered by those who 

^ would labour beneficially for their improvement. 

The first object of the utility of machines consists in fumsh- 
ing the means of giving to the movmgjbrce the most commo^ 
dious direction : and, when it can be done, of causing its action 
to be applied immediately to the body to be moved. These 
can rarely be united: but the former can be accomplished in 
most instances; of which the use of the simple lever, pulley, 
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and wheel and axle, furnish many examples. Sometimes local 
circumstances do not permit the employment of that machine 
which, considered in itself, would be most proper to accomplish 
the desired effect ^ yet, with correct theory and a little prac- 
tice, it will scarcely ever be difficult to fix upon the machine 
which in the given state of things will be most advantageous In 
practice. The second object gained by the use of machines is 
a7i accommodaiion qfthe velocity of the work to be performed 
to the velocity with zohick alone a natural power can act. Thus, 
whenever the natural power acts with a certain velocity which 
cannot be changed, and the work must be performed with a 
greater velocity, a machine is interposed moveable round a fixed 
support, and the distances of the impelled and working points 
are taken in the proportion of the two given velocities* 

But the essential advantage of machines, that, in fact, which 
properly appertains to the theory of mechanics, consists in 
augmenting, or rather in modifying, the energy of the moving 
power, in such manner that it may produce effects of which it 
would have been otherwise incapable. Thus a man might carry 
up a flight of steps twenty pieces of stone, each weighing 80 
pounds (one by one) in as small a time as he could (with the 
same labour) raise them all together by a piece of machinery, 
that would have the velocities of the Impelled and working 
points as SO to 1; and, in this case, the instrument would fur- 
nish no real advantage, except that of saving his steps. But if a 
large block of SO times 30, or 600 lbs. weight, were to be raised 
to the same height, it would far surpass the utmost efforts of the 
man, without the intervention of some such contrivance. 

The same purpose may be illustrated somewhat differently ; 
confining the attention all along to machines whose motion is 
uniform. The product represents, during the unit of time, 
the effect which results from the motion of the resistance ; this 
motion being produced in any manner whatever. If it be pro- 
duced by applying the moving force Immediately to the resist- 
ance, it is necessary ,not only that the products fv and yh should 
be equal; but that at the same time Frzj^ and v=:t7: if, 
therefore, as most frequently happens, be greater than f, it 
will be absolutely impossible to put the resistance in motion by 
applying the moving force immediately to it. Now machines 
furnish the means of disposing the product fv in such a manner 
that it may always be equal to however much the factors of 
FW may differ from the analogous factors in fv ; and, conse- 
quently, of putting the system in motion, whatever is the excess 
of f over F. 

Or, ger^erally, as M. Prony remarks (Archi. Hydraul. art. 
504.), machines enable os to dispose the factors of i^’vif in such 
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a manner, that while that product continues the same its factors 
may have to each other any ratio we desire. Thus, to give 
another example: Suppose that a man exerting his strength 
immediately upon a mass of 251bs. can raise it vertically with 
a velocity of 4 feet per second ; the same man acting upon a 
mass of 1000 lbs. cannot give it any vertical motion though he 
exerts his utmost strength, unless he has recourse to some ma- 
chine. Now he is capable of producing an effect equal to 25 
X 4 X t : the letter i oeing introduced because if the labour is^ 
continued the value of if will not be indefinite, but comprised 
within assignable limits. Thus we have 25 x 4 x ifzrlOOO 
X V X t; and consequently r?=:TV of a foot. This man may, 
therefore, with a machine, as a lever, or axis in peritrochio, 
cause a mass of 1000 lbs. to rise of a foot, in the same time 
that he could raise 25 lbs. four feet without a machine; or he 
inay raise the greater weight as far as the less, by employing 40 
times as much time. 

From what has been said on the extent of the effects which 
may be attained by machines, it will be seen that so Jong as a 
moving force exercises a determinate effort with a velocity like- 
wise determinate, or so long as the product of these is constant, 
the effect of the machine will remain the same : thus, under 
this point of view, supposing the preponderance of the effort of 
the moving power, and abstracting from inertia and friction of 
materials, the convenience of application, &c. all machines are 
equally perfect. But, from what has been shown, (arts. 876. 
377.) a moving force may, by diminishing its velocity, augment 
its effort, and reciprocally. There is, therefore, a certain effort 
of the moving force, such that its product by the velocity which 
comports to that effort is the greatest possible. Admittino- the 
truth of the law assumed in the articles just referred to, we 
ha%"e, when the effect is a maximum^ vnj-w, or Fz=: ^(p; and 
these two values obtaining together, their product X^w ex- 
presses the value of the greatest effect with respect to^Sie unit 
of time. In practice it will always be advisable to approach 
as nearly to these values as circumstances will admit ; for it 
cannot be expected that they can always be exactly attained. 
But a small variation will not be of much consequent : for, by 
a well-known property of those quantities which admit of a 
proper maximufn and minimum, a value assumed at a moderate 
distance from rither of these extremes will produce no sensible 
change in th^ effect. 

If Ae relation of p to v followed any other law than that 
which we have assumed, we should find from the expression of 
that laxiD values of f, v, &c. different from the precedino*. The 
general method, however, would be nearly the same. ^ 
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With respect to practice, the grand object in all cases should 
be to procure a uniform motion^ because it is that from which 
{cceteris paribus) the greatest effect always results. Every irre- 
gularity in the motion wastes some of the impelling power ; and 
it is the greatest only of the varying velocities which is equal to 
that which the machine would acquire if it moved uniformly 
throughout: for, while the motion accelerates, the impelling 
force is greater than what balances the resistance at that time 
opposed to it, and the velocity is less than what the machine 
would acquire if moving uniformly ; and when the machine at- 
tains its greatest velocity, it attains it because the power is not 
then acting against the whole resistance* In both these situa- 
tions, therefore, the performance of the machine is less than if 
the power and resistance were exactly balanced, in which case 
it would move uniformly (art. 363.). Besides this, when the 
motion of a machine, and particularly a very ponderous one, is 
irregular, there are continual repetitions of strains and jolts 
which soon derange and ultimately destroy the whole structure. 
Every attention should, therefore, be paid to the removal of all 
causes of irregularity. Some of the most successful methods 
of ensuring a uniformity of motion will be given in the second 
volume* We must now turn to other subjects. 
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Introductory Dejinitions and Remarks. 

380. According to the general division marked out in art. 
2 O 3 we now proceed to the subject of Hydrostatics, which 
comprises the doctrine of the pressure and the equilibrium of 
non-elastic fluids, as water, mercury, &c. and that of the weight 
and pressure of solids immersed in them. 

Def. A jfekZ is a body whose parts are very minute, yield to 
any force impressed upon it (however small), and by so yielding 
are easily moved among themselves. 

This is nearly the same as the definition given by Newton, 
in the Pr%nciyi% book % sect. 5. and is adopted here because, 
in conjunction with tvyo or three established facts, it niay serve 
as a basis for all which distinguishes the doctrines of hydro- 
statics from those of pure mechanics^ The writers on the 
Continent, however, though they admit that the minuteness of 
fluid moleculm, and their excessive mobility, are characteristics 
common 10 all such bodies, yet they have recourse to a difierent 
definition. Thus the celebrated Euler, in the Nezo Commen- 
taries of SL Petersburgh, vol. 13. takes for the basis of his 
analysis the following consideration: The distinguishing 

nature of fluids consists in this property, namely, that when it 
is subjected to any pressure whatever, that pressure is so distri- 
buted throughout the mass, that while it remains in equilibrio 
all its parts are equally pressed."’ And M. D’Alembert, in his 
Traite de rEquilibr'e et du Mouvement des Fluides^ as well as 
M. Prony in his jircliitectuf^ellydraulique^ adopts the same pro- 
perty as a dejSoition. It is strictly consistent with experiment 
(though, as will soon be seen, it is rather a proposition, capable 
of proof, than a definition), and furnishes a natural foundation for 
an algebraical calculus, by which the whole doctrine of hydro- 
statics may be exhibited in a few equations. But this method, 
though it possesses some advantages, is not entirely pursued 
here, from a firm conviction that a judicious combination of the 

f eometrical and algebraical methods is far more likely to convey 
istinct ideas to the student than the modern analysis merely. 
VOL. I. A A 
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Perfect fluiditjj according to tlie Newtonian system, arises 
from a want of any sensible cohesion between the constituent 
particles of the fluid; and this want of cohesion is commonly 
attributed to the spherical figure of the particles. The nature 
of this work does not require that we should enter into minute 
disquisitions on the formal cause of fluidity. We shall merely 
state that the late Dr. Black of Edinburgh speaks of fluidity 
as an effect of heat : and before him Boerhaave pleaded strenu- 
ously for the same opinion. According to this view of the 
matter, fluidity may be caused by a certain degree of fire, 
which, when employed for this purpose, seldom manifests itself 
by any other perceptible effect : not dilating the volume, but 
resisting the particular attachment of the parts. Some strive 
to give mechanical ideas of a fluid body, by comparing it to a 
heap of sand ; but the impossibility of giving fluidity by any kind 
of mechanical comminution will appear by considering two of 
the circumstances necessary to constitute a fluid body: 1. That 
the parts, notwithstanding any compression, may be moved in 
relation to each other, with the smallest conceivable force, or 
will give no sensible resistance to motion within the mass in 
any direction. % That the parts shall gravitate to each other, 
whereby there is a constant tendency to arrange themselves 
about a common centre, and form a spherical body; which, as 
the parts do not resist motion, is easily executed in small bodies. 
Hence the appearance of drops always takes place when a fluid 
is in proper circumstances. It is obvious that a body of sand 
can by no means conform to these circumstances. 

Different fluids have different degrees of fluidity, according 
to the facility with which the particles may be moved amongst 
each other. Water and mercury are classed among the most 
perfect fluids. Many fluids have a very sensible degree of 
tenacity, and are therefore called mscous or imperfect fluids. 

881. Def. Fluids may be divided into compressible and in* 
compressible, ox elastic and non-elastic fluids. A compressible 
or elastic fluid is one whose apparent magnitude is diminished 
as the pressure upon it is increased, and increased by a diminu- 
tion of pressure. Such is air, and the different vapours. An 
incompressible or non*elastic fluid is one whose dimensions are 
not, at least as to sense, affected by any augmentation of pres- 
sure. Water, mercury, wine, &c. are generally ranged under 

It y npt unusual to apply the term fuid to that class solely 
which are elastic, and liquid to such as are non-elastic ; thus 
making Itir a fluid and water a liquid : but the distinction, 
though ' have some advantages in chemical nomencla- 
ture, ' 
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Although the use of that well-lcuown io^truinent the ther- 
mometer is founded upon the circumstance of different degrees 
of heat and cold causing a corresponding dilatation or condensa- 
tion in spirits of wine, mercury, and some other fluids ; a fact 
which it might be supposed would have led to the opinion that 
such fluids were compressible by other means ; yet it has been 
universally believed and asserted till withim the last half century, 
that after the fluid was freed from all air no art or vioJenc^ 
could press it into Jess space* This opinion has been groundisd 
chiefly, if jxot altogether, on a gross and inadequate experun^nt 
made by the Acaaemi del Cmento^ at Florence ; in which water 
when violently squeezed made its w’^ay through the fine pores of 
a globe of gold, rather than yield to the compression* Even so 
lately as 1790, so skilful a mathematician and philosopher as 
M. Prony speaks of the incompressibility of water with an 
obvious allusion to the Florentine experiment, as though be 
were not at all conscious of its insufficiency, and seeming quite 
ignorant of any contrary experiments. For, says he, Si une 
quantity d’eau est renferm6e dans un vase de capacite et de 
forme quelconque, et qukm I’y comprime avec toute la force 
qu W youdi'a, jamais on ne pourra la reduire a occuper un 
espace moindre que celui qu’elle occupoit d’ahord. Tout le 
monde connoit les experiences qu’an a faites pour qonstater 
cette propri^te ; on sait que Feau etant renfermfee dans des globyes 
de metal, quelque percussion ou quelque pr^ion qu’on emplqie 

J )our le faire diminuer de volume, on n’y parvient jamais, et que 
opque la r6sistance qif elle oppose A de pareils efforts ne lui 
fait pas briser, son enveloppe, elle se fait jour k travers Jqs 
pores du metal, d'oii elle sort en forme de ros6e.” 

^ But our ingenious countryman, Mr, Canton, attentively con- 
sidering this experiment, found that it was not sufficiently accu- 
rate to justify the conclusion which had always been drawn 
from it ; ^ since the Florentine philosophers had no method of 
deternnning that the alteration of figtpe in their globe of gold 
occasioned such a diminution of its internal capacity as 
exactly equal to the quantity of water forced into its pores. 
To bring this matter therefore to a more ^curate and ded^ve 
trial, he procured a small glass tube of about two feet long, 
with a ball at one end, of an inch and a quarter in diameter. 
Having filled the ball and part of the tube with mercury, and 
brought it exactly to the heat of 50^ of Fahrenheit's thermo- 
meter, he marked the place where tlie mercury stood in the 
tube, which was about six inches and a half above the ball ; he 
then raised the mercury by heat to tlie top of the tube, and 
there igeal.ed the tube hermetically ; then upon reducing the 
mercury to the same degree qf heat as before, it stood in the 
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tube of an inch higher than the mark. The same expe- 
riment was repeated with water exhausted of air, instead of 
mercury, and the water stood in the tube above 

the mark. Since the weight of the atmosphere on the outside 
of the ball, without any counterbalance from within, will com- 
press the ball, and equally raise both the mercury and water, it 
appears that the water expands of an inch more than the 
mercury by removing the weight of the atmosphere. Having 
thus determined that water is really compressible, he proceeded 
to estimate the degree of compression corresponding to any 
given weight. For this purpose he prepared another ball, with 
a tube joined to it ; and finding that the mercury in of an 
inch of the tube was the hundred thousandth part of that con- 
tained in the ball, he divided the tube accordingly. He then 
filled the ball and part of the tube with water exhausted of air; 
and leaving the tube open, placed his apparatus under the re- 
ceiver of an air-pump, and observed the degree of expansion 
of the water answering to any degree of rarefaction of the air: 
iand again by putting it into the glass receiver of a condensing 
engine, he noted the degree of compression of the water cor- 
responding to any degree of condensation of the air. He thus 
found by repeated trials, that, in a temperature of 50^^, and 
when the mercury has been at its mean height in the barometer, 
the water expands one part in ^1740; and is as much com- 
pressed by the weight of an additional atmosphere ; or the com- 
pression of water by twice the weight of the atmosphere, is one 
part in 10870 of its whole bulk. Should it be objected that 
the compressibility of the water was owing to any air which it 
might be supposed to contain, he answers, that more air would 
make it more compressible ; he therefore let into the ball a 
bubble of air, and found that the water was not more com- 
prcissed by the same weight than before. 

In some further experiments of the same kind, Mr. Canton 
found that water is more compressible in winter than in sum- 
mer ; but he observed the contrary in spirit of wine, and oil of 
: olives. ■ . ' 

The following table was formed, when the barometer was at 
inches and a half, and the thermometer at 50 degrees. 


Compression of 

Millionth parts. 

Spec. grav. 

Spirit of wine , . 

. . . 66 . . 

. . 846 

^ Oil of olives . . . 

. . . 48 . . 

. . 918 

• 'Ram water . . ; . 

. . . 46 . . 

. . 1000 

Sea water .... 

. . . 40 . . 

. . 1028 

Mercary . 3 . . 

See Fha. Transac. for and 1764;. 
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These results have been confirmed to a considerable de- 
gree by the experiments of and 

Indeed it seems reasonable to concliide^ independent of all 
experiments, that no fluids are absolutely incompressible ; for all 
bodies being porous, their parts may be brought nearer to each 
other : and a liquid being an assemblage of solid bodies, should, 
therefore, be compressible. Hence, then, the usual distinction 
of fluids into compressible aiid incompressible is, strictly speak- 
ing, inaccurate. Nevertheless, as the compression of the liquids 
in the preceding table h mry small compared with their mass, 
it may safely be neglected in most practical cases, so that the 
fluids usually considered as incompressible may still be reckoned 
so in the investigations we are about to enter upon; and the 
consideration of air, and other easily compressible and elastic 
fluids, may be properly referred to the separate he^d of Aero- 
statics or Pneumatics. 

382* We know so little of the essential nature and constitution 
of fluids, that it would be by no means advisable to apply to 
them the principles of equilibrium and of motion, as they have 
been stated in the preceding part of this work, without first 
inquiring whether there is not some other general law which ap- 
pertains to fluids only, and from which, in eoxij unction with the 
principles just adverted to, the doctrine of hydrostatics may 
readily be deduced. For the actions of fluids upon each other 
differ so essentially in some particulars from the mutual actions 
of solid bodies, that some distinct principle must be sought, to 
account for such varying eflPects. The parts of a solid are so 
connected together as to form but one and the same whole; 
their effort is, according to its nature, concentrated into one 
point, as the centre of gravity, centre of gyration, &c.; which 
is by no means the case with fluids, their particles being ex- 
tremely moveable and entirely independent of each other. 
Again: no statical equilibrium can take place between two 
bodies of different weights, unless the lighter body acts at some 
mechanical advantage; whereas a very small weight of fluid 
may, without acting in so advantageous a position, be made to 
balance any %veight however large. Solid bodies, again, when 
left to themselves, press only in the direction of gravity ; wiiile 
fluids press equally in all directions. This property indeed is 
one of the most remarkable which we meet with in fluids, 
and from it most of the other properties may be readily in- 
ferred ; on which account the continental philosophers assume 
it as a kind of definition. The Newtonian definition is more 
simple, and naturally leans to this property, which can only be 
conceived to arise from the extreme freedom with which the 
particles move against each other* But the most satisfactory 
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proof feSults from experiment ; to which it is proper to have 
recourse in the establishment of the first principles of Hydro- 
Statics, and which will at once furnish the general law necessaiy 
to be combined with the received principles of proper me- 
chanics. 

385. Def. The spedjie gravity of any solid or fluid body 
is the absolute weight of a known volume of that substance, 
namely, of that which we take for unity in measuring the 
capacities of bbdies. 

Comparing this definition with that of density (art. 10.) it 
will appear that the two terms density and specific gravity ex- 
press the same thing under different aspects ; the former being 
rnore accurately restrained to the greater or less vicinity of par- 
ticles, the latter to a greater or less weight in a given volume ; 
hence as weight depends upon the closeness of particles, the 
density varies as the specific gravity, and the terms may in 
most cases be indiscriminately used. The specific gravities of 
fluids are usually considered without any regard tc the empty 
spaces between the particles, though if the particles of fluids 
are spherical, the vacuities tnake at least ^ of the whole bulk. 
But it is sufficient that we know precisely in what sense the 
specific gravity of fluids is understood. 
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CHAPTER!. 

ON THE PRESSUEE OF NON -ELASTIC FLUIDS. 

684. Prop. The up'per surface of a homogeneous heavy fidd 
in any vessel^ or any system (f communicating vessels^ is hori- 
zontal. 

This is a matter of universal experience ; and, as it is easily 
observed^ may l>e taken for the distinguishing property of 
fluids. Thus, if ABCDEF (fig. 7. pi. XV.) be a vessel in which 
the branches cdh, efc, have a free communication with the 
part AB ; then, if water, or mercury, or wine, or any other fluid 
commonly reckoned non-elastic, be poured in, either at A, c, or 
E, and when the whole is at rest, the surface of the fluid stands 
at IK in the larger trunk ; if the line likm be drawn parallel to 
the horizon, the surface of the fluid will stand at l in the branch 
EF, and at m in the branch cn ; and this whatever are the in- 
clinations of those branches, or the angles at f and n, a and h. 

Remarlc, This is usually explained by saying, that, since the 
parts of a fluid are easily moveable in any direction, the higher 
particles will descend by reason of their superior gravity, and 
raise the lower parts till the whole comes to rest in a Imrizontal 
plane. Now what is called the horizontal plane is, in fact, a 
portion of a spherical surface whose centre is the centre of the 
earth : hence it will follow, that if a jiuid gravitate towards any 
centre it will dispose itself into a spherical figurCy the centre f 
which is the centre of force- 

685. Prop. Ifafiuidy considered xoithout weighty he contained 
in any vessel whatever y arid an orifice being made in the vessel^ 
any pressure whatever he applied theretOy that pressure will he 
distributed equally in all directions. 

Through any point N (fig. 7.) taken at pleasure below the 
surface of the fluid likm, imagine the horizontal plane pnoo 
to pass. It is obvious the weight of the fluid contained in the 
vessel below PNoa contributes nothing to the support of the 
columns lp, io, mq ; so that the equilibrium would obtain in 
like manner if the fluid contained in that part of the vessel below 
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PNoa had lost its weight entirely. We may, therefore, reg^d 
Su?d arbeing solely a mean of communication between the 
this ttuia as oei g y . manner that it will transmit 

^WeLireiesSfncr frU the columns ip, mu, to the column 
10 Ld reciprocallyr If, now, instead ol the columns lp, lo, 

MO of the Lid, pistons were applied to the surfaces p, no, 

S a and were separately urged by pressures respective y 
eoual to the pressures of the columns lp, io, ms, the equili- 
bnum would manifestly obtain in like manner. Or, if ^ pres- 
sure equal to that of the column mu be applied at a, while the 
cSlumSs np, lo, remain, the equilibrium will std obtain; and 
S i^vhEtever are the directions of the several branches, and 
foeir tfouSies at n, p, &c. whence the proposition is evi- 

*^^'coR 1 Not only is the pressure transmitted equally in all 
diiLtfons,' but it acts perpendicularly upon every point ifthc 
surface of the vessel which contains thejimd. 

tor if the pressure which acts upon the surface were not 
exerted perpendicularly, it is easy to see that it could not be 
entirely Lnihilated by the reaction of that surface; the surplus 
of force would, therefore, occasion fresh action upon the mrtic es 
of the fluid, which must of consequence be transmitted in dl 
directions, and thus necessarily occasion a motion in the fluid: 
that is, the fluid could not be at rest in the vessel, which is con- 

trarv to experience. , , .. - . 

CoR. 3. Hence, also, if the parts ofafiuid contained in any 
vessel ABCD (fig. 6. plate XV.), open towards the partj^, 
are solicited by any forces whatever, and remam notwithstand- 
ing in equilibria, these forces must he perpendicular to the sur- 
face AB. For the equilibrium would obtain in iike manner it 
a cover or a piston of the same figure as the surface ab vfeve 
applied to it; and it is manifest that, in this latter case, the 
forces which act at the surface, or their resultant, must be per- 

- pendicular to that surface. . 

Cor. 8. If, therefore, the forces which act upon the particles 
of the fluid are those of gravity, we shall see that the direction 
of gravity is necessarily perpendicular to the surface of a tran- 
quil fluid; consequently, the surface qf a heavy fluid must be 
horizontal to be in equilibrio, whatever may be the figure oj me 
vessel in which it is contained. _ 

j .Thus, again, we see the reason of the fact stated in art. obo. 
;.; C)oE. 4. If a vessel, as abcb (fig. 6. pi. XV.) closed 
^ throughout, except at a small orifice o, be full of a fluid with- 
out wei^t s then if any pressure be applied at o, the resulting 
pressure oti the plane surface or bottom cu will neither depend 
4 upon the of fluid in the vessel nor on its shape ; but, 
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since the pressure applied at o is transmitted equally in all 
directions, the actual pressure upon cd will be to the pressure 
at o, as the area of cn to that of the orifice. 

Cor. 5. In the same manner will the pressure applied at o 
be exerted in raising the lop ab of the vessel ; so mat if the 
top be a plane, of which o forms a part, the vertical pressure 
tending to force ab upwards will be to the force applied at o, as 
the surface AB to the area 0 . 

386. Prop. The pressure of a fluid on the horizontal base of a 
vessel in which it is containedy is as the base and perpendicular 
altitude^ whatever he the figure the vessel that contains it: 
the upper sti^ace of the fluid being supposed horizontaL 

Let any horizontal plane gh (fig. 10. pi. XV.) be supposed 
drawn, and conceive the fluid contained in the part gcoh of 
the vessel to be void of weight ; then it is evident from cor. 3. 
of the foregoing proposition, that any vertical filament what- 
ever, ei of the heavy fluid abhg, exerts at the point i a pressure 
which is distributed equally through the fluid gcuh ; and that 
this pressure acts equally upwards, to oppose the action of each of 
the other filaments which stand vertically above gh ; therefore, 
the filament ei alone keeps in equilibrium all the other filaments 
of the mass aghb : consequently the mass gcdh being still sup- 
posed without weight, there will not result any other pressure 
on the bottom cd than that of a single filament ei, which, being 
transmitted equally to all the points of cd, will make the 
pressure upon CD to that upon the base i of the filament ei as 
the area cd to the area i. If, therefore, we imagine (fig. 9. pi. XV.) 
a heavy fluid contained in agb to be divided into horizontal 
lamina?, the upper lamina will communicate to the bottom cd 
no other action than would be communicated by the single 
filament ab ; and the same thing obtaining with respect to each 
lamina, the bottom, therefore, is pressed in the same degree as 
it would be by the combined operation of the filaments ab, hc,-cd^ 
&c. Whence, as this pressure is transmitted equally to all the 
points of CD, it will be equal to the product of cd into the sum 
of the pressures which the filaments ab, be, cd, are capable of 
exercising on the same point, or it will be proportional to CD x 
{ab -\-bc cd'^ Sec.^. 

Coit. 1. Hence, ^ the fluid contained in the vessel abdc be 
homogeneous, the pressure on the bottom cd will be expressed by 
CD X EC ; and will be measured by the weight of the prism or 
cylinder whose base is cd and height ec. 

Cor. 2. Hence, also, when the heights are equal, the pres-- 
sures {of the same fluid ^ arc as the bases* when the bases are 
equal, the pressures are as the heights: when both heights and 
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^ are equal^ihe pressures on the horizontal bottoms are equal 
ill allf however irregular the shape and d'^erent the capacities 
of the vessels may be, 

Coe. 3. In different vessels contaming different fluids^ the 
pressures are as the areas of the bottoms x depths x specific 
gravities. 

Goe. 4. If the laminae ah, gk, &c. be of different densi-^ 
ties^ or specific gravities^ d, &c. then will the pressure on 
the bottcm cb be equal to cox (ab-D + bc’d-f-cd*^^-}- &c.). 


SCHOLIUM. 


L the two principles that fluids press equally in all 
in proportion to their perpendicular depths, 
explanation of the peculiarity known by the title 
of hydrostatic paradox, which is this; any quantity of 
water or other fluid, how small soever, may he 7nade to balance 
and support any quantity or any weight, however great : a cir- 
cumstance which has been converted to a useful purpose in the 
construction of some machines. (See Bramah’s Machine, 
voL ii.) A well-known contrivance to illustrate this principle 
is the hydrostatic bellows. It consists of two thick hoards ef, 
(fig. 8, pi. XV.) about sixteen or eighteen inches diameter, 
covered or connected firmly with pliable leather round the edges, 
to open and shut like common bellows, but without valves ; 
a pipe AB about three feet high being fixed into the bellows at 
B. Now let water he poured into the pipe at A, and it will 
run into the bellows, gradually separating the boards by raising 
the upper one. Then, if several weights (three hundred weights, 
for instance) be laid upon the upper board, the water being 
poured in at the pipe till it be full, will sustain all the weights, 
though the water in the pipe should not weigh a quarter of a 
pound. For the narrower the pipe the better (beyond certain 
limits), provided we make it long enough, the proportion being 
alwavs this : 

the area of the orifice or section of the pipe, 
the area of the bellows board, fe ; 
the weight of water in the pipe, ag, 

To the weight it will sustain on the board. 

Fot the fluid at b, the bottom of the tube, is pressed with a 
force varying as its altitude ab : and this pressure is communi- 
cated horizontally to all the particles in the space be, and then 
distributed equally throughout the fluid in the bellows : conse- 
qnentty, the pressure upward at fe is equal to the weight of a 
i^inder of tfe fluid whose base is fe and altitude ab ; while the 
actual w^eight of watei! borne up is cmly that of the cylinder whose 
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base is fe and height bg ; and hence no weights kid upon cn 
that do not exceed the weight of a cylinder of the fluid whose 
■ base is ef and altitude ag will disturb the equilibrium. 

388. Prop. two mvnisceahle fluids are included in a bent 
tuhe^ and balance each other ^ their perpendicular altitudes^ 
estimatedflrom a horizontal plane dra^n through the common 
surface where they are in contact^ will be reciprocaTly as their 

f specijic gramiies* 

Let ABCO (flg. 1. pi. XVI.) be such a bent tube, its form 
and dimensions being arbitrarj; and let the common surface of 
the two immisceable fluids be gh ; one fluid occupying the space 
EFHG, the other the space ghbcki. Let the speciflc gravity 
! of the fluid in efhg be that of the other s. Through the 

surface gh draw the horizontal plane gheom, then it is manifest 
(art. 384.) that the part GHBCML is naturally in equilibrio : in 
order, therefore, that the equilibrium may exist in the whole, 
the pressures exerted upon gh by the fluids contained in efhg, 

; lEML, must be equal. Now (art. 386. cor. 3.) the former of 

these pressures is denoted by gh*ph*5, and the latter by gh« no*s. 
Consequently gh-fh- 5 zz gH‘No-s, or mi^s zz no*s ; whence 
flows the proposition, L fh : k o : : s : 5 . 

SCHOLIUM. 

389. Before we commence the investigation of the pressure 
of fluids on oblique and curvilinear surfaces, we may just 
remark with respect to pressures upon the horizontal bottoms 

I of vessels, that it is necessary to distinguish between the pres- 

sure which the plane cn (fig, 6. pi. XV.) would sustain as 
arising from the fluid, and that which it would have to sustain 
if it carried the vessel. If the bottom cn were detached from 
^ the vessel^ in order to prevent the escape of the water there) the 

: bottom cn must be pressed upwards with a force equal to the 

weight of the cylinder cnEF of the fluid : but if we would sup- 
port the vessel, it will require a fotce equal to the weight both 
I m the vessel and the fluid it contains. Thus, when the vessel 

I is narrowest at bottom it will require more force to support 

I the vessel than to keep its bottom from falling : while, if the 

I vessel is widest at bottom, it may be supported with a less effort 

I than would be necessary to prevent the bottom from separating 

ftcm the sides of the vessel* But the pressure of the fluid on 
I the bottom of an upright prismatic vessel is e^ual to its weight. 

390. iPBor. Any plane surface imnm^ed in a heavy fluids 
I of which the upper surface is horizontal^ is perpendimtarly 

pWmd with a force equal io the wei^t of a ccdimn of that 
fkci% hcttAng the surface pressed far tU base^ and fke depth 

I 

I 

1 ' ■ . 
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its centre of gravity under the surface of the fluid for its 
Gilt'itudei^ 

Let ABCD (fig. 10, 11. pi. XV.) be a vertical section of a 
vessel terminated by surfaces either plane or curved, and anyway 
inclined to the horizon ; and let the vessel be filled with a fluid 
whose upper surface intersects the section abci) in the hori- 
zontal line AB. If OHA^be an indefinitely thin lamina of the 
fluid, we may consider it abstractedly from its weight, and then 
conceive this lamina as pressed by the superior fluid. Now 
this pressure is distributed equally through all the particles of 
the lamina, and acts perpendicularly and equally upon all the 
points of the faces hA: hence, because this force is the 
same as would be occasioned by the filament ei alone, the 
pressure which is exerted perpendicularly upon Gg will be ex- 
pressed by Gg^m: and the same will manifestly obtain, if, 
instead of regarding Gg as an evanescent right line, we consider 
it as an evanescent surface. Therefore, in general, the pressure 
which is exerted perpendicularly upon any evanescent surface, 
by a heavy homogeneous fluid, is estimated by the continual 
product of that surface, its distance from the horizontal surface, 
and the specific gravity of the fluid. 

Hence it will follow, that the total pressure exerted upon 
any plane surface whatever, whether vertical or oblique, is equal 
to the product of the specific gravity into the sum of the pro- 
ducts of the evanescent parts of this surface into their respec- 
tive distances from the upper surface of the fluid: but by the 
nature of the centre of gravity (art. 108.) the sum of these latter 
products is equal to the product of the whole surface into the 
distance of its centre of gravity from the horizontal surface of 
the fluid : so that the whole pressure will be denoted by the 
continual product of the surface pressed, the distance of its 
centre of gravity from the upper surface, and the specific gra- 
vity of the fluid ; which is the proposition in other words. 

Cor. 1. The entire lateral pressure (f a vessel whose sides 
are perpendicular to the base^ is equal to the weight of the 
fluid contained in a rectangular prisni^ whose altitude is that 
of the fluids and base is a parallelogram, one side of which is 
equal to the altitude of the fluid, and the other to the semiperi- 
meter of the vessel. 

. Cor. % The pressure agamst one side of a cubical vessel 
jiUed ^ with a fluid is equal to half the pressure against the 
bottom. And the whole pressure against the sides and bot^ 
tom is ^qual to three times the weight of the fluid in the 
pessd, I ,> :,|v . 

Cor. coef (fig. % pL XVI.), are two rectangles 

flishose common hrmAth 2 ^;cd, standing vertically in a fluid, 
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whose upper surface is then will upon the 

recta7igles^ Amio and QT)is,-h' he as m 

For if G and g be the respective centres of gravity of the 
two rectangles, we shall have pressure upon abgb : pressure 
upon CDEF : : ABCO • IG : CDEF • : : AC • AC : CE • (ac 4" |ce) 

: : AC • I AC ; (ae~ac) rf (ae •+• ac) : : ac- : AC^. 

Cor. 4. lienee^ f ke, he to ko as \/ % to Ij the pressures 
upm A-ECJ) and cx»ef wM he equal 

' 391. Dee. Daq centre of pressure is that point of a surface 

against which any fluid presses, through which the resultant of 
all the individual pressures passes, or to which, if a force equal 
to the whole pressure were applied in a contrary direction, it 
would keep the surface at rest 

39^. Prop. If a plane surface which is pressed by a fluid 
he produced to the horizo^xtal surface of it ^ and their commo 7 i 
intersection he regarded as the axis of suspension^ the centre of 
percussion will he the centre of pressure. 

Let ABCD (fig. 3. pL XVI.) be the horizontal surface of the 
fluid which presses upon the plane ejf : produce this plane till 
it meets the surface of the fluid in the line mn ; and let o be 
the centre of pressure. From any point p of the surface pressed 
draw the vertical pm^ meeting the horizontal surface in m ; 
and in the plane cb draw, from w the line perpendicular 
to M N . The pressure upon p (art. 390.) is as p • pm^ and its 
effect to turn the plane about mn is mp ipm-pu^ by the 
nature of the lever : also, its effect to turn th^ plane about 
Ni is as p • mn. In like manner, if the plane ejf be 
supposed to revolve about the axis mn, and to strike an 
obstacle at o, the percussive force of the particle p, by which 
it endeavours to move the plane about mn, will be as pypm, 
or asp-pm-pM ; and its force to turn the plane about ni 
will be as jirpM • MN, or as p-pm- MN. And the like cor- 
respondence between the percussive and the pressive forces, 
of any other particles in the plane ef, may be shown in the 
same manner. Consequently, the percussive forces of the 
I whole of the particles, whereby they endeavour to move the 

plane in the two directions, have the same relation as the forces 
of pressure, and therefore the centres of pressure and percussion 
are coincident. 

CoR. 1. Hence, the theorems given for the centre of per- 
cussion in arts. 318, 319. may be applied to the determination 
' of the centre of pressure. 

Cor. Hence also appears the mistake of those who assert 
that the centres of percussion and of pressure do not coincide. 
They are the centres of oscillation and of presszire which do not 
coincide universally. See art. QW, 
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89S. To adopt the general formulse for the centre of percns-^ 
sion to the instance of the centre of pressure^ it will be proper 
to make a slight change in the notation. Let d be the distance 
from MN of any particle, or of any horizontal lamina of the 
fluid in contact with the plane eif ; let I be the length of such 
lamina, and d its depth (being considered as evanescent), then 
will Id he its area; also, let B be the distance of the centre of 
gravity of the plane eif from the line mn, where that plane 
intersects the surface; and let the horizontal distance of Id 
from the line m be denoted by h : then, with respect to the 

line MN the formula (art. 318.) will become or ; 

V fldd 

and with respect to the line ni, the formulas (art. 319.) will 

, flndd flndk 

become*' r-or*' — 

fldd 

A few examples are here added to illustrate the use of these 
theorems. 

I. Let a reservoir which contains water, or any other fluid 
(its specific gravity being 5 ), have one of its sides plane and 
vertical : if we imagine a right line drawn vertically upon this 
plane, its length being A, and the distance of its centre of 
gravity from the surface of the fluid the pressure exerted 
upon this line will be ^ ^ A (art. 890.). Let the distance of the 
superior extremity of the line A from the surface of the fluid 
be a, and make so shall e be the distance of the lower 

extremity of the line A from the horizontal surface of the 
fluid. Then, to find the centre of pressure of the line A, 

we take the complete fluent of the expression (I being 

fldd 

constant) which is ; or, when the variable d becomes 

— Cr) 

equal to e we have for the distance of the centre of 

pressure from the horizontal surface of the fluid. When one 
of the extremities of the line A coincides with this surface we 
have and ^=:A, and the distance of the centre of pressure 
becomes |. a*. 

:IL If Mipm the vertical line a we construct a rectangle, ,of 
which the horizontal base is hy the whole pressure upon it will 
be and the distance juf .the centre of pressure from the 




CHAF* I. 


CENTRE OF FRESISURK. 


sm 


surface of the fluid will be the same as we have lust 

found. And this centre must evidently be found upon the 
vertical line which divides the parallelogram into two equal 
parts. 

If the upper horizontal side of the parallelogram coincide 
with the surface of the fluid (as the side a b of the parallelo- 
gram abcd, fig. pL XVI.) its tendency to turn about its 
base will be = its tendency to turn about 

one of its vertical sides will be : thus the 

first of these eflfbrts will be to the second as jshK^ : or 

as : Sh; which reduces to S : when the rectangle becomes 
a square. 

III. To determine the centre of pressure in the triangle cab 
(fig. 4. pi. XVI.) whose side AB is horizontal, and which is 
placed vertically in a fluid whose horizontal surface is ssh 
Through c, the summit of the triangle, draw the vertical line 
scp, also the line ca bisecting the base ab, and any line tr 
parallel to ab. Make cp = A, ab = cs =: a, ST=: a A=:^, 
the distance of the horizontal line in which lies the centre of 
gmvity of the triangle from s = ^ (that is, if c^’ = ca, the 
distance between ss' and ^ = the angle pca =7?, sm zid, tr 
CM :=:e zz d — a. 

The whole pressure upon this triangle will be represented by 
s » -|A a . 5'r:A.s‘M. And to find the depth of the centre of 
pressure below ss we must find the fluent of the expression 


ABC«^ ^ 


or 




TR, OX h:h::c:l 
h 


In order to this we have cp : ab ; : cm : 

a\ which substituted for I in 


ch 

~ 


4(^“ 


fld% gives — f{d'^^ad^)d zz + The con- 

stant quantity c may be determined by considering that the 
fluent must vanish at the point c, that is, when Z = 0, or when 
d — zz 0, that is, when dzza. Hence^ making the substitu- 


tion, we have 


~ + c zzO, whence ezz^a'^ 

and the correct fluent is — (|d* — 


sp, or 


Hence then, for the whole triangle, in which sm 
dzze., we substitute e for d in the fluent, and divide by the de 
nominator iikh of the general expression, which gives for the 
depth of the centre of pressure of the whole triangle the value 

pjjj , which IS evidently independent of the base A of 

the triangle. 
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When the vertex of the triangle is at the horizontal surface 
of the fluid ^ <35 = 0, ^ f A, and the expression becomes 

l-A. ■ 

IV. To determine the distance of the centre of pressure from 

the vertical line cp. Here we must take the formula 

' Jldd 

in which h represents mn zz c tan k = {d — a) tan k. Sub- 
stituting this value of h, and (d— a) for its value found 

above, we have f Indd zz — f (d^ — a^d)d=z 

- -- -- Hh + c. In this case, also, the fluent 

vanishes when dzza; whence we have a'^+c zz o, and 
h tan ?£ A 

SO that the correct fluent is — 

Hence, making d zz and dividing by f Idd zz we have 
for the distance sought, tan 7c • 

1 . When the triangle is isosceles the angle & r: 0, and the 
preceding value vanishes, as it obviously ought to do ; for in 
that case the tiiangle is symmetrical with respect to CP, and the 
pressures are in equilibrio about that line. 

2. When the triangle is right-angled, and has its base or 
horizontal side ab zz h one of the sides about the right-angle, 
that is, when ca coincides with cp, then is h zz tan /r, 

or tan k zz which transforms the expression for the centre 

of pressure’s distance from sp 

3. Finally, when the vertex of the triangle is at the surface 
ss' of the fluid, a zz 0, ^ zz X, ^ zz ^x, and the expression be- 
comes lx tan k ; which, for the right-angled triangle, reduces 
to 

When the triangle has its vertex at the horizontal surface 
of the fluid, the tendency to turn about the base is to that to 
turn about the perpendicular let fall from the vertex upon the 
base as 1 to 3 tab jfc; and, in the case of the right-angled tri- 
, angle, as Sx to 8k : which, when the legs of the triangle are 
equal, reduces tb the ratio of 2 to 3. As in the case of the 
rectangle and square. 
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If c and AB lie on b that is, if part of 

the triangle is out of the fluid, no other change will be neces- 
sary in the preceding expressions than a change of signs in those 
terms which contain powers of a. So that this simple 

transformation will accommodate the preceding general theorems 
to the case of trapezoids. 

V, If the radius of a circle be r, and ^ the distance of its 
centre below the surface of the fluid in the plane of the circle, 
then is the distance of the centre of pressure from the upper 
surface, in the same plane, expressed by which when 

the upper part of the circle just touches the surface becomes 
The investigation of this is left for the student’s exercise. 

It is hardly necessary to remark, that the results of the opera- 
tions in this scholium may be safely applied in the analogous 
inquiries relative to the centre of percussion. 

394 Prop. To inquire generally into ilie results of all the 
pressures^ upon any surface plane or curved, regular or irre- 
gular, both in the vertical and the horizontal direction. 

This is usually performed by foreign authors, by means of 
the calculus of partial differences. But another mode of in- 
vestigation is pursued here, which is likely to carry more con- 
viction to the mind of a learner. Had the vertical pressure 
alone been the object of investigation, it might be determined 
far more concisely. 

I. Whatever the figure of a body may be, we may always 
imagine it to consist of an assemblage of an infinite number of 
indefinitely small laminse respectiveTy parallel, and the surface 
of each lamina as an assemblage of many trapezoids, their 
number indeed being infinite likewise, when the surface in con- 
tact with the fluid is curved. Hence, to estimate the result of 
the pressures of a fluid, whether upon the interior surface 
of a vessel which contains it, or upon the exterior surface of 
a body immersed in it, we must first estimate the result of 
the pressure upon the surface of a trapezoid whose height is 
evanescent. 

Conceive, therefore, abed (fig. 5. pL XVI.) a trapezoid 
whose two parallel sides are ah, cd, and whose height hk is 
infinitely small with regard to those sides. To resist the pres- 
sure upon this surface we must apply to the centre of gravity 
g of the trapezoid a force p perpendicularly to its plane, the 
value of which is expressed by the product or the surface of the 
trapezoid into the distance eg of its centre of gravity from the 
horizontal surface abod of the fluid. * 

To determine the eflect of this force p both in the vertical 
and the horizontal direction, conceive a vertical plane cd fe to 

you I. B ^ 
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pass through the line cd, and a horizontal plane ab ef through 
the line ab ; the common intersection of tliesc planes being ef : 
then, having drawn the vertical line cb, meeting the 
horizontal plane in E and f, join 6 e and aF : again, through 
direction Tg of the force p, conceive a plane kih perpen- 
dicular to cdy and of which h^k and hi are the intersections 
with the two planes abed and fecJ : this plane will be per- 
pendicular to the planes abed and FEcd^ because cd is their 
common intersection : finally, from the point K, where ab and 
Mg' meet, draw ici perpendicular to the plane fecJ, this line 
must necessarily be perpendicular to hi* 

The construction eflected, resolve the force p (represented 
by g'N) into two others which are also in the plane kih, of 
which the horizontal one is g’L, and the vertical one gu- Call- 
ing these component forces l and m, we have, by the nature 
of the parallelogram of forces p : l : m : : g-N ; gh : gu : : gFi 
: gh : LK : : HK ; HI : IK, the triangles ^ln, hik, being evi- 
dently similar* Multiplying the three latter terms by "Y"- 
Gg^ which will not change the ratio, we shall have p : l : m ; : 
abided ab + cd abided 

Now it may be observed, 1st. That hk ♦ is the sur- 

the trapezoid abed, Sdly. That since ce and dp are 
as likewise cd and ef, we have cd zz fe, therefore 

iKX which, of consequence, is the snr- 

:he trapezoid aSEF. Sdly. That, because the height 
of the trapezoid aied is evanescent with respect to the sides ah 
and cd, EF, which is equal to cd, may be taken both for cd 

for ab ; so that hi • reduces to hi • ef, which is the 

surface , of the rectangle Ecdp. We have, therefore, p : l : m : : 
abed • eg: EcdF • ag: oteS • og. But we have supposed that 
the force p is expressed by abed • eg; consequently, the hori- 
zontal force L is denoted by EcdF • Gg», and the vertical force m 
by ofeS • Gg*. 

As the triangle may be considered as _ a trapezoid, of which 
one of the parallel sides vanishes, the same thing, therefore, 
obtains for any evanescent triangle. 

’ Conceiving, now, that from the angles a, d, c, b^ lines are 
drawn to fall perpendicularly upon the plane abcd, these per- 
pendiculars will be the edges of a piismatic frustrum, of which 
the horizontal is equal to aFEd, and the inclined base 
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ahcd; or, as ab and cd are supposed indefinitely near^ the so- 
lidity of the prismatic frustrura will not differ sensibly from that 
of the prism which has the same horiiaontal base, and whose 
height isG^: but this latter is equal to arE&* og*, which is 
precisely the expression above found for the vertical force m. 
Hence it appears, that this Jbrce is equal to the weight of a 
prismatic frustriim of the fltiid whose inclined base is 
and horizontal hose the projection abed upon the horizontal 
I ' su'tfac^e mcm 

\ II. Let us next consider any solid whatever cut into an in- 

: definite number of horizontal laminae, such as A'Bia^mhde (fig. 

6. ph XVI.), and that perpendicularly to the centre of gravity 
. of the surface of each trapezoid into which the contour of the 

laminae is divided, forces are applied, each represented by the 
product of the surface of the corresponding trapezoid into the 
distance of its centre of gravity from the horizontal surface 
These forces are the pressures of a heavy fluid, sus- 
tained by the interior surface of the laminae A'EJx^ahde of a 
vesserwhich contains it; they are also the pressures of such a 
fluid which would be sustained by the exterior surface of a 
solid whose contour is the same, and which is ininaersed to the 
same depth. But it is manifest that if each of those forces p, 

. p', &c. were decomposed into two others, the one vertical, 

j the other horizontal, each vertical force would be represented 

by the vreight of a prismatic frustrum of the fluid whose in- 
clined base is one of the trapezoids in the contour of the lamina, 
and its horizontal base the projection of that trapezoid upon 

I the upper surface of the fluid. Therefore the sum of these 

vertical forces, or the single vertical resulting force, will be re- 
presented by the sum of the weights of all those prismatic 
irustrums : and the same property may obviously be extended 
to every other horizontal lamina. We may conclude, then, 

1. That, if a vessel^ of any figure^ be full of a Jluid^ cmd 
ham over every part of the sides and bottom a perpendicular 
a column qf the fiuid reaching to the surface^ the whole vertical 

I pressure qf the fluid upon me bottom and sides qf that vessel 

* wiU be equal to the weight qf the whole fluid. 

% That, jf a body, as aedbm (fig. 7. pi. qf 

AiBF is the greatest horizontal section, is immersed m afbmd to 
any depth whenever, and if me drop the consideration of the 
pressure sustained by the upper part amb, the vertical effbrl of 
thefuid to raise the body is equal to the weight qf the volume 
(f fluid which is comprised between the surface a^b^, the surf ace 
AIBFE, and the convex stir face formed by perpendiculars let fall 
from all the points qf the perimeter aibf upon the plane a'b^ ; 
that is, eqml to the sum qf the weights qf fluid in the prism 
aibfAiBF, and the space aibfce. 
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IIL If we would ROW estimate the pressure sustained by the 
superior surface ambfi of the body, we shall see, by the same 
kind of reasoning, that the result in the Tertical direction tend- 
ing to force the body downwards, is an efibrt equal to the 
weight of the volume comprised between the horizontal projec- 
tion and the upper surface ambfi of the body, then, 
from the first of these efforts we deduct the second, it will ap- 
pear that the body is pushed vertically upwards, with an effort 
equal to the weight of a volume of the fluid equal to that of 
the body immersed. We conclude therefore that, if a body is 
immersed in any nxdiat&oer^ it will lose (relatively) as 
much of Us weight as is equal io the weight of the quantity of 
fuid it displaces* 

IV. With regard to the resultant of all the vertical forces 
whose magnitude we have just determined, it is easy to see that 
it must pass through tlie centre of gravity of the volume of 
fluid displaced. For, if we conceive this volume decomposed 
into an infinite number of evanescent vertical filaments, the 
effort made by the fluid to push each filament vertically will 
be expressed by the weight of a quantity of fluid equal to that 
filament. Therefore, to obtain the distance of the resultant 
from an 5 r vertical plane whatever, we must multiply the mass 
of each filament (considered as of the same nature with the 
fluid) by its distance from this plane, and divide the sum of 
the products by the sum of the filaments ; which is precisely 
the rule that must be followed to find the centre of gravity of 
the volume displaced. Therefore, universally, a body immersed 
either wholly or in part in a heavy fluids cmd at rest^ receives 

from the fluid pressures which are together equivalent to a ver- 
tical force directed upwards through the centre of gravity of 
the fluid displaced by the hody^ and equal to the weight of a 
quantity of the fluid so displaced by the immersed part of the 
body. 

Indeed we may readily assign a reason, d priori.^ of this ; for, 
supposing a force acting on a body without heaviness retains it 
in equilibrio when immersed either wholly or partly in a heavy 
fluid ; if we substitute for the immersed part of the body, that 
is, for the fluid it displaces, equal and similar portion of the 
same fluid become solid (as ice, and the density unchanged), 
the equilibrium will still obviously subsist : consequently, the 
pressure of the fluid upon the immersed body will be altogether 
equal and directly opposed to the weight of this solid ; and 
must, therefore, pass through its centre of gravity in order to 
sustain it in equilibrium. 

V. It now remains for us to consider how the horizontal 
forces are disposed pfH-If we take any one of the horizontal 
laminae into which either the fluid, dr the solid immersed in the 
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fluid, may be imagined to be divided, and tbrougli the sides aby 
hc^ cdy &c, (fig, 6 , pi. XVI.) of the inferior section conceive 
^ vertical planes to pass, and to be terminated by the superior 

section; these planes will form the contour of a prism whose 
height is that of the lamina, and each face of the prism will ^ 
have (I) the measure of its surface proportional to the value 
of the horizontal force to which it is perpendicular. But, as 

I all these faces are of the same altitude, their surfaces are pro- 

portional to their bases < 26 , 6 c, &c. and consequently the ho- 
rizontal forces are respectively in the ratio of the sides a 6 , 6 c, 

&CV And as the altitudes of these faces are evanescent, we 
may regard all these forces as applied in the same horizontal 
^ plane ahcdefl wad to be each respectively proportional to the 

length of the side, on the middle of which it acts perpendi- S 

cularly. Now it has been shown (art, 53.), that if any number j 

of forces represented in magnitude and direction by the sides j 

of a polygon taken in order, act simultaneously upon the same 
point, they will he mutually destroyed, and the point continue 
; at rest : also (art. 85.), that when any number of forces are in 

equilihrio when applied to different points of a body, they are 
the same as would be in equilibrio about a single point ; and, 
since the directions of the several forces p, p^, p'', kc. in the 
present case would, if produced, form a polygon similar to 
j ahcde^^ the consequences just referred to will apply to them 

' likewise : and, in like manner, to the pressures upon any other 

horizontal laminae. Consequently, 

the horizontal direction^ frovri the pressure of a heavy jluidupoji 
i the surface of any body immersed in are mutually destroyed^ 

SCHOLIUM. 

395. From the preceding doctrine of the pressure of fluids, 
an important practical maxim may be deduced. We have seen 
that in any vessel containing a heavy fluid, the parts that are 
^ deepest below the surface sustain a proportionally greater pres- 

I sure. If, therefore, we have to construct an assemblage of 

I vertical pipes or tubes, to elevate water or any other fluid, we 

may run into a superfluous expense, by giving the same thick- 
ness to the material in every parL For, if the substance be 
uniformly thick, and the lower pai'ts are sufficiently strong, 
the upper parts are, of consequence, much thicker than neces- 
sary. The method suggested by theory is, while we give to 
the whole assemblage the same interior diameter, to give a safe 
and sufficient thickness to the material at the lowest part, and 
let it gradually diminish to the top, in the same ratio nearly as 
the diminution in the depth of the fluid. The same maxim 
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may also find an application in tfie construction of sluice-gates, 
dams, banks, &c. And in all such cases it is adviseable to de- 
termine, first, the adequate strength to resist the pressure at the 
greatest depth ; as, by this means, safety may always be ensured 
without any waste of materials. 

To take a simple example, suppose the half figure acd (fig. 
10. pi. III.), to be the profile of a bank, whose summit a is on 
level with the surface of the water, ac being tbe vertical face 
of the bank, PM and GB two horizontal sections; and let the 
water be supposed to act upon the face amb by its hydrostatic 
pressure. The part apm may be moved from its place either 
by turning upon the point p, or by sliding along the line pm ; in 
either case separating from the lower part pcbm. The ques- 
is reduced to the finding such a curve amd, that every 
portion of it, as apm, may of itself be in equilibrio upon its 
base PM. Putting ap z, pm g rr the specific gravity 
of water, g"' that of the bank; then the horizontal thrust of 
the water with respect to the point p is and the mo- 
ment of the weight of the profile apm with respect to the same 
point p is equal to multiplied by the horizontal distance 
of the centre of gravity of the profile from the point a, which 

distance is To favour the stability of the bank, let us 

drop the consideration of the adhesion of the profile apm to 
the line pm, and of the vertical pressure of the water, and there 
will result the equation 

this in the usual way, we have ^ Thus 

face AMC is the hypothenuse of a right-angled triangle, 
whose base cd is to its altitude ca, as \/g to 

The conditions of the stability necessary to prevent the 
sliding of the profile apm along the base pm, will be found in 
the equation ; whence gz = or y : z :: g : 

where z^is a constant quantity to be determined by expe*^ 
riment, which multiplied into the weight of matter ponderating 
upon a given section, shall measure the counteraction arising 
from friction and adhesion to horizontal motion in the direction 
of that section. 

In pipes employed for conveying liquids, the thickness 
should be every where, in the compound ratio of their internal 
diameters, the perpendicular height of the liquid, and its spe- 
cific gravity, directly, and the tenacity or strength of the mate- 
rials inversely ; that is, i a or as when g is constant. 
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Now, it has beea found by experiment that a tube of lead of 
16 inohes diameter, and 6|- lines in thickness, sustained water 
having a head or charge of 50 feet. And that a tube of copper 
of 6 inches diameter, with a charge of water of SO feet, required 
half a line in thickness. From this, suppose we wished to find 
the thickness of a leaden pipe of inches diameter, to bear a 
head of 40 feet, we should have from the standard experiment 

s a— a — — al477; and then i5a— =: 3«89,or 

less than 4 lines. 

When the conduit pipes are horizontal and made of lead, 
their thickness, according to Bossut, should be ^^,8, 4, 5, 6, 7, 
8, lines, when their diameters are 1, l-J, 3, S, 4|:, 6, 7, inches. 
When the pipes are made of iron, their thickness should be 1, 
3, 4, 5, 6, 7, 8, lines, when their diameters are 1, % 4, 6, 8, 10, 
IS, inches, respectively. 

In the farther application of these principles, reference may 
be made to the table of the relative tenacities of bodies towards 
the end of chap. 5. book I. 
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ON THE DETERMINATION OF THE SPECIFIC GRAVITIES OF SOLID 
AND FLUID BODIES. 


396. The term specific gravity has already been defined in 
art. 383. The object of the present chapter is to explain the 
principles on which the different methods of ascertaining the 
specific gravities of solids and fluids are founded, and to give 
some account of the best of those methods. Previous to which 
it may be proper to make a few observations, naturally deduced 
from the definition of specific gravity and tlie nature of bodies 
in general. 

1. The specific gravities of bodies are in the same proportion 
as their weights, when the magnitudes of the bodies are equal. 
Where the weights of the bodies are equal, the specific 
gravities are inversely as their magnitudes. 

3. When the specific gravities are equal, their weights are 
directly as their magnitudes. 

4. When neither the magnitudes nor the specific gravities 
are equal, the weights of bodies are as their magnitudes and 
specific gravities conjointly. 

To express these relations algebraically, let ^representthe 
ratio of the weights of two substances, the ratio of their 

magnitudes, and that of their specific gravities ; then will 

the general relation of these quantities be expressed by the 

equation In estimating the weights, magnitudes, 

and specific gravities of substances, some standard quantities 
are always assumed to which other bodies are referred : the 
letters w, and may represent these standards, and each of 
them might be assumed equal to 1 ; but such assumption would 
not correspond with the measures and weights now in use. It 
will, therefore, be more eligible that m should represent the 
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Biagoitude of some which may be assumed for 

imltyj as a cubic inch, a cubic foot, &c. and ^ any convement 
number In the geometrical progression 1, 10, 100, 1000, See. 
Now it has been found, that the density of rain-water is more 
nearly uniform in different circumstances of time and place, 
than any other substance, whether solid or fluid; and by a 
fortunate coincidence it happens, that the weight of a cubic foot 
of rain-water is exactly 1000 ounces avoirdupoise. If, then, we 
make = 1000, w r: 1, and s zz 1000, we shall obtain w =: m 
X s, that is, the weight of any hody in amirdiipoi$e ounces will 
be equal to the product of the magnitude in cubic feet^ into the 
speefe gravity taken from that scale in which the specific gra-* 
f Tainmater is lOOO. Hence it appears, that a know- 
ledge of the specific gravities of homogeneous bodies will en- 
able us to determine their weight, without actually weighing 
them, provided we can ascertain their magnitudes : and con- 
versely, however irregular the shape of bodies may be, if we 
know their weights and specific gravities, we may readily deter- 
mine their magnitudes in feet, namely, by dividing the weight 
in avoirdupoise ounces^ by the specific gravity^ or by the weight 
of a cubic foot in avoirdiipolse ounces. 

But in philosophical subjects the weights of bodies being for 
the most part small, are estimated in Troy ounces or grains, the 
magnitudes being referred to a cubic inch as a standard. Now 
a Troy ounce is to an avoirdupoise ounce as 480 to 437|^ : con- 
sequently X = -52746 of an ounce Troy, or 253-181 
grains, the weight of a cubic inch of water. And hence the 
magnitude of a solid, estimated in cubic inches, is = — 

when the weight w is in grains; or , when the weight 

is known in Troy ounces. And conversely, the weight esti- 
mated in grains =253*181 x m x s, when the magnitude m is 
in cubic inches; and, if estimated in Troy ounces, w= -52746 
X M X s. In all these cases s being the specific gravity, in 
terms corresponding to 1000, for that of rain-water. 

Hence also we may show how to determine very accurately 
the diameter n of any small sphere, whose specific gravity is s 
(to that of water 1000), its weight w being known in grains. 
For the content of a sphere whose diameter is 1 being -523598, 
we have 1 : 0*523598 : : 263-181 gr. (the weight of a cubic 
inch of water): 132-5648 gr. the weight of a sphere of water 
whose diameter is 1 inch. Therefore, since the weights are as 
the magnitudes and specific gravities conjointly ; and the mag- 
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nitndes of spheres are as the cubes of their diameters, we have 
w ; whence we find d=:1* 961^08 



After a manner not very widely different, may various other 
useful rules and theorems, applicable to the admeasurement of 
bodies either regular or irregular, be easily deduced. What is 
done above is intended chiefly as a specimen of the method; 
but it serves at the same time to show the importance of an 
acquaintance with the specific gravities of different substances. 
We now proceed to exhibit the most useful propositions in this 
branch of our subject. 

397. Prop. A hod^ immersed in ajliiid will^ when left to 
itselfj sinh, f the specific gravity he greater than that ^the 
fiuid: it will rise to the surface and float tliere^ if the specific 
gravity he less than that of the fluid: hut^ f the specific gra-- 
vities of the solid and fluid be equals the body will rest in any 
part wherever it happens to he placed, 

1. I’or the body endeavours to descend by its own weight, 
and is supported by a force equivalent to the weight of an equal 
bulk of fluid, or of as much fluid as will fill the space occupied 
by the body. If, therefore, the body be heavier than the fluid, 
bulk for bulk, its weight will be greater than the upward pres- 
sure of the fluid which is to counteract it, and, consequently, 
this latter pressure is not sufficient to prevent the body from 
sinking. 

% If the body be specifically lighter than the fluid, its pres- 
sure downwards will be less than the upward pressure of the 
water at the same depth ; consequently, in this case also the 

f reater force will overcome the less, and the surplus cause the 
ody to rise. 

3. When the body and the fluid are of the same specific 
gravity, equal masses of each are of the same weight, and con- 
sequently the force with which the body tends to descend, 
and the force which opposes the descent, are equal to each 
other ; and as they act in contrary directions, the body will rest 
between them, so as neither to sink by its own weight, nor to 
ascend by the upward pressure of the fluid. 

„ Coil. 1. If by any contrivance the specific gravity of a solid 
can be so varied, as to be one while greater^ another less^ and 
then equfd to the specific gravity of the fluid wherein it is im- 
mersed, the body will sink, or rise, or remain suspended, ac- 
cording to the variations of its specific gravity. 

This is the <^e in the experiment with those little glass 
images (which iome philosophers exhibit in their lectures) 
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which are made to ascend or desceBdvor remain suspeM^ 
pleasure. 

Coil. If a solid specifically heavier than a fluid be im- 
I mersed to a depth which is to its thickness, as the specific gra- 

vity of the solid to that of the fluid, and the pressure of the fluid 
from above be removed, the bod^ will be sustained by the fluid. 
F or the pressure from above being removed, the hodj is in the 
same state with respect to the contrary pressure, as though with 
I the same weight it filled the whole space to the surface of the 

fluid ; that is, as though its specific gravity and that of the fluid 
were equal 

This serves for the explication of the common experiment of 
making lead swimy in consequence of being fitted to the bottom 
of a glass tube. 

Coil. 3. Hence also we see the meaning of the proposition, 
that all bodies when Immersed m a Jluid lose the weight (^an 
equal bulk of that fiuid (art. S94i, III.). The weight is not 
otherwise lost than as it is sustained by the action of a contrary 
force. And it therefore becomes obvious, why the weight of a 
bucket of water is not perceived while it is in the water ; it is 
not because that weight is destroyed^ but because it is supported; 
not because fluids do not gravitate when they are in fluids of the 
same sort, but because there is a pressure in a contrary direc- 
tion which IS precisely equal to their gravity. 

Cor. 4. The weights thus lost, by immerging the same body 
in different fluids, are as the specific gravities of the fluids. 

Cor. 5. Bodies of equal weight, but different bulk, lose in 
the same fluid weights which are reciprocally as the specific 
gravities of the bodies, or directly as their bulks. 

Cor. 6. The whole weight oi a body wbicli will float in a 
fluid, is equal to the weight of as much of the fluid as the im- 
I mersed part of the body displaces. 

Cor. 7. Hence the magnitude of the whole body is to that 
of the part immersed, as the specific gravity of the fluid to that 
of the body. And, if the body be any prism with its base kept 
I horizontal, the altitude of the prism will be to the depth im- 

I; mersed, as the specific gravity of the fluid to that of the body. 

J Cor. 8. And because, when the weight of a body taken in a 

I fluid is subtracted from its weight out of the fluid, the diiOFerence 

is the weight of an equal volume of the fluid ; this, therefore, is 
to its weight in the air, as the specific gravity of the fluid is to 
that of the body. 

Consequently, if w be the weight of a body in air, 

w^ its weight in water, or any other fluid ; 
s the specific gravity of the body, 

.S' the specific gravity of tlie fluid, 



Jerence betmem the specyic gravities of the two fluids. 


we shall have : w:: sis; whence 

s ~ the specific gravity of the body^, 


and s : 


-s, the specific gravity of the fluid. 


So that the specijie gravities (f' bodies are as their weights in the 
air directly^ and their loss in one and the samejltiid inversely. 
Cor. 9. Hence, for two bodies connected together, or mixed 
together into one compound of different specific gravities, M*e 
may, supposing there is no pmetration of dimensions^ easily de- 
duce the necessary equations. 

Let the respective weights and specific gravities be denoted 
thus: 

H n weight of the heavier body in air, 1 

b! rz weight of the same in water, ^ s — i s spec. gra\i y , 

L = weight of the lighter body in air, ) , 

x] rz weight of the same in water, s — . i s spec, gravi y , 

c rr weight of the compound in air, 
zz weight of the same in water, 
s rz the specific gravity of water. 

1st. (h — h') S ZZ H 5 . 

2d. (l— S^ ZZL S. 

3d. (c — c') s''=iC5. 

4ith. H + = c. 


I s^^ r: Its spec, gravity ; 
Then, 


Sth. =: 
6th. - 


From which equations any of the above quantities may be 
found in terms of the rest. 

If the body n be of less specific gravity than water, then l' 
must be considered as negative, and to find its specific gravity 
we must have recourse to a compound mass, as c : thus, because 
from equa. 4 and 5, n — zz (c — c^) — (h — h^) ; and from 

equa. 2. s^ — consequently, substituting for l — its va- 
lue, we have s^ zz Or, if we deduce the value of 


SS'^L 


from the last equa. we shall thence find 

* CS—HS" 

398. Paor. If a vessel contain two immisceahle fluids {such 
as water and mercury\ and a solid of some inter^nediate specific 
gravity^ be immersed under the surface of the lighter fluid and 
float on the heavier ; the part of the solid immersed in the 
heavier fluid is to the whole solids as the difference between the 
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I.et the specific gravity of the heavier fluid be the part of 
the body immersed in it =: b ; the specific gravity of the lighter 
fluid the part of the body immersed in it = b'; and let 
the specific gravity of the body be $. Let also the area of 
the horizontal section of the solid coinciding with the con- 
tiguous surfaces of the two fluids be n a, and its perpen- 
dicular distance from the upper surface of the lighter fluid 
be n d Then (art. 394) the pressure against the section 
A from the lighter fluid will be Ad— b^s^; which, added to 
the weight of the solid (b -f- b') s, will give the whole force by 
which this section df the solid is urged downwards. And the 
pressure upward against the same section is Ad-f-®^* ^ut as 
the solid is sustained in equllibrio by these contrary forces, they 
must be equal ; that is, Ad— ^ = Ad+B^ : whence 
we find bSi4-b's=b^ + bV 5 or b : b' : : s — / : 5 — s, or lastly, 

Cor. 1. The analogy b : : : s — : s— s, may be thus ex- 

pressed in words; As the part of the solid within the hewvier 
jiuid^ to the part within the lighter j so is the difference between 
the specific gramties cf the solid and lighter fluid to the dif 
ference between the speciflc gramties of the heamer fluid and the 
solid. 

CoR. 52. When the specific gravity of the lighter fluid is 
very small, compared with that of the heavier or that of the 
solid, then we may, without any sensible error, use the propor- 
tion B ; b4”B^ : : s ; 5 . Thus, if the lighter fluid be air, the 
heavier water, and the solid elm-wood, their specific gravities 
being 1000, and 600 respectively ; then would the ratio of 
600 “ : 1000 — or 588|- : 9SS^ be very nearly equal to that 

of 600:1000. 

Gor. 3. Hence also it appears, that the common rule for 
ascertaining the specific gravities of a fluid and a lighter solid 
by the ratio of the part immersed to the whole, is not accurately^ 
though nearly, true ; because the air is a heavy fluid, and there- 
fore every solid floating on a fluid and in air, is in fact a solid of 
intermediate specific gravity floating between two immisceable 
fluids. We may, however, render the rule accurate, by swft- 
ducting the number expressing the speciflc gravity of air Jrom 
the two numbers expressing the specific gravity ff the solid and 
the fluid an which it floats; the remainders will express the 
actual ratio between those specific gravities, and may be re- 
duced to the usual standard by a simple and obvious analogy. 

399 * Prop. Toflnd the specffc gravity of a body. 

This may be done generally by means of the hydrostatic 
lalame^ which is a kind of balance contrived for the exact and 
easy determination of the weight of bodies, either in the air, or 
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when immersed in water ; (see voL II. for a description of this 
instrument). The problem may be divided into three cases^ 
as below. 

I. When the body is heamier than water : weigh It both in 
water, and out of water, and the difference of these weights 
will express the weight lost in water. Then if b represent the 
weight of the body out of water, its weight in water, s its 
specific gravity, and s the specific gravity of water, the first 
equation in cor. 9. art. 397, will become (b — s iz bs, whence 

we find consequently the general rule in words at 

length is thus: 

As the weight lost in water 

Is to the whole or absolute weight ; 

So is the specific gravity of water 
To the specific gravity of the body. 

II. When the body will not sink m water ^ being spec^cally 
lighter. In this case attach to it a piece of another body 
heavier than water, so that the mass compounded of the two 

H sink together. Weigh the denser body and the compound 
/ separately, both out of the water and in it ; and find how 
much each loses in water, by subtracting its weight in water 
from its weight in air ; and subtract the less of these remainders 
from the greater. Then use this proportion : 

As the last remainder 

Is to the weight of the light body in air; 

So is the specific gravity of water 
To the specific gravity of the body. 

This also follows from cor, 9. art. 397, where it was shown 

that 

(c-c^)— ( h— hO 

III. When the specific gravity of a fiuid is required^ Take 
a piece of some body of known specific gravity ; weigh it both 
m and out of the fluid, and find the loss of weight by taking the 
difference of these two : then say, 

As the whole or absolute weight 
Is to the loss of weight ; 

So is the specific gravity of the solid 
To the specific gravity of the fluid. 

This rule flows evidently from cor. 4. art. 397- 
- ' On the same princapk^ likewise, depends the use of the hy- 
drom^er, as will soon be seen (art. 401.). 

400. Bitor. Hhfimi the^ respmlme weights <f two Tmown in^ 
grediml^ itn a given cowpamd, ^ 

If cor. 9* art. 397. and make use of 

the 4lh.‘ andi feh: ^ven, h *4“ 2 a s: c. 


CHAP. ir. 


HYDEOMETER, 


383 


and — +4-=-^ 5 we shall thence find h =7— and x = 

From whence we deduce the following rule in words 
at length : 

Take the three differences of every pair of the three specific 
gravities, viz. the specific gravities of the compound, and of 
each ingredient ; and multiply each specific gravity by the dif- 
ference of the other two : then say, 

As the greatest product 

Is to the whole weight of the compound ; 

So is each of the other two products 

To each respective weight of the two ingredients. 

CoR. If, instead of finding the weights, we were to find the 
magnitudes m and nr of the two ingredients, the specific gra- 
vities being as above; we should have the weight of MtrsM, 
and the weight of = s^m^, while the weight of the compound 
would be s" (m + ^0* Hence we should have sm 4“ s!m! == 
an equation similar to that in art. 398. and, con- 
sequently, similar analogies, viz. m : — s' : s — s", and 

M : M + M - : S -- 

It is here supposed that the magnitude m 4-m' of the com- 
pound is equal to the sum of the magnitudes of the two parts 
when separate. But it very frequently happens that the mag- 
nitude of the mixture is less than this sum; a circumstance 
which is probably occasioned by two causes, the difierent mag- 
nitudes of the constituent particles of the two bodies, and their 
chemical affinity. But this rule is, notwithstanding, of use in 
detpmining the quantity of penetration or rarefaction, by com- 
paring the computed magnitudes or densities with those which 
are discovered by observation. 

ON THE HYDROMETER. 

401. The Hydrometer^^ or Areometer ^ is an instrument con- 
trived to measure the specific gravity of water and other fluids ; 
and, indeed, has sometimes been made use of to determine the 
specific gravity of solid bodies. The general principle on which 
the construction and use of the hydrometer depends is contained 
in cor. 4. art. 397. from which it follows that a body specifically 
lighter than several fluids will serve to find out then specific 
gravities, because it will sink deepest in the fluids whose specific 
gravity is the least. Thus, if ab (fig. 9. pL XVI.) be a small 
uniform glass tube, hermetically sealed, having a scale of equal 
divisions marked upon it, with a hollow ball of about an inch 
in diameter at bottom, and a smaller ball c under it^ com- 
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municating with the first; into the little ball is put mercury 
or small shot, before the tube is sealed, so that it may sink in 
water below the ball, and float or stand upright, the divisions 
on the stem showing how far it sinks. If this instrument be 
dipped in common water, and sink to n, it will sink only to 
some lower point e in salt water ; but in port wine it will sink 
to some higher point f, and in brandy perhaps to b. 

It is evident that an hydrometer of this kind will only show 
that one liquid is specifically heavier than another; but the 
true specific weight of any liquid cannot be determined without 
a calculation for this particular instrument, the tube of which 
should be truly cylindrical. Besides, these instruments will not 
serve for fluids whose densities are much different. 

40£. Mr. Clarke constructed a new hydrometer, showing 
whether any spirits be proof, or above or below proof, and in 
what degree. This instrument was made of a ball of copper 
(because ivory imbibes spirituous liquors, and glass is apt to 
break), to which is soldered a brass wire about a quarter of an 
inch thick; upon this wire is marked the point to which it 
exactly sinks in proof spirits ; ‘ as also two other marks, one 
above and one below the former, exactly answering to one-tenth 
above proof and one-fenth below proof. There are also a number 
of small weights made to add to it, so as to answer to the other 
degrees of strength besides those above, and for determining the 
specific gravities of different fluids. 

403. Dr. Desaguliers contrived an hydrometer for deter- 
mining the specific gravities of different waters to such a degree 
of nicety, that it would show when one kind of water was but 
the 40,000 part heavier than another. It consists of a hollow 
glass ball of about 3 inches in diameter, charged with shot to a 
proper degree, and having fixed in it a long and very slender 
wire, of only the 40th part of an inch in diameter, and divided 
into tenths of inches, each tenth answering to the 40,000 part, 
as above. See his Exper* Philos* voL % p. ^84. 

404. Mr, Nicholson has made an improvement by which the 
hydrometer is adapted to the general purpose of finding the 
specific gravity both of solids and fluids, (fig. 8. pi. XVI.). a 
is a hollow ball of copper ; b a dish affixed to the ball by a short 
sler^er stem n ; c is another dish affixed to the opposite side 
of the ball by a kind of stirrup. In the instrument actually 
mad^, the stem d is of hardened steel, ^ of an inch in diameter, 
and the.^ish ;C is so heavy as in all cases to keep the stem ver- 
tical wh^ the instrument is made to float in any liquid. The 
parts are so adjusted that the addition of 1000 grains in the 
upper dish r Bi will just sink it in distilled water (at the tempera- 
ture of W of PalwglieiVs thermometer) so far that the surjface 
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shall intersect the middle of the stem d. Let it now be required 
to find the specific gravity of any fluid. Immerse the instru- 
ment in it, and by placing weights in the dish b cause it to 
float, so that the middle of the stem d shall be cut by the sur- 
face of the fluid. Then, as the known weight of the instru- 
ment, added to 1000 grains, is to the same known weight added 
to the weights used in producing the last equilibrium, so is the 
weiglit of a quantity of distilled water displaced by the floating 
instrument, to the weight of an equal bulk, of the fluid under 
examination. And these weights are in the direct ratio of the 
specific gravities. 

Again, let it be required to find the specific gravity of a solid 
body whose weight is less than 1000 grains. Place the instru- 
ment in distilled water, and put the body in the dish b. Make 
the adjustment of sinking the instrument to the middle of the 
stem, by adding weights in the same dish. Subtract those 
weights from 1000 grains, and the remainder will be the weight 
of the body. Place now the body in the lower dish c, and add 
more weight in the upper dish b, till the adjustment is again 
obtained. The weight last added will be the loss the solid 
sustains by immersion, and is the weight of an equal bulk of 
water. Consequently the specific gravity of the solid is to that 
of water, as the weight of the body to the loss occasioned by 
the immersion. Mr. Nicholson says, This instrument was 
found to be sufficiently accurate to give weights true to less 
than one-twentieth of a grain.” Nicholson^ s Philosophy^ vol 
11. p. 16. See also the art. Gravimeter m our second volume. 

405. The areometer invented hy M^ de Par ciem in 1766, 
and presented to the Academy of Sciences, is very simple in its 
structure, and at the same time very convenient in application, 
and furnishes very accurate results. This instrument consists 
of a small glass phial, about two inches, or at most two inches 
and a half, in diameter, and seven or eight inches long. Its 
bottom must not be bent Inwards (as bottles and phials com- 
monly are), lest air should be lodged in the cavity when it is 
immersed in any liquid. The mouth is closed with a very tight 
cork stopper, into which is fixed, without passing through it, a 
very straight wire (of iron or of brass) about a line in diameter, 
and twenty-eight or thirty inches long. The bottle is then 
loaded in such a manner, by introducing into it small grains of 
shot, that the instrument, when immersed in the lightest of the 
liquids to be compared, sinks so as to leave only the end of the 
wire above its surface, while in the heaviest the wire Is immersed 
some inches. This may be properly regulated either by aug- 
menting or diminishing the weight in the bottle; or by attacli- 
ing a little dish or basin to the top of the wire, and changing the 
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weights in it ; or by varying the thickness of the wire. To 
perform experiments of this kind it will be necessaiy to have 
a vessel for the reception of the fluid to be tried ; a convenient 
size would be a cylinder of 3 or 4 inches in diameter, and as 
many feet in length : it may be made of tin plate ; and a scale 
divided into inches and lines may be carried up above one side 
of the vessel, which will serve to measure the different depths 
of immersion in the fluid, by noting the division on the scale 
against which the top of the wire stands, M. de Parcieux re- 
commends the use of two instruments of this kind at once, in 
order that two fluids may be compared at the same instant. 

The areometer, when thus constructed, will exhibit very 
sensibly the least difference in the specific gravities of different 
liquors, or the changes which the same liquor may experience, 
in this respect, under different circumstances. Indeed M. 
Montucla says, we have seen an instrument of this kind, the 
motion of which was so sensible, that when immersed in water 
cooled to the usual temperature, it sunk several inches while 
the rays of the sun fell upon the water, and immediately rose 
on the rays of that luminary being intercepted. A very small 
quantity of salt or sugar thrown into the water made it also 
rise some inches.’^ HuttorCs Montucla* s Recreations^ vol. ii. 
p. S6. 

406. We here add a few articles respecting the theory of this 
areometer ; observing, by the bye, that the same theory may, 
with slight and obvious modifications, be applied to the ex- 
amination of any other instrument of a nearly similar kind : 

Let s denote the specific gravity of the fluids 
c the capacity or volume of the phial, 
xs> the total weight of the areometer, 

I the length of the part of the wire immersed, 
r its semidiameter, 

Tz* the multiplier, S'141593. 

Then will represent a section of the wire parallel to its 
axis, and *rtrH the content of the wire. And when the areo- 
meter is in equilibrio, if we consider that it displaces a portion 
of the fluid whose weight is equal to its own, we shall have'riyr^: 
+ tH) ; whence we deduce 


and 




Let us first consider the equation I : 


Ttr^s 


Here the 


'quantity w--cs expresses the difference between the weight of 
the areometer, or that of the liquor displaced, and the weight 
of the quantaty dfepl^ed by the phial only : it is therefore the 
weight of the fluid displaced by the part of the wire which is 
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immersed in it. But, considering the mmuteness of the dia- 
meter, and consequently of the radius r, the difference uo^cs is 
a very small quantity, equal perhaps to afew grains; so that a 
very inconsiderable variation in 5 or in ea? must cause a great one 
in 4 which is the length of the portion of the wire plunged in 
the fluid. 

The variations of I are more especially sensible when r va- 
ries, because it is the square r® which is a divisor in its value : 
thus, then, we may see how it happens that this areometer is 
so well calculated to render manifest the slightest differences in 
specific gravities. 

Suppose that when the specific gravity s becomes the 
length I of wire immersed is changed to and we shall have 

: subtracting the value of V from that of /, and making 

the necessary reductions, we shall have Z — 1 this is 

the difference in the depth immersed, occasioned by the differ- 
ence of density, which, ccateris faribus^ is proportioned to w,. 

Thus we may augment the sensibility of the instrument, re- 
lative to the variation of specific gravity, either by augmenting 
the weight of fluid displaced by the areometer (which may 
be accomplished by enlarging the phial, or by putting in more 
shot, or by loading the dish at the top), or by diminishing 
the diameter of the wire; and, in general, sdl other things being 

equal, — will express the sensibility of the instrument with 

regard to the specific gravity of the fluid. 

408, ^ But when the specific gravity remains the same, the 
sensibility of the instrument, the quantity by which it sinks by 
the addition of a little weight, depends only upon that little 

weight and r*. To prove this, resume the equation Izz : 
if the areometer be charged with the little weight ct^, I becomes 
l\ and we have ? = Taking the first of these equa- 
tions from the second, there will remain I = : so that 

the variation in the immersion V I is proportional to ^ when 
s is constant 

* In using the areometer it is often requisite to know the diameter of the wire; 
to those who have not a micrometer M, Frony recommends the following method : 
Measure the length of the wire exactly ; weigh it both in water and in the air, and 

c c3 
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We see, therefore, that two areometers may be equally sensi- 
ble when the specific gwity varies, and that the one of them 
may have need of an additional weight to descend an equal 
quantity when the specific gravity remains the same. Those, 
however, which have the little basin at top. are preferable, be- 
cause they are more solid, the wire being made thicker; but 
chiefly because by means of them we may ascertain more pre- 
cisely the of specific gravities. 

409. If the specific gravity ^ becomes order to 

retain the areometer at the same depth, it be necessary that the 

weight € 2 ? become we have (art. 406.) Di- 
viding this equation by the equation s r: there re- 

sults —rz a formula expressing the ratio of the specific 
gravities. 

This equation stated as an analogy gives i 

take the difference of these two weights. Calling l the whole length of the wire, d 
the difference between its weight in air and in water, s the specific gravity of water, 

and D the diameter of the wire; then is d = 2 a/-^. This may be done very ex- 

'nsh 

peditiously by means of logarithms* 

To find the thickness of the wire in an areometer already constructed, we must 
charge the little basin at the top of the wire with a certain weight, and examine how 
fiir this causes the instrument to descend : then we must put in the formula a ^ 

,■ ■: d . 

2 — , for d the little weight with which the areometer was charged, and for l the 

. WSX» ■ ' 

depth of immersion It occasioned. This follows from the equation ’ 

which gives 2r s=s d = 2 a/ — 

This may not be an improper place to describe a method of finding the radii of 
small cylinders (such as axles in fine machinery), first given, we believe, by Mr. 
Atwood; which is this, — Having fixed to the extremity of a very fine and flexible 
line a weight sufficient to keep it stretched, fasten the other extremity to the axle 
whose radius is required ; the line being stretched by this weight, measure by a scale 
of equal parts any convenient length, 6 inches, for example, and mark the extremities 
of the length so measured. Then holding the axle horizontally, let the measured 
part of the line be wound round it in the form of a helix, the circumferences being 
every where contiguous. Count the number of revolutions, and parts of a revolution, 
and represent this number by w ; also measure the length of the cylinder occupied by 
the helix, and let this — a ; and the length of the helix, or line first mentioned == x ; 

then will the radius of the cylinder The exactness of this method 

27r» 

may be known,** says Mr Atwood, by observing that, if the cylinder be truly 
made, and the process carefully repeated with different values ofx, ^and n, the 
radius deduced will, however, always come out the same, to the fourth or even the 
fifth decimal place.” 
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whence $^—s:s::u}:w, and n a formula which gives 


the difference of the specific gravities. 

W hen this theorem is applied to different waters, we may 
always suppose one of them, as 5=1000 ounces averd. without 
apprehending any sensible error in the value of 5^ — 5: for the 
quantity oj being only a few grains, s may undergo variations 


of 6 or 7 units, without the product -—a; undergoing any such 


change as to affect the accuracy of the result. So that, in find- 
ing the difference between the specific gravities of two waters, 
it is not absolutely necessary to know one of them with great 
precision. 

When we would make experiments with an areometer whose 
weight is exactly known, it will be proper, by means of the 

equations — = and ^ — s , to construct a table which 


may contain the ratios and the differences of specific gravities, 
answering to the different values of oj between 1 and 40 or 50 
grains: such a table, but little extended, will be easy to calcu- 
late, and will save the labour of a distinct computation for every 
individual experiment. 

410. Previous to giving a table of medium specific gravities, 
we shall just remark, that all bodies of homogeneous or unor- 
ganised texture expand by heat, and contract by cooling. The 
expansion and contraction by the same change of temperature 
is very different in different bodies. Thus, water when heated 
from 60^^ to 100^ increases its volume nearly of its bulk ; 
mercury only and many substances much less. Hence it 
follows, that an experiment determines the specific gravity 
only in that very temperature in which the bodies are exa- 
mined. It will therefore be proper always to note this tem- 
perature ; and it will be convenient to adopt some very useful 
temperature for such trials in general : perhaps about 60° of 
Fahrenheit’s thermometer is as convenient as any. It may 
always be procured in these climates without inconvenience. A 
temperature near to freezing would have some advantages, be- 
cause water changes its bulk very little between the tempera- 
ture 32° and 45°. But this temperature cannot always be ob- 
tained. It will much conduce to the facility of the comparison 
to know the variation which heat produces on pure water. The 
following table, taken from the interesting observations of Dr. 
Blagden and Mr. Gilpin (Phil. Trans. 1792, or New Abridg*^ 
ment, voL XVII, p. 263.), will answer this purpose. 
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Temper- 
ature of 
Water. 

Bulk of 
Water. 

Specific 

Gravity. 

30 



35 

99910 

1-00090 

40 

99070 

1-00094 

45 

99914 

1-00086 

50 

99932 

1-00068 

55 

99962 

1-00038 

60 

100000 

1-00000 

65 

I 100050 

0-99950 

70 

100106 

0-99894 

75 

t 100171 

0-99830 

80 

100242 

0-99759 

85 

100320 

0-99681 

90 

100404 

0-99598 

95 

100501 

0-99502 

100 

100602 

0-99402 


Those gentlemen observed the expansion of water to be very 
anomalous between and 45°, a fact which has been subse- 
quently traced through all its gradations by numerous philoso- 
phers* This is distinctly seen during the gradual cooling of 
water to the point of freezing. It contracts for a while, and 
then suddenly expands. But we seldom have occasion to 
measure specific gravities in such temperatures. 

Liquor-merchants often avail themselves of this circumstance 
of the expansion of fluids by heat, by contriving to make their 
chief purchases in the winter. M. Homherg and M. Eisen^ 
schmid found the absolute weight of a cubic inch of brandy to 
be 4 drs. 42 grs. in the winter, and only 4 drs. 32 grs. in the 
summer ; and in spirits of nitre the difference was greater still. 
And, taking the average with respect to spirits in general, it is 
found that 32 gallons in the winter will expand to 33 gallons 
in the height of summer. 
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11352 
7587 
6072 
6745 
4059 
, 6558 
. 6027 
. 5925 
. 4756 
4738 
15632 
13568 
. 9230 
10871 
. 8399 
10218 
. 6902 
, 7807 


Mel ids. 

Antimony, crude, 4064 

glass of, ... . . « ..... 4946 

— , molten, 6702 

Arsenic, glass of, natural, 3504 

, molten, 5763 

• — , native orpiment, 5452 

Bismuth, molten, .... 9823 

, - — native,. .... ... ...... 9020 

— ore of, in plumes, ..... 4371 
Brass, cast, not hammered, . . . . . 8396 
ditto, wire-drawn, ...... , 8544 

— — , cast, common, 7824 

Cobalt, molten, 7812 

blue, glass of, 2441 

Copper, not hammered, 7788 

— , the same wire-drawn,. . . 8878 

ore of soft copper, or 

natural verdigr. 3572 

Gold, pure, of 24 carats, melted, 

but not hammered, 1 .9258 

—r-, the same hammered, .... 19362 

I^arisian standard, 22 car. 

not hammered, 

, the same hammered, .... 

, guinea, of Geo. II 

, guinea, of Geo. Ill 

, Spanish gold coin, 

, Holland ducats, ........ 

trinket standard, 20 car. 

not hammered, 

— , the same hammered, . • . • . 

Iron, cast, 

, cast at Carron, 

, ditto, at Rotherham, ..... 

, bar, either hardened or not, 7788 

Steel, neither tempered nor hard- 
ened, 7833 

hardened, but not tem- 
pered, 7840 

■, tempered and hardened,. . . 7818 

, ditto not hardened, 7816 

Iron, ore prismatic,., 7355 

, ditto specular, 5218 

, ditto lenticular, 5012 


Mercury, solid or congealed, . . . 
fluent, 

- — , natural calx of, 

__ — precipitate, per se, . • 

— — precipitate red, 

-- — — brown cinabar, 

red cinabar, 

Nickel, molten, 

— — , ore of, called Kupfer* 

nickel of Saxe, 6648 

— — - — , Kupfer-nickel of Bohe- 
mia, 

Platina, crude, in grains, 15602 

purified, not hammered, 19500 

- , ditto hammered, ...... 20337 

— , ditto wire-drawn, ..... 21042 

ditto rolled, 22069 

Silver, virgin, 12 deniers, fine, 

not hammered, 10474 

, ditto hammered, ...... 10511 

, Paris standard, 10175 

, shilling of Geo. II 1 OOOO 

, shilling of Geo. III... . 10534 

, French coin, 10408 

Tin, pure Cornish, melted, and 

not hardened, 7291 

, the same hardened, 7299 

, of Malacca, not hardened, . 7296 

, the same hardened, ...... 7307 

5 ore of, red, 6985 

- a ore of, black, 6901 

, ore of, white, 6008 

Tungsten, 6066 

Uranium,.; 6440 

Wolfram,.. 7U9 

Zinc, molten, 7191 


17486 

17589 

17150 

17629 

17655 

19352 
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Precmus Stones* 

Beryl, or aqua- marine oriental,. . 3549 


, ditto occidental, 2723 

Chrysolite, of the jewellers, , • 2782 

, of Brazil, .......... 2692 

Crystal, pure rock of Madagas- 
car, 2653 

, of Brazil, , ... ........ 2653 

— , European, ........... 2655 

, rose-coloured, . . ....... 267 0 

yellow, ...... ... .... . 2654 

, violet, or amethyst, .... 2654 

, white amethyst, ....... 265 1 

, Carthaginian, ........ . 2657 

blade, . . . . ....... . . . . 2654 

Diamond, white oriental, . . . .... 352 1 

, rose-coloured orient,.. 3531 

, orange ditto, 3550 

green ditto, 3524 

■ .I- — blue ditto, 3525 

Brazilian, 3444 

— , yellow, 3519 

Emerald, of Peru, 2775 

Garnet, of Bohemia, 4189 

, of Syria, 4000 

, dodecaedral, 4063 

, volcanic, 24 faces, 2468 

Girasol, 4000 

Hyadnth, common, 3687 

.t argon of Ceylon, 4416 

Quartz, cryst^ised, 2655 

, inr-t^e mass, 2647 

, brown crystallised, 2647 

g fragile, . . 2640 

— , milky, 2652 

fat, or greasy, 2646 

Ruby, oriental, 4283 

, SpineU, 3760 

, Balias, 3640 

, Brazilian, 353 1 

Sapphire, oriental, 3994 

, ditto white, ......... 399 1 

— ofPuys, 4077 

: , Brazilian, 3131 

Spar, white sparkling, 2595 

, red ditto, 2438 

, green ditto, 2704 

, blue sparkling, 2693 

, green and white ditto, .... 3105 

, transparent, ditto ........ 2564 

, adamantine, .......... , . 3873 

Topaz, oxiental, 40U 

^ ^stachio ditto, 4061 

, Brazilian, 3536 

of Saxe ,. 3564 

wlute ditto,, * . , 3554 

Vermilion, 4230 


Siiiaiom Slones, 


Agate, oriental, 2590 

' onyx,. 2638 

— — cloudy, . * 2626 

- — speckled, 2607 

--- — , veined,... 2667 

— ^ — , stained, 2632 

Calcedony, common, 2616 

— , transparent, 2664 

— , veined, 2606 

^ reddish, 2665 

- — , bluish, . 2587 

-- — , onyx, * 2615 

Carnelian, pale, 2630 

5 speckled, 2612 

, veined, ............ 2623 

, onyx, 2623 

stalactite, 2591 

, simple, 2613 

Flint, white, 2594 

— , black, 2682 

, veined, 2612 

— — E^ptian, 2565 

Jade, wliite, 2950 

, green, 2966 

, olive, 2983 

Jasper, clear green, 2359 

, brownish green, 268 1 

, red, 2661 

, brown, . 2691 

, yellow, 2710 

, violet, 2711 

, cloudy,.. 2735 

, veined, 2696 

onyx, 2816 

— , red and yellow, ...... . 2750 

— , bloody, , 2628 

Opal,.. 2114 

Pearl, virgin oriental,.., 2684 

Pebble, onyx, 2664 

— , of Rennes, 2654 

^ English, 2609 

, veined, 2612 

— , stained, 2587 

Prasium, 258 1 

Sardonyx, pure, ...... 2603 

,pale, 2606 

^ speckled, *. 2622 

veined, 2595 

, onyx, 2595 

, blackish, 2628 

Schorl, black prism, hexaedral, . . . 3364 

, octaedral, 3226 

tourmalin of Ceylon, . . . 3054 

, antique basaltes, 2923 

Brazilian emerald, . , . . , 3156 

— - — , cruciform, 3286 
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Stone, paving, 2416 

, cutlers, 21 n 

, grind, 2! 43 

, mill, 2,484 

Various StOJies^ Eartksj 

Alabaster, oriental white, . • . . . . . 2730 
— — , do. semi transparent, . , 2762 

, yellow.. ..... . . . , V . . 2699 

— stained brown, ....... 2744 

veined, .... 269 1 

— of Piedmont, .... .... 2693 

— , of Malta, 2699 

, Spanish saline, 2713 

, of Valencia, 3638 

, of Malaga, 2876 

Amber, yellow transparent, 1078 

Ambergris, 926* 

Amianthus, long, 909 

, short, . 2313 

Asbestos, ripe, 2578 

starry, 3073 

Basnltes from Giants’ Causeway,. 2864 
Bitumen, of Judea, .....,,....,1104 
Bricl”, . . .... .... .... , . . . , . 2000 

Chalk, Spanish, 2790 

-, Coarse Brian con, 2727 

— — — , British, 2784 

Gypsum, opaque, 2 1 0*8 

", semi-transparent, ..... 2306 

, fine ditto, ... 2274 

— — , rhomboldal, 2311 

, ditto 10 faces, 2312 

, cuneiform crystallised, . 2306 

Glass, green, 2642 

, white, . . 2892 

. , bottle, 2733 

, Leith crystal, 3189 

, fluid, 3329 

Granite, red Egyptian, 2654 

Hone, white razor, 2876 

Lapis nephriticus, 2894 

Lazuli, 3054 

Plaematites, 4360 

Calami naris, 5000 

Judaicus, 2500 

Manali, 2270 

Limestone, 3179 

, white fluor, 3156* 

> green, 3 1 82 

Marble, green, Campanian, ...... 2742 

, red, 2724 

, white Cassara 2717 

, white l^arian, ......... 2838 

, Pyrenean, 2729 

— , black Biscayan, 26*95 

, Brocatelle, 2650 

, (Jastilian, 2700 

, Valendan, 2710 

, white Grenadan, ....... 2705 


Marble, Siennien, . . , , , . ...... .. 2678 

— —, Boman violet, 2755 

African, . 2708 

— — violet Italian, ......... 2858 

— Norwegian, 2728 

Siberian, 2718 

— , green Egyptian, 2668 

— , Swisserland, 271 4 

, Freneh, 26*49 

Obsidian stone, 2348 

Peat, hard, 1329 

Phosphorus, 1 7 14 

Porcelaine, Seves, 2146 

? Limoges, 2341 

- — — , China, 2385 

Porphyry, red, 2765 

green, ........... .. 2676 

— — — , red, from Dauphiny, . 2793 

— red, from Cordone, 2754 

—/green, from ditto,. . . , 2728 

I’yrites, coppeiy, ............. 4954 

ferruginous cubic, 3900 

— - — ditto round, 4101 

- — — - , ditto, of St. Domingo, . . 3440 
Serpentine, opake, green Italian, , 2430 
— — — , ditto, veined black and 

olive,..,.,... 2594 

, ditto red and black, . , 2627 

— semi-transpa. grained, 2586 

ditto fibrous, 3000 

, ditto from Dauphiny, . 2669 

Slate, common, 2672 

2854 

>, black stone, 2186 

— , flesh polished, 27^6 
Stalactite, transparent, ......... 2324 

, opake, 2478 

Stone, pumice, ... .... .. .... ,, , 9J5 

- — prismatic basaltes, 2722 

, touch, 2415 

, Siberian blue, 2945 

, oriental ditto, ........... 2771 

, common, 2520 

, Bristol 2510 

, Burford, 2049 

, Portland, 2496* 

j rag, 2470 

, rotten, I9gl 

, hard paving 246*0 

, rock of Chatillon, 2122 

, clicard, from Brachet, . . , , 2357 

, ditto from Ouchain, ...... 2274 

, Notre-Dame, 2378 

, St. Maur, 2034 

■ , St. Cloud, 2201 

Sulphur, native, 2033 

:;r; — >991 

lale, 01 Muscovy, 2792 

i black crayon, 2089 

ditto German, 2246 

— ydlow, ................ 2655 
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Talc, black, 2900 

white, I • 2704 

Liquors, Oils, S:c, 

Acid, sulphuric, . * • • ♦ 1841 

y ditto, highly concentrated, « 2125 

, nitric,... 1271 

j ditto, highly concentrated, , 1 580 

, muriatic, 1194 

red acetous, 1025 

, white acetous,. 1014 

distilled ditto, 1010 

, fluoric, 1500 

acetic, 1063 

— , phosphoric, ............. 1558 

, formic, ...» 994 

Alcohol, commercial, 837 

— , highly rectified, ........ 829 

— — mixed with water 

15- l6ths alcohol. .... . 853 

I4-I6ths ditto ....... 867 

33-16ths ditto 882 

12-1 6ths ditto ..... .. 895 

lUiaths ditto 908 

1 0-1 6ths ditto 920 

9-1 6ths ditto ....... 932 

8-16ths ditto 943 

7-16ths ditto ....... 952 

6-1 Gths ditto •.*•••* 960 

5-16ths ditto 967 

4.16thsdHto. 973 

3-1 6ths ditto 979 

2-l6ths ditto ... . ... 985 

1 -16th ditto 992 

Ammoniac, liquid, 897 

Beer, pale, 1023 

brown, 1034 

Cyder, 1018 

Ether, sulphuric, 739 

, nitric, .t. 909 

— — — , muriatic, ...... , , . . » , . , 730 

— — — , acetic, 866 

Milk, woman’s, . . 1020 

cow’s, 1032 

, asses’,..*. 1036 

ewe’s,,,... 1041 

: — ^ — , goat’s, 103 5 

, mare’s, 1 034 

, cow’s clarified, 1019 

Oil, essential, of turpentine, 870 

, essential, of lavender, ...... 894 

— ditto, of cloves, 1036 

, ditto, of cinnamon, 1044 

oTivev* •••■**•*** •• 915 

— of sweet almonds, 9^7 
of filberts, 916 

linseed, 940 

of walnuts, 923 


H— of whale, i -923 

of hempseed, .V , . 926 


Oil of poppies, . . . ... . . ... .... 924 

rapeseed, 9 1 9 

Spirit of wine. See Alcohol. 

Turpentine, liquid, 991 

Urine, human, .... loil 

Water, rain, * loOO 

— — distilled, i OOO 

sea, (average) , 1026 

— — • of Dead-sea, 1 240 

Wine, Burgundy, .... 992 

— — , Bourdeaux, . . 994 

, Madeira, 1038 

— Port, 997 

- — Canary, 1 033 


Resins, Gums, and Animal 
Substances, SfC, 


Aloes, socotrine, 1380 

hepatic, 1359 

Asafoetida, .................. 1 328 

Bees -wax, yellow, . . , , 965 

— white, ....... ...... 969 

Bone of an ox, 1 656 

Butter, 942 

Calculus humanus, . . . . , . . ..... 1 700 

— , ditto, 1240 

, ditto, 1 434 

Camphor, 989 

Copal, opake, 1149 

— — Madagascar, 1 060 

Chinese, 1063 

Crassamentum, human blood, ... 1126 

Dragon’s blood, 1 205 

Elemi, 1018 

Fat, beef,’ 923 

— hog’s, 937 

— — , mutton, 924 

— , veal, 934 

Galbanum, 1212 

Gamboge,.. 1222 

Gum, ammoniac, ..a I ?07 

, Arabic, 1 452 

f Euphorbia, 1124 

, seraphic, 1201 

, tragacanth^ 1316 

, bdellium, 1 372 

, scammony of Smyrna, .... 1 274 

, ditto of Aleppo, 1235 

Gunpowder, shaken, 932 

" — , in a loose heap, .... 836 

— — y solid,. 1 745 

Honey,,,. 1450 

Indigo,,. 769 

Ivory,.., 1826 

Juice of liquorice, . , 1723 

of Adacia, 1515 

Labdanum,*, 1186 

Lard...... 948 

Mastic, ..................... 1074 
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Myrrh, 

Opium, 

Scamraony. See Gum, 
Serum of human blood, * . 
Spermaceti,... , * . 
Storax, . . . . ... . ...... 

Tallow, .. . . . . .. . 

Terra Japonica, ....... 

Tragacanth. See Gum. 
Wax. See Bees*-wax. 

, shoemaker’s, . . . . 

fVoods. 

Alder, 

Apple-tree, 

Ash, the trunk,. 
Bay-tree, ............ 

Beech, 

Box, French, ......... 

, Dutch, ..... • . • • 

— — , Brazilian red, . . , . 

Campechy wood, 

Cedar, wild, 

*- — Palestine, ..»««• 

Indian, 

— , American,, . . 

Citron, 

Coco-wood, .. . 

Cherry-tree, 

Cork, 

Cypress, Spanish, 

Ebony, American, 


1360 


.. 1209 

1336 

Elder-tree, 

.. 695 


Elm^ trunk of, . . . . . . 

.. 671 

1030 

Filbert-tree, , 

.. 600 

943 

Fir, male, . . . 

.. 550 

1110 

, female, ....... , . ... . , , 

.. 498 

942 

Hazel, .. . . . . . * 

... 600 

1398 

Jasmin Spanish, 

.. 770 


Juniper-tree, . . 

.. 556 


Lemon-tree, 

.. 703 

897 

Lignum-vit 0 B, 

1333 


Linden-tree,.. . . ........ - . . , . 

.. 604 


Logwood. See Campechy. 



Mastick-tree, , . . . 

.. 849 

800 

Mahogany, 

,. 1063 

793 

Maple, 

.. 750 

845 

Medlar, • « * .... ..... , . , . , , , , 

. # 944 

822 

Mulberry, Spanish, . . , . . ..... 

.. 897 

852 

Oak, heart of, 60 years old, . 

1170 

912 

Olive-tree, . . . . . . 

927 

1328 

Orange-tree, ..... . . 

.. 705 

1031 

Pear-tree,. ................ 

.. 661 

913 

Pomegranate-tree, 

.. 1354 

506 

Poplar, .. .......... 

.. 383 

613 

, white, Spanish, 

.. 529 

1315 

Plum-tree, ................ 

.. 785 

561 

Q,uince-tree, . , . . 

.. 705 

726 

Sassafras, 

.. 482 

1040 

Vine, ... 

.. 1327 

715 

Walnut, 

.. 681 

240 

Willow, 

5g5 

644 

Yew, iSutch, 

.. 788 

1331 

— , Spanish, . . 

.. 807 


Weight and Specific Gravities uf* different Gases* 


Fahrenheit’s Thermom. 55® Barometer 30 inches. 


Spec. Gray. Wt. Cub. Foot. 

Atmospheric air, 1 *2 ...... . 525*0 grs. 

Hydrogen gas, 0-1....... 43*75 


Oxygen gas, 1*435 627*812 

Azoticgas, 1*182*..... 617*125 

Nitrous gas,,... 1.4544...,. 636*333 

Ammoniac gas, *731 1 319-832 


Sulphureous acid gas, . . 2*7611 1207*978 

In this table the weights and specific gravities of the principal gases are given, as 
they correspond to a state of the barometer and thermometer which may be chosen 
for a medium. The specific gravity of any one gas to that of another will not con- 
form to exactly the same ratio under different degrees of heat and other pressures of 
the atmosphere. Different philosophers have arrived at different results ; a very in- 
teresting account of tliem, and of the host processes employed in the inquiry, maybe 
seen in Biot, Traite de Physique,, tome i. 
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CHAPTER ILL 


EaUILlBEIUM, STABILITY, AKD OSCILLATIONS OF I-LOATING 

BODIES. 

411. Amono the different bodies which float on the surface 
of a fluid, the most important are ships and other vessels em- 
ployed on seas, rivers, and canals, in commerce. It is of much 
consequence to determine the stability of such vessels, and the 
positions they assume when they float freely on the water. 
The principles on which the stability oF the different positions 
depend flow naturally from what has been already done, and 
may be here illustrated and explained. Two or three defini- 
tions are premised. 

Defs. 1. The plane ofjioatation is the horizontal surface of 
the fluid in which the vessel floats. 

% The line of support is the vertical line passing through the 
centre of gravity of the part of the solid vessel immersed. 

S. The metacentre is the point of intersection of the axis 
passing tli rough the centre of gravity (round which the body 
^ revolves through an indefinitely small angle) and the line of 
support. 

( 412. That a body floating upon a quiescent fluid may be in 

I equilibrio, something more is necessary than that the weight of 
! the body should be equal to tliat of the fluid displaced : for this 
condition only ensures an equality of the upward push of the 
, fluid and the weight of the body; and these two vertical forces 
I cannot destroy each other unless they are directly opposed : 
I they must therefore pass through the same point ; that is to say, 
the right line %ohic7i joins the centres of g;ravity of the Jioatmg 
body and of the fiuid displaced must he vertical. Without this 
condition the two vertical forces, though equal, cannot annihi- 
late each otheris effects; and, of consequence, the body will 
ha^e about its centre of gravity a rotatory motion, as if that 
point were fixed. 

Indeed, positions may be assumed in which the circumstances 
^ just recited concur, and yet the solid will take some other po- 
I sition in which it will permanently float. If a cylinder, for ex- 
ample, having its specific gravity to that of the fluid on which 
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it floats as 3 to 4, and its axis to the diameter of its base as £ 
to 1, be placed on the fluid with its axis vertical, it will sink to 
a depth equal to a diameter and a half of the base; and while 
its axis is preserved in a vertical position by external force, the 
centres of gravity of the whole solid and of the immersed part 
will remain in the same vertical line: but when the external 
force that sustained it is removed, it will decline from its upright 
position, and will permanently float with its axis horizontal. 
If the axis be supposed to be half the diameter of the base, and 
be placed vertically, the solid will sink to the depth of three- 
eighths of its diameter; and in that position it will float per- 
manently* If the axis be made to incline to the vertical line, 
the solid will change its position until it settles permanently 
with the axis perpendicular to the horizon. 

Def. Whether a solid float permanently, or overset when 
placed on the surface of a fluid, so that the centre of gravity 
of the solid and that of the part immersed shall be in the same 
vertical line, it is said to be in a position of equilibrium ; and 
of this equilibrium there are three species, viz. the equilibriuni - 
of stabUity^ in which the solid floats permanently in a given 
position; the equilibrium of in which the solid, 

though the two centres of gravity already mentioned are in the 
same vertical line, spontaneously oversets, unless supported by 
external force; and the equilibrium of indifference^ or the 
insensible equilibrium, in which the solid rests on the fluid in- 
diflerent to motion, without tendency to right itself when in- 
clined, or to incline itself further. * 

These states of a floating bod}’’ are also those in which the 
stability may be said to be and nothings re- 
spectively. 

413. From the properties investigated in the chapter on the 
centre of gravity, it follows that the right line which join? the 
centres of gravity of a body and of a segment of that body 
formed by any plane whatever, must pass through the centre 
of gravity ofipthe other segment : in the case which we propose 
to treat here, the plane cutting the body is the upper surface of 
the fluid, or the plane of floatation ; and we conclude that, in 
order that a body may be in equilibrium upon a fluid which 
is specifically heavier than itself^ the right line which passes 
through the centres of gravity of the body and either of the 
segments formed by the plane of floatation must be perpendi- 
cular to that plane. Thus the general problem of the deter- 
mination of the positions of equilibrium with regard to a homo- 
geneous body In a fluid is reduced to the following. 

Prop. To cut hj/ a plane a body of given figure in such 
manner that the cajMcity of cAiher of the segments shall be to 
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ihat of the whole body m a given ratio ; and that the right line 
which passes through the centre (^gravity qfihe body and those 
<yf its segments shall he perpendicular to the intersecting plane. 

The ratio of the segments into which the body must be cut, 
or of either of them to the whole body, will depend upon the 
ratio of the specific gravities of the body and the fluid : and the 
positions of equilibrium of any body will be given by the roots 
deduced from the equations of equilibrium, and the equation 
defining the nature of the body. We cannot here enter much 
into the detail: but shall merely present a few obvious ex- 
amples. 

414. It is manifest, then, that right prisms and cylinders of 
any base whatever, if homogeneous, will have two positions of 

I equilibrium ; viz. when the generating axis is placed vertically, 

• and when it is placed horizontally. The equilibrium obtains 
also, with regard to solids of revolution, and symmetrical bodies 
relative to any line, when that line is placed vertically. Hence, 
a floating sphere will continue at rest in any position ; because 
it is, in every position, symmetrical with respect to the line of 
support passing through its centre of gravity. 

Moreover, prismatic or cylindric bodies, and in general those 
which are symmetrical witn regard to a plane (as are all which 
need be considered in the theory), have their positions of equi- 
librium, when that plane, relatively to which they are sym- 
metrical, 'is vertical : in which case we have only to ascertain 
the positions of equilibrium for an area or vertical section of the 
, body, perpendicular to that with respect to which the whole is 
, symmetrical. 

415. Let us propose an instance for more particular examina- 
tion, in the calculus of which it will appear in what manner 
different positions of equilibrium of a body will be furnished 
by the same equation. 

Suppose that the body is a triangular prism^ which floats 
with its ends vertical^ and its edges horizontal. 

Here we must consider two cases : 1st. That where the 
bases of the prism have an angle r immersed in the fluid, and 
the other two E, h, out of it (fig. 10. pi. XVI.). 2d. The 
reverse of this, where the two angles e, h, are immersed (fig. 
11.). The two cases may be treated at the same time; for the 
method in each is the same. 

L^t xx^ be the plane of floatation. To determine the line 
MN, m which this plane should intersect the triangle, we must 
find FH, and fn* Call the first of these ar, the second y : and 
taking p uiftlie middle of eg we may represent the data thus : 
FEpa, FH3 z6, apgle PFEnm, HFpr:‘^; and let the 

ratio of the^spedie gravities of the solid and fluid to 1. 
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Then, that the weight of the solid may be equal to that of the 
fluid displaced, we must have, 

In the first case (fig. 10.) . .r . FEHrrFMN ; 

In the second case (fig. 11.) . , r . fehzt hemn. 

Now the triangles fmn, feh, having the angle F common, 
have their areas proportional to the rectangles of the sides about 
that angle : that is, 

FEH : FMN : : FH X FE : FM X FN : : : scy i 

whence feh — fmn, or hnme : feh : : ah \ty : ab ; 

I consequently xy’zzrab^ and xyzzab (1 — r). •.(!). 

{ These two equations include the condition of the equality of 

! ;he vertical pressures, upwards and downwards. 

Let us next find equations to satisfy the second condition of 
the centres of gravity residing in the same vertical line. Now 
if FE be taken =-|-pf, r (art. 114) will be the centre of 
I gravity of the triangle fe; in like manner, if a be the middle 

point of MN, and aGrr|.aF, g will be the centre of gravity 
of the triangle fmn : the right line rg, or its parallel 
will therefore be vertical in the case of the equilibrium; and 
this condition will evidently be expressed by the equation pm 
PN, in both figures. From the point F demit upon the sides 
FE, FH, the perpendiculars pa, pd : then wnll pAnX- sin w, 
PD =: Is sin 'eAzzh cos w, fd rr /c cos n. Therefore nd =: 
k cos n — y, and am r: A cos m — a?. But pm rz pn gives 
Ap® + AM^ r: PD^ dn° : that is, sin^m = (k cos m — a?)® 

I r= sin'^w + (& cos ; from which, by reduction, we 

find 

If for y in this equation we substitute separately each of its 
values deduced from the two equations No. 1, there will result 
two equations containing only a’ and known quantities, and 
which will express the conditions of equilibrium for the re- 
I spective cases of figs. 10. and 11. They are as follows: 

0:4— Sfcjts cos cos n — ......... =0 ^ _ 

or4— 2jS:o’3cosm4* 2 (1 — r) (1 — J ‘ * v v 

These equations being of the fourth degree, and having the 
last term negative, have at least two real roots (Lacroix’s Alg. 
No. S19.) : but the roots may be all four real, and then 
the disposition of the signs indicate that three of the roots are 
positive, and the fourth negative. This latter root is obviously 
useless in the present case, because the solicitation of gravity 
being constantly downwards, the right-line fm can only be 
placed on one side with regard to the point f. There must, 
consequently, be either one or three positions of equilibrium, 
which will be determined by the positive roots of the equations 
marked (11.) The corresponding values oiy will be furnished 
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by the equations (I.) We must always, however, have x<ay 
Sindy<i}, 

416. The preceding reasonings may now be applied to the 
isosceles triangle, as the most likely to occur in practice: and 
to prevent Jthe calculus from being very complicated, let us 
merely consider the case where one angle only of the triangle is 
immersed in the fluid: the other case being easily deduced by 
transforming in the results r into 1— r, as may be shown by 
comparing together either the equations No. II. or those of 
No. I. Here, therefore, we have mzzn, and azib, from which 
there arises 

xy — a'T, and cos m + ^ct^rlcx cos m — •=. 0. 

The factors of the second degree of this latter equation be- 
ing . 2 ?^— aVizO, and £A*a’cos 2 W + aVziO, we thence con- 
clude, taking only the positive roots, that, 

cc:=za A/r, and xzzh cos m± \/(P cos^m—aV) 
wh ence, y and ^ z: A: cos m zf v" cos hn — a^r ) . 

The first root indicates that there will be only one povsltion of 
equilibrium when eh is horizontal : and the same applies to 
the case of fig. 11. The other positions are given by the other 
two roots ; but they must be such as to correspond with the 
conditions of the remarkable limits : for we ought to have x<a^ 
and every root real ; and from this we find 

cos Jc^cos^m 

r>— , and r < — —• 

, ■ a ■ ■ ■ ■ . ■ . 

In like manner we shall find the limits for the second case, 
by changing r into 1 ^- 7 ’; whence there results 

^a—^kcosm -Jficos’^m 

< and r > 

a ^ 

If we suppose the triangle equilateral we shall have 
and cosmr=:\/^; therefore cos onzzlai and the preceding 
limits will become — 

First case, r > and r< second case, r<4-, and r > 

417. Piiop. When a Jioating body is in equilihrio in any 
Jluid^ and an extraneous came as an impulsion mom the hody^ 
it is proposed to determine whether this perturbation *mill permit 
the body to return to its Jirst position^ or comtram it^ on the 
contrary, to mme still further from that cf equilibrium, 

t As the investigation of this problem in its utmost extent 
would lead into very tedious and complex discussions, we siiall 
premise three hypotheses, in order that we may obtain compa- 
ratively simple results. 

1. We oppose the floating body to be symmetrical w^itb re- 
spect to a vertical plane passing through its centre of gravity 
when the whole i$ rest ; and of such a kind that w e need 
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only resolve the problem for the area of a plane section of the 
body. 

We conceive the derangement to be indefinitely small. 
Thus, in fig. 12. pi. XVI. where ah is the plane of floatation, 
G the centre of gravity of the floating body dfe, and o the 
centre of gravity of afb, or of the fluid displaced when the line 
AB coincides with the plane of floatation ; the inclination of 
the body will then be the angle gov formed by go and the 
vertical line ov passing through the centre of and we put 
this evanescent angle, or the arc which measures it, = a. 

3. We disregard the veitical motion of the centre of gravity 
of the body as indefinitely small; and suppose that tne new 
position is consistent with the equality of tne weights of the 
body and of the fluid displaced. Thus will the portion ACfl^, 
which is moved out of the fluid, be equal to the part bgJ, 
which has entered it in consequence of the motion. 

Granting these suppositions, the equal areas Aca and bc 6 
may be regarded as isosceles triangles, since we may suppose 
AC =1 ac and cb := c5 : hence it will follow that ac ncJ ; that 
is, the intersection c of the two lines of floatation is in the middle 
of AB. 

The upward pressure of the fluid on mh is equal to the 
weight of a lamina of that fluid of an equal magnitude ; and 
this vertical force acts at the centre of gravity of aF&. So 
that, as it is necessary to know this centre, we shall proceed to 
assign its position. In order to this, it may be observed, that 
zz afb + cb 5 — Aca ; and if we conceive the laminae of the 
fluid equal to these areas, it is evident that the moment of the 
upward pressure of the fluid, taken with relation to any vertical 
whatever, is equal to the sum of the moments of the fluid la- 
minae of which the volumes are afb and cb&, minus the moment 
of the lamina ac^. Let us then estimate these moments with 
respect to the vertical oi. So shall we have 

I. The moment of the weight of the fluid laminae afb is 
w • Gv ; w representing the weight of the body, or that of the 
fluid displaced. 

II. Representing by w [cbS] the weight of a volume of fluid 
equal to cbJ, we have for the moment of this weight its pro- 
duct by the distance qi ; the point q being the foot of the per- 
pendicular demitted upon oh from the centre of gravity of 
CB&, that is, taking Qq zz Thus the moment of is 
w [cbZ>] X qL 

III. Lastly, the moment of Aca is, in like manner, 
w [Aoa] X pi; making jpc zz |^c. Where, as this latter force 
tends to produce a motion in the contrary direction to the 
former, it must be taken negatively; and since, moreover, 
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it ought to be subtracted from the two others, it becomes posi» 
tive, and the moment m of the pressure of the fluid upon awb 
is (because cb5 = ac^j^) expressed thus ; m =: (w x ov) -j- 

[cb 6] X py. 

Now, since the fluid is supposed homogeneous, the areas 
AFB and BC& are proportional to the weights of the quantities 
of fluid to which they are respectively equal ; that is to say, if 
we put the surface afb s, since cb =: and moreover m 

rz CB X sin A =: A • CB, we have the triangle • cb • cb ; 

therefore, 

s : w : : |a(bc)^ : w [cb6] = (bc)^. 

But pq-rz^ab^ and ov = a • go. Putting therefore go n a, 
and AB = 6 = 2bc, there results 

^i-A^w{a + ^) (i.) 

418. Since we consider the body as if it were retained by a 
fixed axe passing through g, the preceding value of m will mea- 
sure the pressure of the fluid. So that, if we would compare 
together these pressures upon different bodies, we must consider 
them in reference to the same angle of inclination a, and the 
relative stabilities will be measured by 

± «) («■) 

CoR. If the solid be of an irregular form, the stability will 

be as the sum of all the w (— ± a). 

U2s ^ ■ 

By stability we would here be understood to mean the resist- 
ance which a body opposes to its change of position ; that is, 
the effort made by the fluid to retain the body in its position of 
equilibrium, or to carry it further from it. In fig. 12, we have 
placed the centre of gravity of the body below that of the fluid 
displaced, whence it follows that the body is not homogeneous : 
and this is what happens most frequently (ships of war being 
excepted), because it is customary to dispose, in the inferior 
parts about f, some substances specifically heavier than the 
materials of the floating body. If the "centre of gravity of the 
body were, on the contrary, higher than that of the fluid dis- 
placed, it would be necessary to take a as negative ; on this ac- 
count we have put in the formulae (ii.) the double sign dc befoi*e 
the quantity a. 

^ 419. The value ii. may (in conformity with art. 412.) be 
either poative, nothing, or negative. 1st. When the centre of 
gravity of the tedy is lower than that of the fluid displaced, the 
stability will be positive so long as a retains the upper sign : 
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and it will be positive in the contrary case, when o is below o, 

whenever a <—. In these cases the pressure of the fluid 

tends obviously to carry back the body to its first p^osition. This 
tendency is, besides, the stronger, as the value (ii) is the greater. 
We see also the advantage of having the floating body narrower 
towards the bottom than towards the plane of floatation ; and 
the corresponding advantage of making the upper parts of such 
materials as have the least specific gravity. 

Sdly. In the two other cases the centre of gravity of the body 

is /izg^er than that of the fluid displaced ; if we have a > 

the stability is ziegative^ and the aggregate pressure tends to 
move the body in the opposite direction, or so as to increase the 
angle a ; for then the centre of gravity of mb being on the other 
side of oi must cause the body to proceed further from its first 

position of equilibrium. Ifa =: the stability noihmg ox 

indiffereifU; and the total pressure does not exert any such effort 
calculated to turn the body, because the centre of gravity of 
mb is then upon oi, and consequently in the same vertical line 
as a. 

4^0. If the quantity (ii) be divided by w, the weight of the 
fluid displaced, the quotient will express the distance from the 
vertical oi to the direction of the resultant of the upward pres- 
sure of the fluid : that distance being taken := gw, we have 

= TaT * ^ ± • • • • • 

If b is positive, the vertical oi falls to the left of the centre 
of gravity of the fluid displaced 5 in this case Qn must be taken 
to the right of oi : the same thing obtains in the contrary case, 

provided that we have gv < the vertical ng intersecting 

the right line go in a point g more elevated than g. But if, in 

the latter case, gv=i we have then on = 0, and g fali^ 

upon qL Finally, if we have gv>^^, and g constantly 

higher than o, the line gw must be taken to the left of g^, and 
the point g will fall below g. To find the distance it may 
be observed that g^* sin a = gw, or, because an evanescent arc 
may be substituted for its sine, a • og rz gw ; 

wherefore , , . ogzz ~±: a . , , * (iv.) 


1) n 
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The point g corresponds with our definition of metacentre 
(art. 411.), we may therefore announce the result of this in- 
vestigation thus : the stability of’ a body or mssel is positive ^ 
nothings or negative^ according as the matacentre is more ele- 
xatedy the scme^ or lower than the centre ^gravity of the body. 

4^1. Prop. If the floating body be a komogeneom rect- 
angular paralldopiped^ whose altitude is perpendicular to the 
surface of the fluids its stability will he proportional to the dif 
ference between the sixth part (f the square of the breadth of 
ihe base and the product f the square of the altitude^ into the 
difference between the number expressing ihe specific gravity of 
the solid and its square ^ that of the fluid being unity. 

Let h be the height of the solid, b the breadth of the base, 
and s the specific gravity of the solid ; then will the cube of the 
line coinciding with the plane of floatation iz ¥ as before, the 
height of the part immersed zzsh^ and s the space proportional 
to the part immersed = sbh ; go the distance between the 
centres of gravity of the whole body and of the part immersed 

Consequently the stability, which varies 


ih — \$h : 


7i— sh 


V • ll’-sh 5® rj o / 

as ~± GO, vanes as — - ~= -- - . (s- 

As an example to illustrate this proposition, suppose the height 
of the parallelepiped equal to the breadth of the base, or A =5, 
and let it be required to ascertain the specific gravity of the 
solid, when it will float in the equilibrium of indifference. 

Here ^ • (5 - or, since A r: 5, we have J ; 

whence | ± — 4 ) =4 ±- 5 - = *78868 or •21132 

nearly, either of which may be taken for the specific gravity of 
the solid, that of the fluid being unity. If the fluid were rain- 
water, the bodies would have nearly the same specific gravity 
as apple-tree and cork. 

422. Prop. Jf the floating body be an homogeneous cylinder 
whose axis is vertical^ its stability will be as the quotient of the 
square of the radius fthe base divided by four times ihe height 
of the part immersed^ diminished by ihe distance between ihe 
centres of gravity of the whole solid and ihe part immersed. 

Let DEFG (fig. 2. pi. XVII.) be the section of the cylinder 
edmeiding with the plane of floatation, ab any line in that sec- 
tian,lor the breadth of any variable vertical section of the 
cylinder ; CG =: r, cv = .a?; then ab = 2 and ab^ 

But — X r^ x x^, 

^ of the circle whose radius is r, when 




Also 
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increases from 0 to r; (f *>- — —9 

See. and the quantity generated ==^-- which, 

when jjf increases from 0 to becomes x 
— r"^ X ^ of a circle whose diameter is unity (vide 
.E^uai^ioneS) pa» 74?.) = x ^ of a circle whose radius is r. 

Consequently, the whole quantity generated by (r^ — will 
be X (I: — xV) ^ cii'cle whose radius is r zz ^ of that 
circle = X Hence the sum of ail the ab^ 

in one semicircle r= 8r^ and the sum of all 

the AB'’* in both semicircles =: ; while the volume of the 

part immersed is equal to its depth (d) x circle befg rz 7rdr^. 

Therefore general expression for 

the stability (ii) is proportional to — — go, as in the propo- 
sition. 

Cor. If s be the specific gravity of the solid, that of the fluid 
being unity, and k the height of the cylinder, then will the 

depth of the part immersed rz sh, and go z: : so that the 

stability of the cylinder will be proportional to ^^~^,and 

will vanish or become indifferent when or when 

^ r: — or 5 s -- -^) : where the expression 

under the radical vanishes if r zzh\/i, or r: So that, 

if the specific gravity of the cylinder be half that of the fiuid^ 
and the radius of the base he to the height of the cylinder as 
1 to a/% the cylinder mill fioat in a state ^ insensible equir 
librium* 

CoR. If then m the case of insensible equilibrium 
r will be to h as VS to %*/% And if x ^ xce shaM have the 
same ratio. 

4^3, Prop. Considering the fiuid as non-resisting^ the fi<)aU 
ing body mill oscillate incessantly about a horizontal axis pass'- 
ing through its centre of gravity^ according to laws analogous 
to those of bodies in a vacuum : it is proposed to examine the 
particular nature of these oscillations^ regarding them as in-- 
d^nitely small. 

Supposing that the vertical line passing through the centre of 
gravity of the body, in its equilibrated position, has been in- 
clined by the quantity/^ then, denoting by a the inclination of 
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the body at the end of the time and by a the arc described 
by the point placed at the unit of distance from g (fig, 1^. 
pi XVL), we shall have a m/™- a. Now the angular accele- 
rating force, as has been seen in the Dynamics, is the quotient 
of the sum of the momenta of the moving forces divided by the 
momentum of inertia : the dividend, being the total vertical 
pressure of the fluid, is given by the value art. 418. i. ; the 
divisor is m being the mass of the body, and the quo- 
tient of the momentum of inertia (with respect to an axe pass- 
ing through the centre of gravity) divided by the mass. Hence, 
as the weight w of the body is equivalent to^M (art. 108.) we 
have, for the angular accelerating force. 




+ •(/-«) 


12s' 


Or, if we put I for (« + A) -f- there will arise ~ 

1*S ^ 

— 7* (/“ «)• Multiplying this by «, we obt^n for the fluent 

(4)® = y {^fa. — «*) 4- c, a constant quantity. Here ~ is 

the angular velocity ; so that at the same time that '^=0, a = 0, 
and c r: 0, which gives 


t =: v'- 


g A/(2/ot— a3)‘ 

Taking the fluents again, we have 

* ~ (cos ='^)'+ c’. 

6 t/ 

To correct this we tnust consider that when # ~ 0, « = 0, 
artd c' it: 0 ; whehce We find 

4^ cos (i “ « =/{l cos (V-f))- 

The variables comprised in this equation are the arcs a and 

i wh<ere, if we attribute successively to 

f i/l- vahjes . . 0, In’, v, |«, Sur, &c. 

' we find . . . 0, &c. fiat 

the corresponding values of «; which shows that fiie toOving 
hody/iffto desmbitg the deseendrag arcj^ will descaribe an 
^cending tfce ^toe time, then return and rise the ccm- 

ttary Way, Jtisldhwousdiso, that the time of making 
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a complete oscillation is given by taking it rit since that 
hypothesis gives cc :r S/J as it ought to do. Hence there results 

A' ^ 

This expression for the time does not comprise the quantityj^; 

; whence it follows^ that the vibrations are isochronal : and, by 

comparing the above with the value of t for the simple pendu- 
lum vibrating in indefinitely small arcs (art. 269. ), it will appear 
j that they exactly agree : consequently, the chief circumstances 

traced there apply immediately to the present case. Now if we 
restore the value of I we shall have 

I ■ .. .. — "• 

an expression which shows the length of the synchronal simple 
. pendulum. 

And, for the time of oscillation, 

. 7 J 12s 

424. By way of applying these principles, take the instance 
of a prismatic body, sucli that the transverse section of the im- 
merged part in the position of equilibrium is an isosceles tri- 
angle, of which the vertices of the equal angles are in the plane 
of floatation : the upper part of the section may have almost 
any variety of form. Let b represent the semi-base of the isos- 
celes triangle, which is the transverse section of the part im- 
, mersed, the height of this triangle, and d the distance of the 

upper surface of the fluid from the centre of gravity of the 
body : the distance of that surface from the centre of gravity of 
the triangle immersed will consequently, the distance 

between the centres of gravity of the body and of the fluid dis- 
placed will be a = d — ; the area immersed will be s 3: M, 

and the value (418. ii.) of the stability will be 

which may be either positive, nothing, or negative, as in the 
various cases before specified. The length of the synchronal 

pendulum wiU be = 

We may here remark, that the oscillations of a floating body 
m finite angles are not analogous4o those of a cycloidal pendu- 

I lum ; for the force of stability varies in a proportion very dif- 
ferent from that of the distance from quiescence, unless the arcs 
of vibration be of evanescent magnitude. 
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SCHOLIUM. 

425. The determination of the stability and the time of os- 
cillation of floating bodies, a sketch of which is given in this 
chapter, is by no means a matter of mere curiosity ; but is, when 
considered more at large, of considerable practical importance. 
Those students who wish to pursue this subject may read with 
much advantage the admirable treatise by Leonard Euler, en- 
titled Theorie Comphtte de la Con&trmtion et de la Manoeuvre 
des Vaisseaius, or the English translation by colonel Henry 
Watson ; and an ingenious paper in the Philosophical Trans-- 
actions for 1796, by Mr. Atwood. In ships of war and mer- 
chandise the calculations are very complex and operose, and 
not always so accurate as is desirable ; but in river and canal 
boats the regularity and simplicity of the form of the vessel 
itself, together with the compact disposition and homogeneal 
quality of the burden, render the computations far more easy. 
In that valuable miscellany Tilloch’s Philosophical Maga- 
zine, there is a paper on this subject by Mr. J ohn English ; from 
which we shall make an extract, showing the application of the 
principles to river and canal boats. 

Vessels of this kind,” says Mr. E. are generally of the 
same transverse section throughout their whole length, except 
a small part in prow and stern, formed by segments of circles 
or other simple curves; therefore a length may easily be assigned 
such, that any of the transverse sections being multiplied there- 
by, the product will be equal to the whole solidity of the vessel. 
The form of the section abcd is for the most part either rect- 
angular, as in fig. IS, pi. XVI. trapezoidal, as in fig. 1. 
pi. XVII. or mixtilineal, as in fig. 14. pi. XVI., in all which 
MM represents the line of floatation when upright, and ef 
that when inclined at any angle mxe ; also g represents the 
centre of gravity of the whole vessel, and r that of the part 
immersed. 

If the vessel be loaded quite up to the line ab, and the 
specific gravity of the boat and burden be the same, then the 

f oint G is simply the centre of gravity of the section abcd ; 

ut if not, the centres of gravity of the boat and burden must 
be found separately, and reduced to one by the common me- 
thod, namely, by dividing the sum of the momenta by the sum 
of the weights, or areas, which in this case are as the weights. 
The point r is always the centre of gravity of the section 
MMCD, which, if consisting of diflerent figures, must also be 
found by dividing the sura of the momenta by the sum of the 
wrights^ as common. These two points being found, the next 
thing necessary is to determine the area of the two equal tri- 
angles MXE, MXF, their centres of gravity o, o, and the perpen- 
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dicular projected distance mi of these points on the water 
line EF. This being done, through a and parallel to ef 
djmw iiT =: a fourth proportional to the whole area 
either triangle mxe or mxf, and the distance through 
T, and at right angles to ex or ef, draw ts meeting the 
vertical axis of the vessel in s the metacentre ; also through 
the points g, b, and parallel to sx, draw ngw and bv; 
moreover, through s, and parallel to ef, draw wsv, meeting 
the two former in v and w; then sw is as the stability of 
the vessel, which will be positive, nothing, or negative, ac- 
cording as the point s is above, coincident with, or below, 
the point o. If now we suppose w to represent the weight 
of the whole vessel and burden (which will be equal to the 
section mmcd multiplied by the length of the vessei), and p 
to represent the required weight applied at the gunwale b to 
sustain the vessel at the given angle of inclination ; we shall 
always have this proportion: as vs :sw : :w : p : which pro- 
portion is general, whether sw be positive or negative ; it must 
only in the latter case be supposed to act upward, to prevent 
an overturn. 

In the rectangular vessel, of given weight and dimensions, 
the whole process is so evident, that any further explanation 
would be unnecessary. In the trapezoidal vessel, after having 
found the points g and r, let ad, bc, be produced until they 
meet in K. Then, since the two sections mmcd, efdc are 
equal, the two triangles mmk, efk, are also equal ; and there- 
fore the rectangle ex x KFnKM x KM r= KM®; and since the 
angle of inclination is supposed to be known, the angles at 
E and F are given* Consequently, if a mean proportional be 
found between the sines of the angles at e and H’, we shall have 
the following proportions : 

As the mean proportional thus found: sin 4 e : : km : kf, 
and as the said mean proportional : sin 4 f : : km : ke; there- 
fore ME, MF become known ; from whence the area of either 
triangle mxe or mxf, the distance nn^ and all the other requi- 
sites, may be found. 

In the mixtilineal section, let ab = 9 feetrzlOS inches, 
the whole depth = 6 feet ir: 7^ inches, and the altitude of 
MM the line of floatation 4 feet or 48 inches ; also let the two 
curvilinear parts be circular quadrants of two feet, or 24 inches 
radius each. Then the area of the two quadrants r:904“7808 
square inches, and the distance of their centres of gravity from 
the bottom=:13*8177 inches very nearly; also the area of the 
included rectangle abiezzl4i4iO squai'e inches, and the alti- 
tude of its centre of gravity 12 inches; in like manner, the 
area of the rectangle ABcd will be found =5184 square inches. 
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and the altitude of its centre of gravity 48 inches ; therefore we 
shall have 

Momentum of the\ ^904-7808 x 13.817 = 12501-98906016 
two quad, J 

Momentum of the} =17280- 

rectan, | 

Momentum of the ! ^ =248832- 

rectan, ABCo | , 


7528-7808 


278613*98966016 


Now the sum of the momenta, divided by the sum of the 


areas, will give 


278613-98966016 


: 87*006 inches, the altitude 


7628-7808 

of Gf the centre of gravity of the section ABcn above the 
bottom. In like manner, the altitude of e, the centre of 
gravity of the section mmcd, will be found to be equal 

—^ 4.934 inches ; and consequently their dif- 

ference, or the value of gii=: 1£ *072 inches, will be found. 

Suppose the vessel to heel 15% and we shall have the fol- 
lowing proportion ; namely, As radius : tangent of 15^^ : : Mxrz 
54 inches: 14*4369 inches = me or mf ; and consequently the 
area of either triangle mxe or mxf= 390*663 square inches. 
Therefore, as 4936-7808 : 390 663 : : 73^^=^ 
inchesrzRT; and, again, as radius : sine of 15° : : 1^'07^~ 
GR : 3*1245 inches en ; consequently RX — ^ eh = 5*6975 — 
8*1245 r= £*573 inches =:sw, the stability required. 

Moreover, as the sine of 15® : radius :: 5*6975 z: RT : 
22-01Sr:RS, to which, if we add 24*934, the altitude of the 
point R, we shall have 46-947 for the height of the meta- 
centre, which taken from 72, the whole altitude, there re- 
mains 25*053; from which, and the half width —64 inches, the 
distance bs is founds 59*529 inches very nearly, and the angle 
sbv=: 80® 06' 42"; from whence svz: 58*645 inches. 

Again : Let us suppose the mean length of the vessel to be 
40 feet, or 480 inches, and we shall have the weight of the whole 
vessel equal to the area of the section mmcdz: 4936*7808 mul- 
tiplied by 480 = 2369654*784 cubic inches of water, which 
weighs exactly 85708 pounds avoirdupoise, allowing the cubic 
foot to weigh 62*6 pounds. 

And, finally, as sv : sw (i e,) as 58*645 : 2*573 : : 
86708 : 3760+ the weight on the gunwale which will sustain 
the vessel at the given inclination. Therefore a vessel of the 
above dimensions, and weighing 38 tons, 5 cwts. 28 lbs. will 
rajuire a. weight of 1 ton, 13 cwts. 64 lbs. to make her in- 
ciiae M®. „ 

In this example, the deflecting power has been supposed 
to act perpendicularly on the gunwale at b;. but if the vessel 
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is navigated by sails, the centre velique^ must be found ; with 
which, and the angle of deflection, the projected distance 
thereof on the line sv may be obtained ; and then the power, 
calculated as above, necessary to be applied at the projected 
point, will be that part of the wind’s force which causes the 
vessel to heel, and conversely, if the weight and dimensions of 
the vessel, the area and altitude of the sails, the direction and 
velocity of the wind, be given, the angle of direction may be 
found.” 

* The ccfdre 'veUpie^ (a term first used by M. Souguer) is the centre of gravity 
of the eguhmlent sail; that is, of the sail whose position and magnitude are such as 
cause it to be acted upon by the wind when the vessel is sailing, in a manner equivalent 
to the action of the wind upon all the sails together which the vessel actually carries. 
See also Euler on Vessels, Book III. Chap. ii. § 10. 1 1 and Bossut Hydrodynamique, 
part i. ch. 12, IS, 14. 



CHAPTER IV. 


ON THE PHENOMENA OF ATTRACTION IN CAPILLARY TUBES. 


The appellation capillary^ in a general sense, is given 
to any thing on account of its extreme fineness, because it in 
that respect resembles hair. In physics, capillary tubes are small 
pipes of glass whose canals are extremely narrow. The internal 
diameter of these tubes may vary from to -yV of an inch : in- 
deed Dr. Hook affirms that he drew tubes in the flame of a lamp 
much smaller, and resembling a spider’s thread. 

If several capillary tubes of different diameters, and open at 
both ends, be immersed a little way into water, the fluid will be 
seen to stand higher in the tubes than the surface of the water 
without, and this in a greater degree as the tube is smaller : 
the height of the surface of the fluid in the tube above that of 
the fliuid in the reservoir being nearly in the reciprocal ratio 
of the diameter of the tube: so that the diameter of the tube* 
multiplied into the altitude of the fluid in it (above that in the 
reservoir) is nearly a constant quantity for the same fluid. This 
constant quantity is found by experiment to be about *048 of an 
inch when the fluid is water; -036 of an inch for vinegar or oZ. 
tar, per deliquium ; and of an inch for sweet oil. When 
quicksilver is put into the tube, the contrary to all this takes 

S >lace; for that fluid stands lower within the tube than its sur- 
ace in the vessel, and the lower as the tube is smaller. 


* Among the various methods of determining the diameter of a uniform capillary 
tube, the following seems the best and most accurate. Pour into the tube a certain 
quantity of mercury whose weight in troy grains is w, and measure carefully the length 

I of the tube which it occupies ; then is the diameter d = •0192523 For, the spe- 

cific gravity of mercury being 13568, a cubic inch weighs 3435*16 grains; hence 
1 : *785398 ; : 3435* 1 6 : «/. "Whence, by multiplying means and extremes, &c. 

we find <2= jJ — *0192523 V — . 

^3435*16X*785398X^ 

If I be the whole length of the tube in inches, and w the difference in troy grains be- 
tween its weight when empty and when full of mercury, the same theorem will obviously 
ascertain the diameter. 


CHAP. ly* 


CAPILLARY ATTRACTION. 


m 


Another phenomenon of these tubes is, that such of them as 
would naturally only discharge water by drops, when electrified 
yield a continued and accelerated stream; and the acceleration 
is prbportional to the minuteness of the tube. Nay, the effect 
of electricity is so considerable that it produces a continued 
stream from a very small tube, out of which the water would not 
drop at all previous to the excitation by electricity. But we 
shall not attempt here any explanation of this phenomenon of 
the continued stream : our present object being merely to state 
the most approved method of accounting for the ascent and sus- 
pension of fluids in these tubes, according to the principle of 
attraction or of adhesion. 

In accounting for these phenomena of capillary tubes we 
must deviate from the method we have generally followed 
hitherto, of demonstrating a series of connected propositions: 
for the mode of elucidation we adopt has, at most, only proba- 
bility on its side; and we would not willingly delude the 
student with an appearance of strict demonstration, when that 
kind of proof is incompatible with our present knowledge of 
the subject, 

427, It will be necessary first to premise that the attraction 
between the particles of glass and water is greater than the 
cohesive attraction between the particles of water itself. For if 
this were not the case, the least quantity or drop of water ap- 
plied to the underside of a glass tube placed horizontally would 
not adhere to it, but fall down immediately in the direction of 
gravity ; whereas this does not happen till the bulk and weight 
of the drop be so far increased as to exceed the attractive power 
of the glass, and then it falls off. 

Since, then, we find such a strong attractive power exerted 
at the surface of glass, it will be natural to conceive that such 
power must act sensibly on the surface of a fluid that is not 
viscid (water, for instance) contained within the small cavity of 
a glass tube, and that it will be proportionally stronger as the 
internal diameter of the tube is the smaller: for that the 
efficacy of the power to hold up the fluid in the tube will 
follow the inverse proportion of the diameter will be highly 
probable, if we consider that only such particles as are in con- 
tact with the fluid, and those immediately above the surface, 
can affect it. 

428, Hence most philosophers assert that the suspension of 
the fluid in capillary tubes is owmg to the attraction of the 
narrow ring of glass contiguous to the upper smface of the 
fluid. The reasoning adduced is of this kind : Every ring of 

f lass below the surface attracts the water above it as much 
own wards as it attracts the water below it upwards, and con- 
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sequently can contribute nothing towards the support of the 
column : and the action of the lowest ring upon all the fluid of 
the tube within its surface of attraction must either concur 
with the force of gravity to bring the fluid downwards, or act- 
ing upon it at right angles can have no effect in suspending it 
within the tube. The fluid, therefore, can only be supported 
by the ring of glass contiguous to its upper surface, which, 
attracting upwards, opposes the action of gravitation, by which 
the fluid is solicited downwards. And the same kind of 
reasoning may be applied to the fluid raised between parallel 
planes of glass. 

429. The preceding reasoning being admitted, it will follow, 
in conformity with the experiments, that m capillary tubes the 
heights to which the fluid rises by mrtue of the attraction are 
inversely as the internal diameters. For the fluid being sus- 
pended by the action of the annulus of glass contiguous to the 
upper surface, and the distance to which the attraction of glass 
upon any one fluid reaches being unvaried, the force which sus- 
tains the fluid will be as the number of attracting particles, that 
is, as the circumference, or as the diameter of the upper ring, 
or of the tube. Let q, then, represent the quantities of fluid 
to be raised in two tubes of different bores ; b, d, the respective 
internal diameters ; and h, A, the heights to which fluids rise in 
the tubes ; then, because a, represent two cylinders of the 
fluid, we have a : y : d-h\ and, from the nature of this 
attraction, which is as the diameters of the tubes, b : d : : q ; 
consequently b% : d^A : : D : d, or bh : dA : : 1 : 1, or, finally, 
B : d: : A; H. 

Dr. Jurin^ who first offered this solution of the phenomenon, 
says, the effect is the same in vacuo as in the air : but in his 
time the air-pumps would not exhaust sufficiently to determine 
this point : the pumps which are now made may perhaps show 
that the water will not be supported after a very g7-eat degree 
of exhaustion. 

Mr. Martin says, the power by which the fluid is raised will 
keep it in the tube for any time without exhaling or evapora- 
tion ; as he tried by hanging several capillary tubes thus charged 
with their fluids for months together in the summer sun, whose 
heat did not appear to diminish the fluids in the least sensible 
degree. 

' 4S0. Another cirrious circumstance ascribed to the same 
cause is the folio wing : Between two glass plates^ meeting on 
one side, md hept open at a smaU distance on the other ^ water 
wiU rise and its upper surface will form a hyper^ 

holie curve in imich the altitudes of the several points above 
the surface of ike fluid in the resm^ow will be to one another 
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reciprocally as thdr perpeyidicular Msiames Jr om the Hue in 
which the plates meet. This was first observed by Dr, BrooTc 
Taylor^ and is thus accounted for on the same hypothesis as 
before. Let ae (fig. S. pi. XVIL) be the horizontal surface 
of the fluid in the reservoir, ae the line in which the plates 
meet, HGiKL the curve formed by the surface of the suspended 
fluid ; on, ic, kd, le, perpendiculars to ae, showing the heights 
of the respective points, o> x, ic, E, above the horizontal surface 
AE, and AB, AC, Ai), AE, perpendiculars to ai^, measuring the 
distances of the sanae points from the line in which the ^anes 
meet: these heights and distances are reciprocally propor- 
tional. For let the lines cb, ic, kb, xe, represent pillars of 
fluid of an equal evanescent breadth : those portions of the 
glass plates which by their attraction support these pillars, 
being of equal breadth, will sustain equal quantities of fluid; 
that is, the pillars will be equal. But the pillars may be con- 
sidered as parallelopipeds, which are equal when their bases and 
altitudes are reciprocally proportional. And the bases, being 
of equal breadth, are as their lengths; that is, as the intervals 
between the plates: and since these intervals continually in- 
crease as the distance from the line af increases, these intervals 
at the points b, c, i>, e, are as their distances ab, ac, ab, ae, 
from the line AF. Since, then, the heights of the pillars are 
reciprocally as the intervals, the heights gb, ic, &c. are reci- 
procally as the distances ab, AC, &c. and hgiel is a hyperbola 
whose asymptotes are af and ae. 

4S1. If two long glass planes are first smeared over with oil 
and then set together at their ends, and inclined to each other 
under a very small angle, and a drop of the oil so placed be- 
tween them as to touch both planes, it will immediately begin 
to move towards the touching ends, or angles of the planes ; 
and that motion will be continued with an accelerated velocity, 
by reason of the increasing action of the planes, on account of 
the decreasing distance between them, and the larger portion of 
touching surfece on each side of the drop. 

43^. If glass be applied to any other fluid whose particles 
attract each other more strongly than glass attracts them, all 
the phenomena of such a fluid in capillary tubes, and between 
glass planes, will be just the reverse of those which we have 
stated as taking place with regard to water. Now quicksilver 
is such a fluid, and therefore it will stand lower within a capil- 
lary tube than without (art. 4^6.) ; the surface will be convex, 
and not concave, as in water ; and between the planes it will 
move the contrary way. But if a basin or dish be made of 
copper or brass, and polished well within, and then tinned all 
over, mercury put into such a vessel will every-where unite 
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with the tiiij and may perhaps be said to it, as m does 
glass; and the mercury put into this mercurial basin will, if 
clean, be attracted and rise all around the sides, and have the 
same phenomena with water put into a wet glass, transparency 
alone excepted. 

4SS. If water rise in any capillary tube T to a certain height, 
and another vessel be put into the water, having the upper end 
capillary and of the same diameter as the tube t, but the lower 
part of any greater size; then, if the air be drawn out of this 
vessel by suction until the water enters into the capillary part, it 
will stand at the same altitude as in the tube t after the suction 
ceases and the air is admitted into the capillary part. In this 
case the cylindrical part of the irregular vessel whose diameter 
and height equal those of the capillary tube seems to be sup- 
ported by the same power as the water in the latter, that is, by 
the attraction of the glass annulus contiguous to the upper 
surface of the fluid : and the other part surrounding this capih 
lary cylinder is supported by the pressure of the air upon the 
surface of the water in the reservoir ; which is proved hence, 
that if the whole be placed under the receiver of an air-pump, 
and the air exhausted from the surface of the vessel, the water 
will not be supported as before. 

434. The opinion that the suspension of the fluid in capillary 
tubes is occasioned by the attraction of the glass annulus conti- 
guous to the upper surface has been pretty generally acquiesced 
in : but the ingenious Dr. Hamilton is of opinion, on the con- 
trary (see his Essays), that the fluid is supported by the lo^er an- 
nulus contiguous to the bottom of the tube ; this he imagines will 
first draw up a plate of water immediately under it, and then a 
succession of plates, till the weight of the whole is equivalent to 
the attraction of that annulus. A similar opinion is embraced 
Matthew Young, But Dr. Parkinson and Mr. Vince 
object to Dr, Hamilton's solution. Mr. Vince says, If this 
were the case, the quantity supported, and consequently the alti- 
tude of the fluid, would depend upon the orifice at the bottom ; 
whereas experiments show that the altitude at which the fluid 
is supported depends upon the diameter of the tube at the 
upper surface of the fluid, without any regard to the form 
of the tube below it. Again, if in a capillary tube water will 
stand at the altitude of an inch above the surface of the fluid in 
the vessel, and you depress the tube till there be only an inch of 
it above the surface, the water will then not rise to the top of 
the tube, and if you depress the tube still lower, the water will 
not rise to the top. . Thus there will always be an annular sur- 
face of the tube ahohe the fluid, which is a strong argument in 
favour of lHie fluid feing supported by the attraction of such a 
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surface. If the fluid were raised by the attraction of the annulus 
at the bottom, when the length of the tube above the surfece 
was less than an inch, the fluid ought to run over, and thus a 
perpetual motion would be formed.’^ Hydrostaticsyi^. 68. 

485. Still, though the attraction of the glass, and perhaps of 
the annulus immediately above the upper surface of the fluid in 
the tube, be the chief cause of the ascent of any fluids, yet it 
must be allowed that the nature and quality of each particular 
fluid is to be regarded in most of the phenomena, which are not 
proportioned to the attracting power of the glass solely, but to 
that conjointly with the various disposition of fluids to yield to 
it : nor is the density of the fluid of primary consideration ; it 
being manifest from experiment, that some lighter fluids will 
rise to a less height than others which are much heavier. Nor, 
again, does it depend on the viscidity or tenacity of parts ; for 
hard white varnish (very thick and viscid) and spirit of wine 
ascend nearly to the same height. From experiments it like- 
wise appears that heat and cold are not concerned in this 
ascent of fluids, very hot water standing at the same height as 
cold. And a solution of any salt in water makes but very 
little difference in the heights. 

Mr. Martin made and repeated frequently a series of ex- 
periments on several fluids, to ascertain the altitudes at which 
they would be sustained in a tube whose internal diameter was 
about -T-V, or more accurately of an inch: the results are 
given bebw: 

Alt. Alt. 

Commbn spring water l*£inc//. Red wine . . . 0-7Smr^. 

Spirit of urine - . 1*1 White wnne . . . *75 

Tincture of galls . 1*1 Ale ..... *75 

Recent urine . • . !•! Ol. sulp. per campanum *65 

Spirit of salt ... -9 Oil of vitriol . > . *65 

01. tar. per deliq. . *9 Sweet oil . ... *6 

Vinegar .... *95 Oil of turpentine . *55 

Small-beer ... -9 Geneva .... *55 

Strong spirit of nitre -85 Rum ..... *5 

Spirit of hartshorn . *85 Brandy .... *5 

Cream *8 White hard varnish *5 

Skimmed milk . *8 Spirit of wine . . *45 

Aquafortis . . . *75 Tincture of Mars . *45 

M. Clairaut^ in his excellent work on the figure of the earth, 
says, The truth is, that when we compare the elevation of the 
same fluid in two different tubes, the attraction of eacli surface 
is the result of all the particular attractions exerted by the dif- 
ferent moleculm of the glass upon all those of the liquid which are 
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at distaBces small enough to be subjected to the effect of these 
attractions.” 

The Abbe HaMy, in his Traite EUmmtalre de Physique, 
adopts the same hypothesis, and ingeniously applies it to the 
elucidation of various phenomena. See my translation of that 
work, vol. i. p. 170. 

SCHOLIUM. 

The celebrated Laplace has published several distinct essays 
on capillary action. A syllabus of one of these is given in a 
note to the translation of Hauy’s Philosophy just cited. In 
another published in the Journal de Physique, Dec, 1806, 
he adopts a method which is very simple and general, and re- 
sembles in some measure the mode of demonstration employed 
in Dr. M. Young’s Analysis, although it is certainly much more 
unexceptionable. He begins with showing that the weight of 
the fluid supported in any prismatic and vertical tube is equal 
to the length of the interior circumference of the prism, mul- 
tiplied by a certain constant quantity ; and that this quantity 
for the same fluid is proportional to the excess of twice the at- 
tractive force of the solid above that of the fluid. His reason- 
ing is exhibited in a condensed form, in the remainder of this 
scholium. The attraction of a capillary tube, which tends to 
elevate the column of fluid contained in it, consists of two equal 
parts, one of which is derived from the action of the portion 
above the fluid on the upper part of the column, the other from 
that of the end of the tube on the imaginary continuation of 
the base of the column, a little below the tube ; and these forces 
are opposed by the attraction of that part of the fluid which 
forms an imaginary continuation of the tube, tending to draw 
the column downwards, in the same manner as each of the other 
forces draws it upwards : so that the weight of the fluid elevated 
must be proportional to the excess of twice the density of the 
solid above that of the fluid. M. Laplace compares this pro- 
position with the experiments of Gellert on rectangular and 
triangular tubes, and finds that they agree as w^ell as could be 
expected from the degree of accuracy with which these experi- 
ments appear to have been performed. Secondly, if the vessel 
into which the tube is immersed contain fluids of different kinds, 
the weight sustained in consequence of the capillary action will 
be the same as if the vessel contained only that fluid in which 
the lower end of the tube is situated ; the only effective action 
being exerted on this fluid. Thirdly, if the tube be wholly im- 
mersed, and its superior part be in one, and its inferior in an- 
other, of two fluids contained in the vessel, the weight of the por- 
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tion of the lower fluid raised above its natural level, considered 
as situated in the upper, will be equal to the dijIFerence of the 
weights of the two fluids which would be separately supported 
in the same tube. Fourthly, where the tube is inclined to the 
horizon, the relative weight to the fluid elevated will be the 
same as when it is vertical, and the actual quantity raised will 
be inversely as the sine of the angle formed by the tube with 
the horizom Fifthly, the space between two parallelopipedsj 
the one being placed within the other, may be considered as a 
single tube. Sixthly, if the parallelopipeds be of different sub- 
stances, the weight of the fluid raised may be determined from 
the length of the line of contact of each with the surface con- 
sidered as acting independently of the other in raising its ap- 
I propriate weight. Seventhly, the angle formed by the termina- 

tion of the fluid is investigated with the assistance of the author’s 
former demonstrations ; his reasoning may again be thus biiefly 
i expressed, as in the fourth paper. Supposing the fluid to be 

elevated in a very narrow space of a given breadth, the half of 
this breadth being the radius, the secant of the angle of contact 
will become equal to the radius of curvature of the surface, which 
is always inversely as the height of the elevated column ; hence, 
the cosine of the angle of contact will be directly as the height ; 

! that is, as the difference between the density of the fluid and 

and twice that of the solid, the whole density of the fluid being 
represented by the radius. Lastly, for discs of the same diameter 
raised from a given fluid, the squares of the forces required to 
separate them are proportional to the magnitude of‘ the at- 
traction ; and if different fluids be thus compared, the squares ‘ 
of the forces, divided by their specific gravities, will show their 
comparative attractions. It must however be observed in all 
cases, that where the attractive power of the solid is greater 
than that of the fluid, it must always be supposed to be covered 
■ by a thin stratum of the fluid, which becomes the immediate 

I fh® effects of the capillary force. 

Dr. Thomas Youngs also, in an ingenious paper on the cohe-* 
sion of fluids, published in the Philosophical Transactions for 
1805, has developed many analogous results. See also his 
Natural Philosophy, vol. ii. p. 649. After all, however, the 
theory of capillary action is without an escperimeiitum cr-ucis^ 
or a fact which will compel those who know it, to adopt one 
mode of explication only* 
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Iiitroductory Remarks. 

436. is that part of mechanical science 

which relates to the motion of non-elastic fluids, and the forces 
with which they act upon bodies. 

This branch of mechanics is the most difficult, and the least 
advanced : whatever we know of it is almost entirely due to the 
researches of the moderns ; for the only work on the mecha- 
nism of fluids which has reached us from the ancients is the 
oi ArcMmedeSym two books, De Insidentibus liuinido^ vci 
which the inquiries respect solely the sinking and floating of 
bodies in fluids, their relative gravities, levities, situations, and 
positions, while in equilibrio. We find, it is true, some hints 
and rules upon the motion of fluids, in a treatise attributed to 
Sextus Julius Frontinus^ mspeo^toT of public fountains at Rome, 
under the emperors Nerva, Cocceius, and Trajan, entitled De 
Aquce ductibus urbis Roince commentarius ; but they are not of 
suffieient importance to deserve much attention by a student of 
this science. Benedict Castelli was the first who opened the 
way to a true measure of the flux of waters, in his treatise Della 
mesura delV Acque Currenti; which measure he found to depend 
i upon the area of the section, and the velocity of the water, 

conjointly. The most valuable and important discoveries and 
theorems in this department of science are given in Sir Isaac 
Newton's PrincipiOy book II. ; the Hydrodynamique oi Daniel 
Bernoulli; the Traite des Fluideshj M* D'Alembert ; theEse- 
amen Maritimo Theorico Practico of D. George Juan; the 
Hydrodynamique of M. Bossut ; Principes dHydrauUque by 
M. Buat; and the Handhuch der Mechanikund aerHydrauUk 
by Mr. Eytelwein. To these may be added an ingenious paper 
on the Motion and Resistance of Fluids by Mr. Vince^ in the 
Philosophical Transactions for 1795 ; those by the late Dr. 
Matthew Youngs in the Irish Transactions ; and Dr. Thomas 
Young'' s, Investigations relative to the Motion of Water in Pipes. 
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437. Gould we know with certainty the mass, the figure, and 
the number of particles of a fluid in motion, the laws of its 
motion might be determined by the resolution of this problem, 
viz. to find the motion of a proposed system of small free 
bodies acting one upon the other in obedience to some given 
exterior force. We are, however, very far from being in pos- 
session of the data requisite for the solution of this problem : 
and even if we were in possession of them, it is doubtful 
whether we should be much farther advanced ; as it might be 
extremely difficult to deduce any convenient practical results 
from the intricate and complex expressions which might stand 
at the foot of the investigation. The wisest philosopiiers have 
had their doubts with regard to every abstract theory concern- 
ing the motion of fluids ; and the greatest geometers and ana- 
lysts affirm that those methods, which have directed them to 
such curious and useful conclusions in the mechanics of solid 
bodies, do not furnish any conclusions with respect to fluids but 
such as are too general and uncertain for the greater number of 
particular cases. On these accounts a detailed exhibition of 
the theory alone would scarcely be of any utility : we shall, 
^erefore, enter but little into the theoretical part of Hydro- 
dynamics ; but present merely a few propositions that are least 
dubious in their nature, and endeavour to supply the deficiency 
by stating the results of some of the most ingenious, careful, 
and satisfactory experiments with which we are acquainted. 

The motion of the water in pumps, depending in part upon 
the principles of Pneumatics, will be treated of in our fifth 
book. 
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ON THS DISCHARGE OF FLUIDS, THROUGH APERTURES IN THE 

BOTTOM AND SIDES OF VESSELS, AND ON SPOUTING FLUIDS. 

438. Prof. If a fiuid nm through any tube ^ zidiicJi 
continually full^ aiid the velocity of the fluid in every part of 
one and fhe same sectio7i be the same, the velocities in different 
sections mill be imersely as the areas of the sections^ 

For as the tube is always equally full, the same quantity of 
fluid will run through every section in the same time : but the 
quantity passing through any section s with the velocity v in 
any given time, manifestly varies as s and v conjointly, or as 
s * v; and in like manner, the quantity passing through any 
Other section s with velocity u must vary as s * v in a given 
time : consequently we must have s • v = 5 • u, and s : 5 : : 
u:"v.' '■ 

It is supfDOsed in this proposition that the changes in the 
diameters or the tube are cordinuaf and nowhere abrupt so as 
to break the law of continuity in the sides of the tube : for if 
there be any angles, or considerable sinuosities in the tube, they 
will produce eddies in the motion of the fluid, and the pro- 
position will not obtain. 

439. Prop. If a fluid flowmg through a very small orifice 
m the bottom of a vessel he kept constantly at the same height 
in the vessel^ by being supplied as fast above as it runs out 
below ^ the velocity cf the effluent fluid will be equal to that 
which a heavy body would acquire in falling freely through 
the height of the fluid above the orifice . 

Let MNOF (fig. 4. pi. XVIL) represent a vessel filled with 
a fluid up to the level Git; mp the bottom in which is the 
aperture cd {very small compared with mp); cikd the 
column of the fluid standing directly above the aperture, and 
CABD the lowest plate of the fluid immediately contiguous to 
the aperture. Also let v denote the velocity which a heavy 
body would acquire in falling freely through ed the height of 
the plate, and v the velocity acquired by the same plate during 
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its descent through the same space until it is discharged by the 
pressure of the column cikd. If we suppose the lowest plate 
of fluid ACBD to fall as a heavy body through the height bd, 
its moving force will be its own weight. Again, suppose it to 
be accelerated by its own weight, together with the pressure of 
the ambient fluid, about the column cikjd, that is (art. 386.), 
by the weight of the column cikd, through the same space, 
that is, w'-hile it is accelerated from quiescence until it is actually 
discharged ; then (by what has been shown in Dynamics, art. 

the velocity in the former case will be to that in the 
latter as the moving forces and the times in winch they act 
directly, and the quantities of matter moved inversely. But 
the moving forces are to each other as the heights bd and kd ; 
the times in which they act are inversely as the velocities, the 
space through which the body is accelerated being given ; and 
the quantities of matter moved are equal: therefore, : v : : 

— : — , whence : v* : : bd : KD, or 7 ; : v : : v"" bd ; -v/kd. Now 

V is the velocity which a heavy body would actually acquire in 
falling through the space bd ; consequently v the velocity of 
the effluent fluid is that which a heavy body wmuld acquire in 
falling through kd, the whole altitude of the fluid above the 
.orifice. 

Cor. 1. In the same manner it may be shown, that if a pipe 
be inserted horizontally in the vessel mnop (fig. 5.), the plate 
of fluid ACBD will be* discharged with the same velocity as 
befoi’e (if its centre of pressure be of the same depth) whatever 
be the thickness of the plate ; this velocity not depending upon 
a. continual acceleration through the length of the tube, other- 
wise the effluent fluid could not attain its full velocity until a 
column had been discharged whose base is equal to the orifice 
and height equal to the length of the tube : whereas we find 
by experience that this full velocity can be attained by the 
thinnest plate which can be let escape from the aperture. 

Cor. 2. The velocities and quantities discharged at different 
depths are as the square roots of the depths. 

CoE. 3. The quantity run out in any time is equal to a cy- 
linder, or prism, whose base is the area of the orifice, and its 
altitude the space described in that time by the velocity 
quired by falling through the height of the fluid. 

So that if h denote the height of the fluid, 
a the area of the jmerture, 

-i ig^ feet, or 386 inches, 
and t the time of efflux, 
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wd shall have for the quantity discharged a ; 

Or, when « and are in feet . . . a:::: 8*0£08a^^ VAgfeet ; ^ 
When a and /i are in inches . . . a=£'7*7^87a^v'/z,incb. 
If the orifice is a circle whose diameter 
is /i, then -TSSSQS must be sub- 
stituted for a; 

And, when d and h are in feet . . \/7i,feet; 

When d and 7?; are in inches . . . ci=^l'7859£<i\v'A,inc. 

And from either of these it will be easy to find either or 
//, when the other three quantities are given. 

Con. 4. The force with which the effluent water impinges 
against any quiescent body is proportional to the altitude of the 
fluid above the orifice. 

For the force is as velocity x quantity of matter ; but the 
quantity discharged in a given time is as the velocity: therefore 
the force is as the square of the velocity, that is, by the demon- 
stration of the proposition, as the height of the fluid. 

Cor, 5. The water spouts out with the same velocity whe- 
ther it be downwards, or upwards, or sideways j because the pres- 
sure of fluids is the same in all directions at the same depth.^ 
Cor. 6. Hence, if the adjutage be turned upwards, the jet 
will ascend to the height of the surface of the waiter in the 
vessel. And this is confirmed by experience, from which it 
appears that jets really ascend nearly to the height of the 
reservoir ; the small quantity abated arising from the friction 
against the sides, the resistance occasioned by the oblique 
motion of the fluid in the bended pipe, and the resistance of 
the air. 

SCHOLIUM. 

440. What is said in this proposition and corollaries of the 
velocity of the effluent water, is true only of the middle fila- 
ment of particles which issue through the centre of the aperture, 
which are supposed in theory to experience no retardation, 
and which, in fact, suffer no other retardation than what arises 
from the resistance of the air, and their mutual adhesion and 
attrition against each other. But those which issue near the 
edges of the aperture undergo a greater attrition, and therefore 
suffer a greater retardation. Hence it follows that the mean 
velocity of the whole column of effluent fluid will be consider- 
ably less than according to theory. 

Sir Isaac Newton, who examined every subject that came be- 
fore him with peculiar accuracy, first discovered a contraction 
in the vein of effluent water ; and found, that at the distance 
of about a diameter of the orifice the section of the vein con- 
tracted nearly in the siibdupllcate ratio of £ to 1. Hence he 
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concluded that the velocity of the water, after its exit from the 
aperture, was increased in this proportion, the same quantity 
passing in the same time through a narrower space. From the 
quantity of water discharged in a given time through that narrow 
section, he found that its velocity there was that which a heavy 
body would acquire in falling through the height of the water 
above the orifice ; and since the velocity there was greater than 
immediately in the orifice in the subduplicate ratio of 2 to 1, he 
concluded that the velocity of the ejfiuent water in the orifice 
was equal to that which a heavy body would acquire in falling 
through halftkid altitude. But all this is true only of the mea7i 
velocity ; for there is no cause which can actually accelerate the 
water after its exit from the orifice, whatever causes may con- 
tribute to its retardation. The manner in which the mean 
velocity of the water is increased after its discharge, thougli the 
actual velocity of the several particles continues unvaried, might 
be easily explained ; but it need not be dwelt upon here. A 
circumstance of considerable importance in the escape of fluids 
through a horizontal orifice seems to have been entirely neg- 
lected by most writers: we allude to a whirling motion : the 
fluid will revolve about the aperture, and at some distance from 
it, and escape with a revolving motion ; the fluid rushes from 
all sides in spiral streams to supply the continual waste. This 
circumstance will be explained more distinctly in a subsequent 
proposition : but, excepting that, the remainder of this chapter 
will be treated in conformity with the common hypothesis; 
which, when corrected by the experiments in the ensuing chap- 
ter, will furnish tolerably correct results. 

441. Prop. When a vessel is left gradually to discharge 
itsef hy an orifice in the bottom^ if the area of the section 
parallel to the bottom be every where the same^ the velocity of 
the surface of the fluids and consequently the velocity <f the 
will be uniformly retarded. 

For (art. 438.) the velocity of the descending surface is to the 
velocity at the orifice, as the area of the orifice to the area of 
the surface, which is a constant ratio ; consequently, the velocity 
of the descending surface varies as the velocity at the orifice, or 
as a/U, cor. 2. of the last article ; that is, the velocity of the 
descending surface varies as the square root of the space which 
it has to describe ; so that this exactly corresponds with the case 
of a body pipjected perpendicularly upwards (art. 245.), where 
the velocity is as the square root of the space to be described : 
whence, as the retarding force is constant in the instance re- 
ferred ixs h must also be constant in the case before us, and the 
retardation uhifom. 
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Comparing this with the instance j ust pointed out, we deduce 
these obvious corollaries : 

Coji. 1. The quantities of water in a prismatic vessel dis- 
charged through an aperture in the bottom decrease in equal 
times as the series of "odd numbers, 1, 3, 5, 7? 9, &c. taken in 
an inverted order. 

Con. 2. Hence, if it were proposed to construct ^ cU'psy dr 
or water clock, by means of a prismatic or cylindric vessel, having 
an orihce at the bottom, let the altitude db (fig. 9. pi. XVII.) 
which will be completely exhausted in a given time, say 12 
hours, be determined experimentally. Call that height 144, 
and set off from the bottom towards the top, portions increasing 
as the odd numbers, 1, 8, 5, 7, &c. up to 23 ; they will mark 
the spaces through which the upper surface of the fluid will 
successively descend in each hour of the exhaustion. 

Coe. 3. The quantity of water contained in an upright 
prismatic vessel is half which would be discharged in the 
time of the entire gradual evacuation of the vessel, if the water 
be kept always at the same altitude. 

44'2, Prop. To determme the time of emptying a mssel of 
water hy an orifice in the bottom of it^ or in the side co7itigiious 
to the bottom^ the height of the orifice being mry smallKom 
with the altitude of the jhihd- 

Let 3: the area of the aperture I 

h r:: the whole height of the fluid above the aperture ; 

X “ the vertical space descended by the upper surface 
in any time Y ; 

A the area of the upper surface; 
g rz: 32|- as before, the measure of the force of gravity. 
Then will the velocity of the effluent fluid at any time be 
represented, not by as in art. 439. but by V\kg{h — x)'\^ 
This velocity will vary continually, because x increases, and the 
difference h — x diminishes continually, but it may be regarded 
as constant during the indefinitely small time t : so that in the 
time t there will escape through the orifice a prism of the 
fluid which has that orifice a for its base, and ^/{%g{h-- x)] for 
its altitude. Thus the quantity of fluid discharged during the 
instant ^ is =: ett — xj]. But during the same time 

the upper surface has descended through the space and the 
vessel lias lost a prism or cylinder of the fluid whose height is x 
and base a, that is, a piusm whose capacity is Hence we 

have AX = at 's/[2^(A“a:)] ; 

and.. (I.) 
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As the area a will be given in functions of jr, by the form of 
the vessel j the second member of this equation may be consi- 
dered as containing only the variable quantity jr ; and it will 
be very easy in most cases, by simply finding the fluents, to 
discover the successive depressions and discharges of the fluid 
in any vessel of known form. 

443. By way of application, take the following examples : 

I. Let the vessel be an upright prism or cijlinder. Here the 
area a will be constant, because every horizontal section of the 
prism will be equal to its base. Hence we have 


t - 


S' 


2a 


f/Qi—x) 4-c. 


aV2g aVug 

Now when the time t is nothing, the depression of the upper 
surface a of the fluid is nothing also : thus we have at the same 
time .r = 0, and t znO; this condition determines the constant 

quantity c rz ^^<3 gives for the time of depressing 

the upper surface through the space r, 

(H.) 

To find the time of completely emptying the vessel, we have 
only to make in which case the preceding expression will 

become 


A ,2k 
; a/—. 

a g 


Cor. The time just found is double that in which an equal 
quanti^ would be discharged, if the vessel were kept constantly 
full. For, in art. 439. cor. 3. we have a = at^/{9>gh)^ where, 

if Q =: Ally we have t = 


Alt 


/ ^ - 
^ ‘4^ ““ 


2a 


which is 


a\/2gh~ 

half the preceding value of t. 

Hence the result of this example corresponds with cor. 
art 441. as it manifestly ought to do. 

II. Let the vessel be any solid of rotation^ of which the axis 
is vertical. Here a will be the area of a circle which has for its 
radius the ordinate y of the generating curve : that is, if r: 
3*141593, we shall have a r: 'nf . Introducing this value into 
the equation marked I. we have 

_ ^ = (»!•) 

In any particular examples it will be necessary to put for y 
its value deduced in terms of x from the equation of the gene- 
rating curve, and to find the fluents, which will be corrected 
by making at the same time ^ = 0, and a? = 0. 

III, Lei the soUd of rotation be a paraboloid with its vertex 
downwards. If p be the parameter of the generating parabola, 
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the equation of the curve will he when the origin of 

the curve is supposecl at v (fig. 2. pL XIII.), the point where 
we conceive the aperture to be; or if we transfer the origm to 
A, the equation will be — a?) : this substituted for in 

equation IIL gives for the fluent 

Determining the constant quantity as above directed, we 
obtain for the correct fluent 




(IV.) 


A3 


h 

3a 


If we make h:=:w. we have 

^ 3a 2g 

S 

= •” //— 5 where s is the area of the upper surface of the 

fluid at the beginning of the exhaustion, and h the whole 
height. 

The above may suffice as a specimen of the method, on the 
supposition that the velocity of efflux is that due to the 'whole 
height of the fluid. A very ingenious and complete paper on 
this subject, according to the hypothesis that the velocity is that 
due to 7m//' the height of the fluid above the aperture, is given 
by Dr. Hutton in his Mathematical Miscellany. 

444. Prop. If the water of a reserwir which Jlotos through 
a horizontal aperture he influenced hy any foreign motion^ it 
will form a hollow whirl above the orifice itself 

Let DO (fig. 6. pi. XVIL) represent a horizontal plane near 
the orifice through which the fluid of the reservoir mn 
flows. A fluid particle, d, situated in this plane, has a motion 
DB inclined to the axis ab ; which may be decomposed into two, 
DC, CB. Let us suppose the plane dq to descend parallel to it- 
self along the axis with the motion, and then inquire into the 
motion of the particle D on the plane na : a motion which im- 
presses upon all the particles situated in the plane dq a centri- 
petal force towards the centre c. Let any other horizontal 
motion whatever, not coincident in direction with dc, be im- 
pressed upon the same particles: under the joint influence of 
the two moving forces the particles will describe round the 
centre c areas proportional to the times, and by the equilibrium 
of these motions they may assume a horizontal circular rotation. 

Imagine that, during this horizontal circulation, the particle 
D in its approach towards the centre c, as in a spiral, shall 
describe circular orbits, of which the diameters are successively 
diminished: put the rotatory velocity of the particle dzzu; its 
distance cd from the centre =r, the time of one revolution : 
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then, since the areas must be as the times^ we shall have nearly 
^OCr^; and the centrifugal force of the particle b will 

a \ Indeed^ when the particles which revolve at the sur- 
face of the funnel at mn are observed, it is seen that the effect 
which really takes place in nature is conformable to to, 7'^ very 
nearly. Since, therefore, the centrifugal force in approaching 

the centre c increases as— , it will become sulScient to form 

an equilibrium against the upper pressure sb, which produces 
the centripetal force bc: a cavity krthpv will therefore be 
formed, round which the whirling fluid will support itself by the 
centrifugal force of its rotation. 

Let Darn represent a circular fluid zone, the particles of 
which revolve about the cavity rp according to the law here 
indicated. Let the gravity of a fluid particle be CRn«, 
RDn6, Bxrzz, and the velocity of the particle Dmt?. 

If the centrifugal force of the particle b were equal to its 
gravity, its velocity (art. ^8^. cor. 3.) would be equal to that of 

a body falling by gravity alone through the space And 

as a heavy body falls in one second through the space 16~ feet 
rzig’, the velocity of the particle b will be represented by 

zz + The centrifugal force in the 

circle is as ; therefore the centrifugal force of b will actually 

be = And since the centrifugal force cc ; taking 

centrifugal force of the element of nx in x =: ; and 

that of the filament nx itself = +c- When «=0, the 

fluent = 0, whence c = : and taking zzzb^ the centri- 

fugal force of the filament db will be n (Sa -j" 6). Now 

the quantity hw is the gravity of the filament be : hence the 
gravity of this filament is to its centrifugal force as 
to 

445. When the fluid zone BRPa is nearer the orifice kf, the 
pressure sp increases; whence the centrifugal force of the 
zone must also be increased, in consequence of the radius rc of 
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the cavity being diminished: hence we may determine the 
nature of the curve which forms the vertical section of the 
cavity krt. For greater simplicity, let it be supposed that 
the sides of the vessel mb, kq, have the same shape as those of 
the cavity itself; so that br:=:/; may be eonstant. Let AC=::<y, 
and CRr;^. In the preceding formula substitute for a ; and, 
since the gravity of the filament br is to that of the filament 
SB as & to ar, we shall have, by composition of ratios, the cen- 
trifugal force of the filament BR to the pressure SB, as bv^ 
(%-h5) to ^g^y\ In order that there may be an equilibrium, 
this last must be a ratio of equality, that is, 6?;^ (%/ -{- 


whence -we deduce a-y- 


: O,for the equation of 


the curve krt. This is the 64th species in Sir Isaac Newton’s 
Enumeration of Lines of the Third Order : its convexity is 
turned toward the axis; and it has two asymptotes, one of 
which is the axis ab, and the other is in mn, supposing the two 
points MN to be infinitely distant. 

If the assumed positions in this and the preceding articles do 
not absolutely coincide with nature, they approximate to its 
efiects very nearly. It is not only possible, but there does 
actually exist in nature a whirling stream, of which the cavity 

turns its convex part to the axis, and in which s^oc-— very 

nearly, as is shown by numerous experiments. 

If any body, which floats at the surface of the liquor after the 
funnel has been formed, be of sufficient size to cover the whole 
cavity, it will destroy the funnel in the upper part, and some- 
times also the lower. For the body itself can only turn round 
its centre according to the law vCxr, it therefore destroys by 

friction the law in the parts of the fluid contiguous to it, 

and consequently destroys the upper part of the funnel, if not 
the funnel itself. 

446. Prop. If a notch or sluice krform of a rectangle be cut 
in the vertical side of a vessel jfull qf* water ^ or any outer Jluid^ 
the quantity of water flowing through it loill be ^ of the 
quantity which would fow virough an equal orifice placed 
horizontally at the whole depths in the same time; the vessel 
being constantly heptfulL 

Let ABCB (fig. 7. pL XVII.) be the vertical side of the 
reservoir, efgh the rectangular notch in it, and let iiAl be a 
parallelogram of evanescent breadth. Then the velocity with 
which the water escapes at on is to the velocity with which it 
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escapes through as a,/ eo to ei (art. 4S9. cor. 2,) ; and 
by the same corollary the quantities discharged in a given time 
through an evanescent parallelogram at the deptli eg, and the 
evanescent parallelogram iLa/, are in the same ratio; that is, as 
GH to IK, the ordinates in a parabola ekh, whose axis is eg, and 
greatest ordinate gh. Therefore, the sum of all the quantities 
discharged through all the parallelograms ilzZ, of which the 
rectangle ffgh is composed, is to the sum of all the quantities 
discharged through as many equal parallelograms ilz7 at the 
depth EG as the sura of all the elements of the parabola, 
to the sum of all the corresponding elements ilH of the rect- 
angle ; that is, as the area of the parabola ekgh to that of the 
rectangle efgh : or, the quantity running through the notch 
efgh is to the quantity running through an equal horizontal 
area placed at gh, as ekhg to eghf, that is, as 2 to S, by the 
nature of the parabola. 

Cor. 1. The mean velocity of the fluid in the notch is equal 
to two-thirds of that at GH. 

Cor. The quantity flowing through the rectangle ilhg 
is to the quantity discharged through an equal rectangle placed 
horizontally at gh, as the parabolic zone ikhg is to the rect- 
angle ii.hg. As is evident from the demonstration of the pro- 
position. 

447. Prop. To determine the relation between the time and 
the quantity of water j, or other noyi-^elastlc Jliiid^ discha7^ged 
from a vessel through any vertical ojifice ; the velocity of the 
ejffluent fluid at any point being {as heretofore) supposed that 
due to the altitude of the upper smface of the fluid in the vessel 
above that point* 

Let xYvz (^fig. 8. pL XVIIL) be the vertical side of the vessel, 
and AMsUi! a vertical orifice therein, of which the contour is a 
plane curve; sb a vertical line passing through a, the highest 
point of the orifice ; and let mm\ be two horizontal lines 
indefinitely near the one to the other. Then, the upper surface 
of the fluid being supposed to pass through s, put sk^zhJ^ 
SBr:?i, APzza;, the velocity which gravity com- 

municates at the end of a second and the time so 
shall AB = A — and pp r: x, 

1. We propose first to ascertain what will be the discharge 
{q) at this orifice during a determinate time t, supposing flie 
vessel is all that time kept full up to ike level ^s. 

Now the velocity of the fluid discharged through the ele- 
mentary trapezoid uyf whose surface is yx^ may be con- 
sidered as that due to the height spr://+;r : consequently, if 
for a we substitute its value yx^ and for h its value in the first 
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formula in art. 439. cor. 3. we shall have for the quantity dis- 
charged through that trapezoid in the time i 

^y^s/ + A?)], or t xyx + a) X 'v/%'. 

Therefore the quantity discharged during the time f through the 
portion of the orifice amm' is equal to 

Thus taking the fluent contained between and ab 
rr — hJ^ we have for the quantity of efflux sought 

^ . . . . (i.) 

Here it may be observed, that as the nature of tlie line which 
bounds the orifice is considered as known, we may always 
substitute for a function of x, and in finding the fluent there 
will in fact be no other variable quantity than x; and of course 
the constant quantity c will be determined by considering that 
when x=0, the quantity discharged is also zzO. And when c 
is known, the whole quantity discharged is readily found by 
introducing into tlie value of the discharge through amm', for x 
its value A — 

448. Let 5 be such a height as if the fluid issued from all 

points of the orifice with the velocity due to that height, the 
total discharge through the orifice would be the same as has 
place naturally, conformably to equation i.; then will the velocity 
of the issuing fluid be = and the discharge through the 

elementary trapezoid u^M7n'm:=iyx^ in the time will be re- 
presented by t V^g^fyJc: and since this ought to be equal to 
the value of q in equation i. we shall by making that equality, 
and reducing, find 

(/2/i’+c0« 

The fluent of the denominator must manifestly be taken 
between the same values of x as that of the numerator ; and 
the constant quantity c' is determined by considering that when 
xzzO the portion amm'zzO also. 

The quantity s, which we have just shown how to determine, 
is generally called the mean height of the fluid above the 
orifice: the rule for finding this height is obviously nothing 
more than to divide the value of c{Jbund equa. i. a/rt^ 447. % 
the prodtict o/^'tv/^g into the surface of the or^ce^ and to acjumre 
the quotient* 

449. II. Let us inquire, secondly, into the relation between 
the time and the quantity discharged, sapposmg the vessS 
empties itself; that is, let us ascertain, according to this 

VOL. I. F ;f 
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hypothesis, the quantity of fluid expelled during a given 
time. 

This determination will evidently furnish, at the same time, 
the depression of the upper surface of the fluid in the vessel, of 
which the interior form is known ; because the portion of the 
capacity of the vessel which is exhausted is equal to the volume 
of fluid expelled at the orifice. Let us, in order to solve this 
branch of our general proportion, suppose that at the com- 
mencement of the motion the surface of the fluid is at s, 
and that at the end of the given time t it has descended to k : 
making sk zzzy we shall have to obtain an equation between 
Zy if, jg*, Xy hy uud W, Tfiis may be accomplished thus : we 
conceive, at first, that the vessel is kept constantly full to the 
height K during the time t, and thence find, from what has just 
been done, for the discharge in that time the value tV^g 
Since z h here supposed constant, it 
will be very easy to find the fluent of this expression ; and it 
may be corrected as the former fluent, by the condition that 
when 07=0 the discharge is likewise nothing; the whole fluent 
being found by taking O’er. 

The value of t V 2 ;) + <^1 found in the 
manner just explained, comprises only z and constant quan- 
tities: we next suppose that the vessel empties during the 
element of time and that the surface agis depressed to nr, 
through a distance k/c ; which, if we put the section Qq of 
the vessel ns, gives for the quantity discharged sk. Now, on 
this hypothesis, the descent through kIc may be imagined to 
take place with a uniform velocity, and the velocity at each 
point of the orifice to continue the same as when the fluid had 
its surface at k. : therefore, since when the velocities are equal 
the quantities discharged vary as the times, we have this 
analogy, 

:sz::t:iy 

whence t ^ — . — -- 

and the time t zz ^ (iii.) 

When the form of the vessel is known, s is given in functions 
of Zy and of constant qualities; on the other hand, when the 
integration indicated by the denominator is effected, it contains 
likewise only the quantity z and invariable quantities : so that 
the complete value of ^ may be found by the integration of an 
expression^ which contains only the variable quantity The 
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constant magnitude d will be determined from the considera- 
tion that when zr 0, ^ 0. 

Now it is known that fluents, such as those in equations (i.) 
and (iii. ) of this proposition, which comprise, under the sign of in- 
tegration, only one variable quantity and its fluxion, may always 
be referred to the rules for the quadrature of curves. In effect, 
let X be an expression composed of the variable quantity ^ and 
a constant quantity, the fluxion xx will be the element of the 
surface of a plane, terminated by a curve of which x will be 
the ordinate, x the corresponding abscissa, and y’x;v the sur- 
? face itself* Thus, granting the equation to be y =:x, and 

squaring the curve, which is designed by this equation, between 
a certain value of x and another certain value of a?, determined 
by the conditions of the case in hand, the resulting surface will 
be equivalent to the value of taken within suitable limits* ^ 

[ 450. Let us now proceed to give a few examples of the ap- 

< plication of the preceding formula to particular cases. 

Ex. I. Suppose the vessel constmitlp heptfidl^ and tlie 
orifice a rectangle whose sides are horizontal and vertical 
i spectively. 

Let the horizontal sides of the rectangle be each equal to b : 
putting this value instead of y in the equation (i.) of art. 447. 
and taxing the fluents, we have 

gzztbV^g X y + The constant quantity, de- 

termined according to the method previously explained, will 

be c z= — • Substituting this value of c for it, in the equa- 

tion Just given, it becomes q^jbt ^9>g\(Ji-\-x^ — Then 
making, conformably to the directions in art. 447. xvzh- 
we obtain for the total discharge through the orifice 

(iv.) 

If the theorem above be compared with the known rule for 
finding the area of a parabolic zone, it will thence appear that 
this value of a furnishes the same result as cor. % art. 446. 
A corroboration, if any were needed, of the theoretic truth of 
both. 

The mean height of the fluid, determined by the rule in art. 
44, will be found 

4 (#- 

J 90-/0® * 

451. Ex. n. Suppose the orifice a triangle whose vertex is 

P F 


i 
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uppermost^ and the iase horizontal^ the vessel being constantly 
kept full. 

Let the altitude of the triangle be to the base as to 1, then 
and the equation art 447. (i.) will become 
q ^ t \/%g [y * mxx {h + ^) + c.] 

Making we have and xz:zz — h : whence arises 

fxx = f{z-K)zh - /{#- h<z^& = \z^ - + c 

— ^(A'+a?)^4-c. The fluent vanishing when 


we have for the total discharge at the 


. (vi.) 


xzzOy we have c r: — • and the value of q 

becomes . . qzzmt ^2g\^Qh^-\- f^^-— xY ■+ 

When X 
aperture 

Q~^mtY^{Sk^ + g/#- 5A'F) (v.) 

The area of the triangular orifice is tvhich is the 

value of fy i, taken with reference to the present instance. 
t V%g-f y X z=: \mt 

whence, by the method pointed out in art. 448. we find the 
mean height of the fluid by the equation 

ie(3#-4-2#-5A'At)f 
^ 225(/i — ^^)4 

452. Ex. III. Let the orijice he a triangle^ as in the pre^ 
ceding ewamplcy but having its vertex downwards^ and its base 
horizontal. 

In this yzzm{k--}i x)^ and, by a calculus little more 
difficult than the above, we shall find 

a = tVto v'% (£# + m^-Shh^) (vii.) 

And the mean height of the fluid as below, 

mih\+z}A—shh’^ ..... 

. 

453. Ex. IV, Suppose the orijice a circle^ cmd the vessel kept 
constantly full. 

The general theorem (art. 447. i.) may be most readily ap- 
plied to the present example, hj an approximation which will 
be sufficiently accurate for practice, thus: Put dzz the diame- 
ter of the circle, then from the property of that figure ^y = 
V {dx—x^)y whence the general equation just referred to be- 
comes 

>; qzznY^/{dx-xxf x+c). 
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Making / {dx — wx)^ {h!+x)^xzz the integration Is re- 

el need to the jSnding the area of a curve whose eejuation is z=: 

{dx ^ x)^ ^ its origin being at the point where x + 0. 

We may approximate to the quadrature of this curve by the 
method of equidistant ordinates, adopting the first general pro- 
position in Sect. II. Part iv. Hutto7i^$ Mensuration, To this 
end, suppose X divided into four equal parts ; then shall we find 
the five ordinates corresponding to the points of division, by 
substituting in the preceding equation for 2 ; the values 0, ^ .X' 
Izr, and x: these values found, we add to the sum of the 
first and fifth four times the sum of the second and fourth, and 
twice the third ; one third of this latter sum, multiplied into the 
common distance between the ordinates, will be the approximate 
value of the surface which, multiplied into pro- 

duces at length 




+{idsc- Sa;x)^(h' + ^xf 


I 




tx\^%g. 


4“-| {dx — xY 

If in this equation we make xzid-nh-- h\ and perform the 
requisite reductions, we shall have for the total discharge at 
the orifice 

a = .... (i,.) 

This theorem may be reduced to computation in any par- 
ticular case with tolerable facility. Had the number of equi- 
distant ordinates been much increased, the additional accuracy 
of the approximation would not have compensated for the ad- 
ditional labour which would attend the resulting formula. 

A rigorous integration would require the aid of infinite series. 
If T be the radius of the orifice ; n the quotient of the distance 
of its centre from the upper surface of the fluid, divided 
by r; and = 3*141593; we should then have 

a = V^grnx (1 - ^ (^0 


1024«4 


and s = rw (1 — ' 


■&c.) 


(xi.) 


1 10247^4 

In both these series the first three terms are all which will be 
needed in practice. 

454. Ex. V. To determine in what time t, the upper surface 
f the fluids shall he depressed thtvugh a vertical distance^ z, the 
vessel being supposed prismatic, and the orifice rectangular. 
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The section s of the vessel, and the breadth y of the orifice, 
are in this instance constant quantities. Accoming to the me- 
thod explained in art. M9, we first determine the quantity of 
fluid which would escape through the orifice during the time 
on the supposition that the vessel were kept full to the height 
Ti — above the upper part of the orifice ; for which purpose 
we must find the fluent of the expression yf 
supposing z constant. This gives for the discharge sought 
|y(A'+a7-2:)|xc. But this quantity being nothing when 

s . 

^ r: 0, we have c = 2 ;)^, and the correct fluent is \y 

Extending this to the whole of the 

orifice by making a? n: A —A', we shall have 2 ?)^ — (A — z)^]: 

and if this value be substituted for fy xs/ {}^+x--z) + c, in 
the equa. iii. 449- it will become 

2y^/2g 

If we put a for the altitude of the orifice, b for its breadth, 
and 5 for the distance of the upper surface of the fluid from the 
bottom of the orifice, we shall have hzzh — z; « = — ^ 

4- a ; 7ti= ^ — a ; and the preceding equation will be trans- 
formed to this : 


-3s 


2b '</2g 


■f- 


(xiii.) 


The quantity which is found under the sign of integration 
in this equation is susceptible of being made rational ; but the 
equation would be very complicated. The most easy method 
of obtaining a result is to square by approximation the curve, 

which for each value of 5 has an ordinate equal to 




in the same manner as was adopted in the last article. Observ- 
ing now that when ^ =:A, f = 0, the surface may be estimated 
between the limits ^ = A, and a; and as in this case we 
should only have the terms to transcribe from the preceding 
article, there can of course be no occasion to copy here the 
final equation. 

If the altitude of the orifice a be equal to the height A of the 
vessel, the time of exhaustion to any variable depth z, reckoned 

'' 'f-l* :•"> 

from the bottom, would be equal to X : 

•* bV2g hz 

whenl^i 2 = 0, this expression is infinite ; that is, the time of 
complete exhausQon is irifinite. 
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The student who wishes to pursue ftirtlier this part of Hydro- 
dynamics may consult V Hydrodymmiqm de M, Bossut^ the 
Select Ewerches at the end of I)r, Huttoris Comc.% m in the 
3d vol. of his 8vo. Tracts, dixA Blimd^s Hydrosia^^ 

455. Prop. If upon the altitude of the fiuid hi a mssed as a 
diameter y we descrihe a semicircle^ the horizontal space described 
by the fluid spouting from a vertical oriflce at any point in the 
diameter wilt be as the ordinate of tlie circle drawn from that 
pointy the horizontal space being measured on the plane qf the 
bottom of the mssel. 

When the aperture is vertical, and indefinitely small (as sup- 
posed here), the fluid will spout out horizontally with the velo- 
city due to the altitude of the fluid above the orifice (art. 439*); 
and this velocity, combined with the perpendicular velocity 
arising from the action of gravity, will cause every particle, and 
consequently the whole jet, to describe the curve of a parabola. 
Now the velocity with which the fluid is expelled from any hole, 
as G (fig. 9. pL XVII.) 5 is such as, if uniformly preserved, would 
carry a particle through a space equal to ^bg in the time of 
the fall through bg: but, after quitting the orifice, it describes 
the parabolic curve, and arrives at the horizontal plane cf in 
the same time as a body would fall freely through gd ; so that, 
to find the distance be, since the times are as the roots of the 
spaces, we have this analogy gb : gd : : 2bg : de zz 

— ^/(bG'Gd) =Sgh, by the nature of the circle. And 

the same will hold with respect to any other point in bd. 

Cor. 1. If apertures be made at equal distances from the top 
and bottom of the vessel (kept full of the fluid), the horizontal 
distances to which the water will spout from these apertures 
will be equal. For when d^=bg, we shall have 2 \/(b^ • go) 
//(bg-gd), and consequently de the same in both cases. 

Cor, 2. When the orifice is at the point bisecting the alti- 
tude of the fluid in the vessel, the fluid will spout to the greatest 
distance on the horizontal plane ; and that distance, if measured 
on the plane of the bottom of the vessel, will be equal to the 
depth of fluid in it. For ik, the ordinate from the centre i, 
is the greatest which can be drawn in the semicircle, and df, 
which is = 2 ik, is then n 2 bi =: bd. 

Cor. 3. If a right line be drawn from b to f, since bd =: 
DF, that line bf will make an angle of 45*^ with bd. And all 
the jets which are formed by adjutages at g, i, f, &:c, in the 
vertical bd, will have for a common tangent the right line bf, 
or its prolongation. 

CoR. 4. Since the distance to which the fluid spouts depends 
upon the height of its surface ab above the orifice, and not in 
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any degree upon the depth of the fluid below the orifice, it will 
follow that whether the fluid in any vessel reach down to any 
horizontal plane cf, or whether the bottom of the vessel stand 
at some higher point p, the distances db, bf, to which the 
fluid will spout from the apertures, G, I, wiU be the same; and 
the maximum distance will be when the fluid is expelled from 
an orifice half way between the planes ab and cf. If the 
bottom of the vessel be higher than the point i, then the nearer 
to that point the orifice is placed the greater will be the distance 
to which the fluid will spout on cf. 

Cor. 5. Since the middle filament of particles issuing from 
an orifice in the side of a vessel is discharged with the foil velo- 
city due to the entire altitude of the fluid above the orifice (art. 
440.), experiments made on the distance or height to which 
fluids spout will be found to agree very well with theory ; but 
it by no means follows that a-ll the filaments should be ex- 
pelled with the same velocity : consequently, the quantity of 
the fluid ’ discharged in a given time may be less than that 
whicli would be discharged if all the filaments were expelled 
with tlie velocity due to the entire altitude ; because this quan- 
tity depends on the mean velocity of all the filaments. Hence, 
therefore, we cannot infer (as several authors have done) from 
these experiments, compared with those which relate to the 
lieight or distance to which the fluid spouts, that the velocity of 
the water in the orifice is less than that which is due to the 
entire altitude, and that it is accelerated immediately after it 
gets out of it ; because the distance to which the fluid spouts 
depends upon the central filament only ; but the quantity dis- 
charg'ed on the mean velocity of the whole. 

, SCHOLIA.' 

456. 1. If the fluid issue from the orifice not horizontally, but 
in any oblique direction, it will describe the curve of a parabola 
very nearly ; consequently the theorems given in arts. ^5% 25S, 
for the, motion of projectiles in a non-resisting medium, may be 
applied to the determination of the various analogous particulars 
respecting the motion of fluids expelled from springs or re- 
servoirs. The letter i, which denotes the impetus in those 
theorems, will here represent the height of the fluid in the re- 
servoir above the orifice, n the greatest height to which the 
fluid spouts above any plane passing through the aperture, 
and the other letters the range, the velocity, &c. As an ex- 
ample of the use of these formula, suppose that a short pipe 
elevated in any direction from an aperture in a conduit, throws 
the water in a parabolic curve to tlie distance or range r on a 
horizontal plane passing through tl|e orifice, and that the greatest 
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height of the spouting jSuid above that place is h, we may 
thence determine tlie height i qfthe remrmir ^Mch supplies tJie 
tonduity without actually measuring the angje pf elemtion e of 
the pipe. For from art 253, we have k rz 2i sin 2E, or i iz 


2sin2E' 

duction- 


and I r: ■ 
we find 


Hence, 


sin 2 e 


2 sin 2e 
2 COSE 


and, by re- 
z= 2 cot E. Thus the 


sin^E 5 


sin^E sinE 

angle e will become known ; and then either the equation r rz 
jj— , or I = 27^5 will determine the height of the reservoir, 
as required, 

456. IL The foregoing investigations relate to the issuing of 
a fluid from an orifice in a vessel at rest; but it may not be 
amiss to point out the mode of conducting the inquiry when 
the fluid escapes from an orifice in a vessel in motion. To as- 
sume one of the simplest cases: let a vessel supposed full, at 
first, be raised by means of a weight w acting upon the vessel 
through the intervention of a cord passing over two fixed pul- 
leys, so that the weight hangs freely and draws up the vessel; 
and let it be px’oposed to investigate the circumstances of the 
discharge through an aperture, of area a, m the hottom of the 
vessel, durifig Us motion upwards. Suppose g to be the centi'e 
of gravity of the total mass of the vessel and water which it 
contains, M denoting that mass. Suppose, also, that if the two 
masses, w and m, were left to the free action of gravity, they 
would descend, in an instant, through the small equal spaces 
wvo, Gx, (easily conceived without a diagram); but that be- 
cause of the mutual action of the two masses w and m through 
the intervention of the cord which unites them, w descends only 
through w^, and M ascends through the equal space cy. Then, 
the quantity of motion lost by w being equal to the quantity 
gained by m in the same direction, if ^ be put for the force of 
gravity, and /’for the simple accelerating force measured by w^ 
or Gy, we shall have w 4-/’), whence we obtain 

consequently, ay-xG+Gyzzg+g';^=^ 

the expression of the force which carries upwards each 

particle of the mass m ; so that, if there should be impressed 
an equal and contrary motion upon all the particles of the 
system, the whole would be in equilibrio. But in this latter 

case, by reason of the force which would act vertically 

downwards on each particle of the fluid, every point of the 
bottom and sides of the vcfsel would experience a pressure, 


I 
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which is to the pressure which each such point sustains when 

the fluid is subjected to the action of gravity singly, a-s to 

or as Sw to w+m* Hence, putting h for the height of 
water in the vessel regarded as immoveable, the height due to 
the velocity at the orifice, in the hypothesis of the problem, 

will be h 

W4-M, 

Therefore, to express the elementary quantity of liquid o 
which will issue during the instant of time /, we have only to 

substitute in the first theorem in cor. 8, art. 489. /i-^^for /?, 

i for % and a for q, it will thus become adapted to the present 

case, alid be 

The vessel being imagined to empty itself by the aperture a, 
without receiving fresh supplies of the liquid, call the variable 
height of the liquid the horizontal section of the vessel at the 
surface of the liquid x, (this being a function of given by the 
form of the vessel), then we shall have an — x;c', and m=: 
A+y’xi, A being a constant quantity. Therefore — ir 
gwa? ^ _ . : _ V(w + A 
w+A+/x:»* *2aV{gvfx) 

If the vessel be a solid of revolution and the altitude the 
axis, and the figure be required so that in equal times the sur- 
face of the liquid in the ascending vessel shall be depressed by 

equal quantities; then must i =z n being a given co- 

efficient : afterwards, supposing y the ordinate, and of conse- 
quence TT being rr 8*141598, freeing the equation of 

radicals, putting the expression f%x or J'ltyi^Xy on one side of the 
equation, the process of differentiation will give an equation of 
this form =:0, b and c being given constant 

quantities. Whence we obtain the separate equation”-^- ir 

Eecurring to the equation / = g • 
when wzzu,f and^^= 1. Of course, the vessel is 


9>at ✓ ' 


W+M 


, it is obvious that 


at rest, at least during an instant, when the discharge of the 
quantity will destroy the equilibrium, and the vessel 

will ascend. - ^ 
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If w = 0, then = 0, the pressure of the fluid on the 

bottom will vanish j and none will issue through the orifice. 

When M exceeds w, the vessel will descend ; and, to deter- 
mine the discharge, jf must be regarded as negative. In this 

case, however, the height due to the velocity is 

For problems analogous to this, the reader may consult 
Bossut’s Hydrodynamique, part ii. cap. 8, and the controversial 
papers between Mr. Dawson and Mr. Wildbore, in Hutton’s 
Mathematical Miscellany. 

Another^ interesting application of the theory of hydro- 
dynamics, is to the motion of water in rivers over weirs, &c. 
for which see Du Prmcipes d' Hyd/rmdiqiie ; Bossut^ 

Hydrodynamique, tom. ii. p. 254—288; and Gregory's Mathe^ 
mutksfor Practical Men, p. 296—808. 









CHAPTER IL 


ACCOXJKT OF EXPEEXMENTS MADE BY DIFFERENT PHILO- 
SOPHERS ON THE DISCHARGE OF WATER THROUGH APER- 
TURES AND tubes; and the PRACTICAL DEDUCTIONS 

FROM THOSE EXPERIMENTS. 

45'7. The greater part of the propositions and theorems in 
the preceding chapter are founded upon the hypothesis, that 
the whole of the fluid particles issuing from a horizontal orifice 
in a vessel is expelled with the velocity due to the height of the 
fluid in the reservoir above that orifice ; and the whole of the 
particles discharged through an evanescent horizontal element 
of a vertical aperture, with one and the same velocity. But this 
hypothesis, as we have hinted more than once, is not altogether 
consistent with fact. For, when water issues from an orifice, 
the particles will flow from all sides towards the orifice, with an 
accelerated motion, and in all directions. If the orifice be ho- 
rizontal, that filament of particles which answers to its centre 
will, as Dr. M. Young observes, descend in a vertical line, and 
suffer no other resistance than that of the friction caused by the 
excess of its velocity above that of the collateral filaments, or 
by the retardation which arises from the attraction subsisting 
between them. The other filaments are soon compelled to 
turn from their vertical course, and to approach the orifice in 
spiral curves (art. 444<.); and, when they arrive at it, their 
directions become more or less horizontal, according as they 
pass nearer to, or further from, the edge of the orifice. The 
motion, therefore, may be decomposed into two directions ; the 
one horizontal, which is destroyed by the equal and contrary 
resistance of the filaments which are diametrically opposite ; the 
other vertical, in proportion to which the quantity of water dis- 
charged is to be estimated. Hence it appears, that the vertical ve- 
locity of the filaments decreases from the centre of the orifice to 
the circumference; and that the total discharge is less than if the 
filaments had issued vertically, as that filament does which cor- 
responds to the centre of the orifice. It also follows that the 
filaments which are nearer to the centre, moving faster than 
those which are nearer to the edges, the vein of the fluid, after 
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it has issued from the aperture (if that be eircular) will form a 
conic frustum whose greater base is the aperture; that is to 
say, its diameter will diminish to a certain distance, because 
the exterior filaments are gradually drawn, in consequence of 
their mutual attraction, by the interior filaments whose velocity 
is greater, whence follows a diminution in the diameter of the 
vein. 

This diminution in the section of the vein is often called the 
miUractkm of the vein ; and the vein itself, from the orifice to 
the greatest diminution, is called the vena cmiracta^ the co/z- 
traded vein'. 

The contraction of the stream is found to take place not only 
when water is discharged from horizontal apertures, but when 
the discharge is from vertical apertures, or apertures inclined to 
the horizon in any manner whatever : in these latter cases, 
however, the form of the contracted vein is by no means so re- 
gular as in the discharge from horizontal orifices ; the stream 
often assumes a very curious form, having for a small distance 
from the aperture the appearance of a plaited band. 

When the orifice is horizontal and circular, the length of the 
contracted vein is very nearly equal to the semi-diameter of the 
orifice : Polenus makes the ratio of the diameters of the 

contraction and of the aperture to be as 5-| to 6f ; Bernoulli^ 5 
to 7; CAm jDm Bosmty 41 to 50; Michelotti^ 4 

to 5 ; Venturis nearly 4 to 5, And the latter author has shown, 
by many experiments, that the contraction of the stream takes 
place at a greater distance under strong charges than in those 
which have but little elevation. The ratio of the surface of the 
section of the fluid vein at the place of greatest contraction, to 
the area of the orifice, does not much depend on the figure of 
the orifice; but this ratio is subject to variations, to which we 
should have regard when the side or the bottom of the vessel is 
more or less thick, or when an additional tube is adapted to the 
orifice. The situation of the orifice with respect to the sides of 
the vessel has likewise a certain influence on the contraction; 
but the differences thus occasioned may be generally neglected 
in practice. We may infer from what has now been said, that 
to obtain formula which will furnish results applicable to prac- 
tice, we should, in the different cases, substitute for the actual 
area of the orifice the area of the smallest section of the con- 
tracted vein. This reduced area should be considered as the 
true orifice through which the discharge is made, and its vertical 
distance from the upper surface of the fluid as the height due 
to the velocity of the fluid issuing through this little orifice- 

458. From the preceding remarks the necessity of giving 
extension to the theory of Hydrodynamics, by combining with 
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it the results of experiments, must be pretty obvious : we shall 
in this chapter, therefore, give a concise view of the most useful 
conclusions deduced from the experiments of different philoso- 
phers, commencing with those of M. Bossut, which appear to 
have been very numerous, judicious, and exact. 


We propose to determine from the experiments, first, what 
is the ratio between the area of the contraction of the min and 
that of the orifice; secondly, ihe quantity of discharge through 
thin flates ; thirdly, the discharge through additional tuhes^ 
their length being small com'pared with the depth of the water 
in the reservoir- 

In M. Bossut’s first experiments, the^ apertures for the efflux 
of the water were all pierced perpendicularly in plates about I 
a line thick. 

M, Bossut has given in his Hydrodynamique (tome II. pa. 46.) 
the following taHe relative to the discharge through orifices 
pierced in thin plates ; the measure is the Paris foot royal, 
which is to the English foot as 1535 to 144?0, or 1066 to 1000 : 
the fourth column, which expresses the relation between the 
results of the experiments and those of the theory, is from 
M. Prony. 


b0.JC3 IS S 

ll - l-s 

j a* -SI’S i 

O r* o £ H 
^ *3 *43 &.S 
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4381 
6196 
7589 
8763 
9797 
107S2 
11592 
12392 
18144 
18855 
, 14530 

15180 
is?r97 
16393 
;ii6968 
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2722 
3846 
4710 
5436 
6075 
6654 
7183 
7672 
8135 
8574 
* 8990 
9384 
« 9764 

10130 
''10472 


O tf flOli 
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0-62133 

0-62073 

0-62064 

0-62034 

0-62010 

0-62000 

0-61965 

0-61911 

0-61892 

0-61883 

0-61873 

0-61819 

0-61810 

0-61795 

0-61716 
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It appears from this table that the actual discharges, as well 
as those resulting from the theory, are seosiblj proportional to 
the square roots of the depths of fluid in the reservoir. Thuss 
for example, if we take the depths 4 and 9? whose square roots 
are as 2 to 8; the corresponding actual discharges, taken from 
the third column, are 5486 and 8185 : and these numbers are 
very nearly in the ratio of 2 to 8, the ratio being £ to £-9931. 

If the numbers in the last column are multiplied together, 
and the 15th root of the last product taken, we shaU have 
•6198£ for the true mean of the effective discharges, compared 
with the theoretic discharge 1 ; and the arithmetical mean be- 
tween the numbers in the last column standing against the 
heights 7 and 8, is *61988: the mean ratio between the actual 
and theoretic discharges, then, is not widely distant from that 
of *6£ to 1 : whence it follows, from the remarks in art. 457, 
that is the number by which we must multiply the real area 
of the orifice to obtain the area of the smallest "section of the 
contracted vein. 

459. Another set of experiments made by M. Bossu% with 
d^erent apertures, are the following, in which the water was 
kept constantly at the altitude of 11 feet, 8 inches, 10 lines, 
firom the centre of each aperture. 

Exp. No. of cubic inches 

furnished in 1 min. 

1. With a horizontal circular aperture, 6 lines diameter 2S11 
% With a circular horizontal aperture, 1 inch diameter 9281 

S. With a circular horizontal aperture, S inches diameter 37203 

4. With a rectangular horizontal aperture, 1 inch by 3 

. lines . . . . , . . 2933 

5. With a square horizontal aperture, the side 1 inch . 11817 

6. By a square horizontal aperture, the sides 2 inches . 47361 

Constant height QJeet* 

7. Lateral circular aperture, 6 lines diameter . . £018 

8. Lateral circular aperture, 1 inch diameter . . 8135 


Constant height ^ Jeet* 

9. Lateral circular aperture, 6 lines diameter . . 1353 

10. Lateral circular aperture, 1 inch diameter . . 5436 


Constant height 7 Unes* 

11. By a lateral and circular orifice, 1 inch diameter . 6£8 


From the preceding experiments we may make the following 
deductions: ^ 

^ 1. The quantities of fluid discharged in equal times from 
diflPerent sized apertures, the altitude of the fluids being the 
same, are nearly to each other as the areas of the apertures. 
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Thus in the second and third experiments the areas of the 
apertures are as one to four, and the water discharged 9^81 
cubic inches to STOOS is nearly in the same ratio. 

S, The quantities of water discharged, in equal times, by 
the same aperture, with different altitudes of the reservoir, are 
nearly as the square roots of the corresponding altitude of the 
water in the reservoir above the centre of the aperture,’" Com- 
paring together the eighth and tenth experiments, in which the 
respective altitudes of the reservoir were of 9 and 4 feet, of 
which the square roots are 3 and 2, we find the water dis- 
charged by the first was 8135 cubic inches, the second 5436 
cubic inches nearly in the proportion of 3 to 2, as before ob- 
served. 

3. ^‘^That, in general, the quantities of water dischai^ged in 
the same time, by different apertures and under unequal alti- 
tudes of the reservoirs, are to each other in a compound ratio 
of the areas of the apertures and the square roots of the alti- 
tudes.” 

4. That, on account of the friction, the smallest apertures 
discharge less water than those that are laj*ger and of a similar 
figure, the water in the respective reservoirs being at the same 

5. That of several apertures whose areas are equal, that 
which has the smallest circumference will discharge more water 
than the others, the wate| in the reservoirs being at the same 
altitude,” and this because there is less friction. Hence circular 
apertures are most advantageous, as they have less rubbing sur- 
face under the same area. 

Hence, then, to make the formulae in the theory, for instance, 
those in cor. 3. art. 439. furnish such results as would agree with 
experiments, we must deduce the aperture a in those theorems 
in the ratio of *6^ to 1 ; or multiply the quantities resulting 
from the theorems as they now stand by the decimal *6^ ; or, 
lastly, if great accuracy he required, take, instead of the constant 
multiplier *6^, the number standing against the height of fluid 
in the reservoir above the orifice, in the last column of the table 
in the preceding article : thus, if the altitude of the fluid be 10 
feet, the multiplier will be *61888. 

460. If the water, instead of flowing through an aperture 
pierced in. a thin substance, pass through the end of a vertical 
tube of the. same diameter as the aperture, there is a much 
greater discharge of water, because the contracted stream is 
greater m the first instance than in the second. In the follow- 
ing experiinent§ the constant height of the water in the reservoir 
above the a^perture of the tube was 11 feet 8 inches 10 

lines, the diam^^f %f*'tb^^tube linch.^' ‘ '' 


A. 



It appears, on comparing the first three experiments, that 
the longer the vertical tube is, the greater is the discharge of 
the water, because the contraction of the stream is less; it is, 
however, always somewhat contracted, even when it appears 
to fill the tube. 

By comparing the quantities of water discharged in the third 
and fourth experiments, we find the two discharges 1^168, 
9^82, are to each other nearly in the proportion of 13 to 10 ; 
but we have seen that the water discharged through a thin aper- 
ture without any contraction in the stream, would be to the 
same aperture with a contracted stream as 1 to *6% or as 16 to 
10. From hence we may conclude, that, the altitude in the 
reservoir and the apertures being the same, the discharge 
through a thin aperture without any contraction in the stream, 
the discharge through an additional tube, and the discharge 
through a similar aperture with a contracted stream, are to eacli 
other nearly as the numbers 16, 13, 10; these proportions are 
sufficiently exact for practice. Hence it is plain that an addi- 
tional tube only destroys in part the contraction of the stream,, 
which contraction is greatest when the water passes through a 
thin aperture from a large reservoir. 

If the additional tube, instead of being vertical, or placed at 
the bottom of the reservoir, were horizontal, or placed in the side, 
it would furnish the same quantity of water, provided it was of 
the same length, and that the exterior aperture was at the same 
distance from the surface of the water in the reservoir. 

If the additional tube, instead of being cylindrical, were 
conical, having its largest base nearest the reservoir, it would 
discharge a greater quantity of water. The most advantageous 
form that can be given, in order to obtain the greatest quantity 
of water in a given time by a given aperture, is that which the 
stream assumes in coming out of the aperture ; L e, the tube must 
be of the form of a truncated cone, wliose largest base should be 
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Different lengths of the tube, expressed in 
lines. 


Number of cubic 
inches of water 
discharged in 1 
minute. 
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of the same diameter as the aperture ; the area of the small base 
should be to that of the larger base as 10 to 16 ; and the distance 
from one base to the other should be the semidiameter of the 
largest base ; and the efflux of water will be as abundant as it 
would be through a thin aperture equal to the smallest base, and 
where the stream was not contracted. This form may be ap- 
plied where it is necessary to obtain a certain quantity of water 
from a river, an aqueduct, &c* by a canal or lateral tube. 

On comparing the efflux of water through additional tubes 
of different diameters, and with different altitudes of the water 
in the reservoirs, the following results were obtained; the addi- 
tional tubes were two inches long, and were vertical and placed 
at the bottom of the reservoir. 


Constant altitude of the water 
above the tub e. 

Diameter of the tubes, 
expressed in lines. 

Number 
of cub. in, 
in 1 min. 

Exp. 1 r 

6 7 Water filling the 

C1689 


10 3 tube 

^4708 

3 feet 10 inches ^ 



s 

6 > The water not 


4 

10 3 folio wing the sides 

13598 

5 r 

6 ^ The water filling 

il9,m 

6 

10 5 the tube 

13402 

2 feet 



7 

6 7 The water not 

C 935 

8 

^103 filling the tube 

I2603 


It results from these experiments,, 1. ^ That the discharges by 
different additional tubes, with the same altitude of the reser- 
voir, are nearly in proportion to the area of the apertures, or to 
the squares of the diameters. That the discharges of water 
by additional tubes of the same diameter with different alti- 
tudes of water in the reservoir, are nearly proportional to the 
square root of the altitude of the reservoir. 8. That in ge- 
nerid the discharges of water in^the same time, through different 
additional tubes,' with different altitudes of water in the same 
reservoir, are to each other nearly as the product of the square 
of the diameters of the tubes by the square root of the altitude 
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of the reservoirs.’ So that additional tubes, transmitting water, 
follow (amongst themselves) the same laws as through the thin 
orifice. The following table was fonried from the foregoing 
experiments. 


3539 o-snsi 

5003 3846 0-80739 
6136 4710 0-80734 
7070 5436 0-80681 
7900 6075 0-80638 
8654 6654 0-80638 
9340 7183 0-80573 
9975 7673 0-8049G 
10579 8135 0-80485 
11151 8574 0-80483 
11693 8990 0-80477 
19305 9384 0 80403 
13699 9764 0-80390 
13197 10130 0-80383 
13630 10473 0-80370 


4381 

6169 

7589 

8763 

9797 

10733 

11593 

13393 

13144 

13855 

14530 

15180 

15797 

16393 

16968 


The mean of the numbers in the last column of this table is 
somewhat less than -81 ; we may, however, in most cases, take 
•81 as a very good approximation to the truth : using it as a con- 
stant co-efficient in the formula for the value of a given in cor. 
3. art. 439. when we wish to know the discharge through a 
cylindric tube of the dimensions specified at the head of column 
the third. Thus we shall have a=:-81 ai 5 the dimen- 

sions being all in feet, or all in inches. 


461. We now pass to M. Bossui’s experiments on the ex- 
haustion of vessels (which have no extraneous supply) by little 
orifices. 

The experiments upon the time of complete exhaustion of 
vessels which empty freely are not easy to make, at least in a 
conclusive manner : for, besides that m some cases the com- 

u G 3 
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plete exhaustion would, according to the theory, require an 
unlimited time, it is found that, when the surface of the water 
arrives within a small distance, as two or three inches, of a 
horizontal orifice, it forms above that orifice a conical, or rather 
conoidal funnel, which diminishes the effect, and makes the 
conclusion of the discharge uncertain. It is best, therefore, not 
to make experiments upon the time of total discharge, l)ut upon 
the time in which the upper surface is depressed through a cer- 
tain vertical distance a;, the greater the better, provided the 
upper surface has not sunk so low as to permit the formation 
of the funnel just spoken of. 

It was shown (art. 443 equa. II.) that when the primitive 
height of the water in a prismatic vessel was =:7i, the constant 
section of the vessels: a, the time ^ employed by the fluid to 
descend through the space a? was expressed by this equation : 

Now when the orifice a is supposed pierced in a thin plate 
we must substitute the contracted orifice *62 a, and the formula 
will become 

When the aperture is a circle, and its diameter d, we have 
*785398 this value of a substituted for it in the pre- 

ceding equation gives 

t = •51208^[ Vh- Vih-a;)], 

the dimensions being given in English statute feet; or if the 
dimensions are in terms of the Paris foot royal, then 

t zi *52852*^ [ v/ A- V (A a:)]. 

This latter theorem may be applied to the experiments made 
fay M. Bossut^^ in order to compare the results which it gives 
with those which are furnished by the experiments : the whole 
is comprised in the following table. 


Diameter , of the 
horizontal cir^ 
cular orifice, or 
value of 


Time of the de- 
pression, calcu- 
lated by the last 
theorem. 


Depression of the Time of the de- 
water, or value pression of the 
of iT. [water. 


The constant ^ 
section a of 
the vessel is 
9 square feet. 
The primiUve 
height h of the 
water is U*6d7 
Paris feet. , 


Seconds. 


Seconds. 

443-04. 

im-2 

110-76 

305-25 
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Hence wc see that the difference between the results of the 
computation and those of the experiments is extremely small : 
much smaller indeed than might be expected, considering the 
many circumstances which may contribute to vary the times 
given by observation. So that we may regard the form ulse 
given in this^ article as sufBciently correct for practice ; at least 
within the limit suggested by the formation of the conoidal 
funneL What has been here said applies principally to hori- 
zontal apertures ; but it may be applied without fear of material 
error to small lateral orifices, when the fluid in the reservoir 
stands higher than the upper side of the orifice, and taking for 
the height h the distance of the centre of gravity of the orifice 
from the upper surface of the fluid. 

For an account of Bossuf s experimental researches on the 
motion of water in rectangular canals, see Hydrodynam. tom; ii. 


EXPERIMENTAL INaUIRIES OF VENTURI. 

46S. The experiments and researches of M. J*. B. Venturi, 
professor of natural philosophy at Modena, are neither so 
extensive nor so important as those of M. Bossut: but as he 
has noticed two or three curious circumstances relative to the 
motion of fluids, which seem to have escaped the observation 
of preceding philosophers, we shall present the reader with a 
concise account of the result of his inquiries. 

L In any fluid, those parts which are in motion carry along 
with them the lateral parts which are at rest. 

To show the truth of this proposition M. Venturi introduced 
a horizontal current of water into a vessel filled with the same 
fluid at rest. This stream entering the vessel with a certain 
velocity, passes through a portion of the fluid, and is then 
received in an inclined channel, the bottom of which gradually 
rises until it passes over the border or rim of the vessel itself. 
The effect is found to be, not only that the stream itself passes 
out of the vessel through the channel, but carries along with 
it the fluid contained in the vessel : so that after a short time no 
more of the fluid remains than was originally below the aper- 
ture at which the stream enters. This fact is adopted as a prin- 
ciple or primitive phenomenon by the author, under the de- 
nomination of the lateral communication o£ motion in fluids, 
and to this he refers many important hydraulic facts. He does 
not undertake to give an explanation of this principle, but 
shows that the mutual attraction of the particles of water is far 
from being a sufficient cause to account for it. 
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IJ. If that part of an additional cylindric tube which is 
nearest the side of the reservoir be contracted, according to the 
form of the contracted vein of jBiuid which issues through a hole 
of the same diameter in a thin plate, the expenditure will be 
the same as if the tube were not contracted at all; and the 
velocity of the stream within this tube will be greater than that 
of a jet through a thin plate in the ratio of 1^1 to 100. 

. III. The pressure of the atmosphere increases the expense 
of water through a simple cylindricm tube, when compared with 
that which issues through a hole in a thin plate, whatever may 
be the direction of the tube. 

IV. In descending cylindrical tubes, the upper ends of which 
possess the form of the contracted vein, the discharge is such 
as corresponds with the height of the fluid above the inferior 
extremity of the tube. 

V. In an additional conical tube, the pressure of the atmo- 
sphere increases the expenditure in the proportion of the ex- 
terior section of the tube to the section of the contracted vein, 
whatever may be the position of the tube, provided its internal 
figure be adapted throughout to the lateral communication of 
motion. 

VL In cylindrical pipes the expenditure is less than through 
conical pipes, which diverge from the place of the contracted 
vein, and have the same exterior diameter. 

For, in the space between the inverted contracted vein and 
the sides of the cylinder, eddies, or circular whirls, are produced, 
as in a basin which receives water by a channel; and these re-^ 
tard the efilux of the stream, and produce a corresponding 
failure in the elFectw 

VII; By means of proper adjutages applied to a given cylindric 
tube placed horizontally; it is possible to increase the expen- 
diture of water through that tube in the proportion of M to 10, 
the charge or height of the reservoir remaining the same. 

For this purpose, the inner extremity of the tube ad (fig. 11 w 
pi. XVII.) must be fitted at ab with a conical piece of the 
form of the contracted Vein ; this increases the expenditure as 
12T to 10- Every other form will afford less. If the diameter 
at A be too great^ the contraction must be made beyond b, and 
the section of the vein will be smaller than the section of the 
tube, Secondlj;^ at the other extremity of the pipe bc apply a 
t^ncated conical tube cd, bf which let the length be nearly nine 
times^ the diameter and its external diameter d must be l"8c. 
This adfii&nal piece will increase the expenditure as £4 to 1£T, 
So that the quantity of eiBuent water will be increased by the 
two adjutages in the ratio of £4 to 10. All this is on the sup- 
position that the pipe ^ac has lio elbows or sinuosities. 
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VIIL The expenditures out of a straight tube, a curved tube 
in a quadrantal arc, and an elbowed tube having the angle 90® 

(each being posited horizontally) are ccet par, nearly as 70, 50, 

and , ■ ■■■■ j 

IX, The internal roughness of a pipe diminishes the ex- \ 

penditure, though the friction of the water against these as- I 

ferities does not form any considerable part of the cause. A f 

right-lined tube may have its internal surface highly polished | 

throughout its whole length ; it may every-where have a dia- ; 

meter greater than the orifice to which it is applied ; but, not- | 

withstanding, the expenditure will be greatly aiminished if the 
pipe should have enlarged parts, or swellings : for, by reason of 
these sudden changes in the interior dimensions of the pipe, 
much of the motion will be consumed in eddies. This, as M. 

Venturi remarks, is a very interesting circumstance, to which, 
perhaps, sufficient attention has not been paid in the construc- 
tion of hydraulic machines. It is not enough that elbows and 
contractions are avoided ; for it may happen, oy an intermediate 
enlargement, that the whole advantage may be lost which may 
have been procured by the ingenious dispositions of the other 
parts of the machine. 

The above comprises what to us appeared most important in 
M. Venturi's researches, relative immediately to the subject of 
hydrodynamics. Those, however, who are desirous of seeing a 
more detailed account of this ingenious authors experiments, 
may consult Mr. Nicholson’s translation of his work On the 
Lateral Communication of M m sold by Taylor, 

Holborn. 

PRACTICAL CONCLUSIONS OF MR. EYTELWEIN. 

463. Mr. Eytelwein published, at Berlin, in 1801, a treatise 
entitled Handhuch der Mecha?iik und der HpdraulzJc ; from the 
second part of which, relative to hydrodynamics, we shall ex- 
tract a few particulars. 

I. In the chapter on the motion of water flowing out of re- 
servoirs, and on the contraction of the stream, this philosopher i 

makes the area of a section at the distance of about half its \ 

diameter from the orifice about ^ of that of the aperture; j 

hence the diameter is reduced to The quantity of water dis- | 

charged is very nearly, but not quite, sufficient to fill this section ! 

with the velocity due to the height : for, finding more accurately | 

the quantity discharged , the orifice must be supposed diminished I 

to *d 19, or nearly 4 . Hence the square root of the height may ! 

be multiplied by 5 instead of 8 (an approximate root of 644) 
for the mean velocity in a simple orifice. | 
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II. If we .apply the shortest pipe that will cause the stream 
to adhere everywhere to its sides, which will require its length 
to be twice its diameter; the discliarge will be about of the 
full quantity, and the velocity may be found by taking 64 for 
a multiplier. 

III. The greatest diminution is produced by inserting a pipe 
so as to project within the reservoir, probably because of the 
greater interference of the motions of the particles approaching 
its orifice in all directions: in this case the discharge is reduced 
nearly to a half. 

I V . A conical tube approaching to the figure of the contrac- 
tion of the stream procured a discharge of *9^, and, when its 
edges were rounded olF, a discharge of -98, calculating on its 
least section. 

V. Mr, Eytelwein is of opinion that the assertion of Venturi 
(art, 46^. vii.) is too strong, and observes, that where the pipe 
is already very long, scarcely any effect is produced by the 
addition of such a tube. He proceeds to describe a number of 
experiments made with different pipes, where the standard of 
comparison is the time of filling a given vessel out of a large 
reservoir, which was not kept always full, as it was difficult to 
avoid agitation in replenishing it; and this circumstance was 
perfectly indifferent to the results of the experiments. They 
confirm the assertion that a compound conical pipe may in- 
crease the discharge to twice and a half as much as through a 
simple orifice, or to more than half as much more as would 
fill the whole section with the velocity due to the height : but 
where a considerable length of pipe intervenes, the additional 
orifice appears to have little or no effect. 

VI. The first chapter concludes with a general table of the 
coefficients for finding the mean velocity of the water discharged 
by the pressure of a given head under different circumstances. 

1. For the whole velocity due to the height, the coefficient 
by which its square root is to be multiplied is 8*0^08. 

2. For an orifice of the form of the contracted stream, 7'8. 

0. For wide openings, of which the bottom is on a level 

with that of the reservoir; for sluices with walls in a line with 
the. orifice ; for bridges with pointed piers, 7*7. 

4 For narrow openings, of which the bottom is on a level 
with that pf the reservoir ; for smaller openings in a sluice with 
side walls; for abrupt projections and square piers of bridges, 

^ 5. Foi; Aort pipes, from two to four times as long as their 

; 6. For openings in sluices without side walls, 5*1. 

7. For orifices in a thin plate, 5. 
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VII. In the chapter on the discharge by rectangular orifices 
in the side of a reservoir, extended to the surface, this author 
makes use of the same principles as we have adopted in art.44}6. 
and shows that the quantity of water discharged may be found 
by taking two-thirds of the velocity due to the iti^ height, 
and allowing for the contraction according to the form of the 
opening 

On comparing the factors here deduced by Eytelwein from 
his researches, with those in our account of Bossufs experi- 
ments, it will be found that there is no very great disagreement 
between them : though Eossiit’s manifestly claim the preference 
in point of accuracy. A further account of Eytelweiifs labours 
(by Dr. T. Young) may be seen in Nicholson’s Journal, Nos. I 

9, 10.N.S. I 

RESEARCHES OF DR, M. YOUNG AND ME. VINCE. I 

464. Dr. Mattliexo Youngs late bishop of Clonfert, paid | 

particular attention to the various circumstances connected with I 

the discharge of fluids from orifices of different kinds ; but he | 

appears to have been most successful in his inquiries into the ?! 

cause of the increased velocity of efflux through additional | 

tubes. This chapter will, thereibre, be terminated by an extract | 

from his paper in voL VII. of the Transactions ilu Royal I 

which contains some judicious remarks relative | 

to his own experiments, and applicable at the same time to some. | 

experiments made by Mr. Professor Vince. jii 

When a tube mnrs (fig. 10. pi. XVII.) is inserted into the | 

vessel ABCD, it is found that the velocity is increased nearly in | 

the subduplicate ratio of the length of the pipe ; and that it ■ 

approaches neai’er to that subduplicate ratio according as the ? 

length of the pipe is increased. To account for this increase of 
velocity has appeared a matter of some difficulty, since the water | 

cannot issue at rs with a greater velocity than it enters at mn ; f 

and it does not appear how the velocity at mn can be increased 
by inserting a tube beneath it. In order to explain the cause of 
this effect, we are to consider that the whole force with which 
the plate is pressed down is the weight of a column of water 
equal to together with the weight of a column of air of 
the same base, reaching to the top of the atmosphere; and the 
whole force with which it is pressed up is the weight of an 
equal column of air, diminished by the weight of a column of j 

water equal to mnrs\ therefore the actual force with which the | 

plate mn is pressed down is the weight of a column of water 
equal to efrs : the velocity therefore with which the plate mn 
will issue through the orifice mn will be the same as through 
the orifice n in the vessel aJcd ; that is, equal to the velocity 
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which a heavy body would acquire in falling through the altitude 
er : and all the plates of water in the tube mnrs will descend 
with the same velocity ; for they cannot descend faster, because 
otherwise there would be a vacuum left in the tube, which is 
prevented % the upward pressure of the atmosphere. And the 
velocity of the effluent water will be the same, whatever be the 
pressure of the atmosphere, provided the weight of a column of 
air of the same base with r5, and whose height is equal to that of 
the atmosphere, be either greater than or equal to the weight ot 
the pillar of water mnrs. This might be proved experimentally 
by a vessel of water with a pipe inserted in the bottom placed 
under an exhausted receiver. But as the operation of exhaus- 
tion is obstructed more by the evaporation of water than of 
mercury, it will be better to use mercury in these experiments. 
Now if D be the defect of the gauge from the standard altitude, 
it will measure the pressure of the air on the surface of the 
mercury in the vessel : let a be the altitude of the mercury in 
the vessel above the upper orifice of the pipe, and r the length 
of the pipe ; then the whole force pressing downwards the plate 
of mercury, which is immediately in the upper orifice of the 
pipe, will be izd+a ; and the whole force pressing the same 
plate upwards will be n — r ; and the difference between these 
forces will be the absolute force pressing the same plate of mer- 
cury downwards : while b is greater than p, this absolute force 
will consequently be equal to a+p; when d^:?, d—p vanishes, 
and the force pressing the plate downwards is r=B+A=:P+A ; 
hence therefore no variation in the time of the efflux will be 
perceived, while the altitude of the mercury in the gauge is 
equal to or less than the difference between the length of the 
pipe and the standard altitude. When n is less than p, the 
force upwards is also nothing; and therefore, as before, the 
whole force pressing the plate downwards is n: jd + a ; and a 
being given, it decreases according as d decreases ; and when 
a> vani^es, that is, when the receiver is absolutely exhausted, 
the force becomes equal to a, and the time of the efflux will 
be the same as if the pipe had not been inserted in the bottom 
of the vessel. To try the truth of these things by experiment, 
I inserted a tube 7*8 inches long in a cylindrical vessel, and, 
closing the orifice of the pipe, I filled the vessel with mercury 
to the height of 6 inches ; then placing the apparatus under 
the receiver of an air-pump, when the barometer was at BO 
inches, and the gauge at 28-5, the time of the efflux was 26 se- 
conds ; when the experiment was repeated precisely in the same 
manner^ but in the open air, the time of the efflux was only 19 
seconds., iNow as the gauge stood at 28*5, the defect B was 
30— 28 *S 2 : 1 » 5 , and the pressure on the plate of mercury was 


GHAP. II. 


EXPEllIMENTS OF YOXJKG AND VINCE* 


t 


459 


=6 + in the open air the pressure was p : 

therefore the ratio of the velocity of efSux in both cases, which 
is the same with the reciprocal ratio of the times, was v'^A.to 
VlS S, or as 2*73 to 3*7 ; but 2‘73 is to 3*7 as 19 to 26, very 
nearly. 

“ No difference was observed in the times of the efflux, when 
in the open air and exhaxxsted receiver, unless the gauge stood 
higher than 22|. inches; that is, uoless the height of the mercury 
in the gauge was greater than the difference between the length 
of the pipe and the standard altitude* In another experiment, 
when the gauge stood at 27*9,. the height of the barometer was 
29*9; the defect therefore was = 2, and the pressure " S. 
But a/ 8=:2*828, and Vl3-8=:3-7 ; but 2*828 : 3*7 : : 19 : 24, 
and by experiment the time of the efflux appeared to be 23 
seconds. When the efflux is made in vacuo, it is obvious to 
observe that the pipe is not filled during the efflux, as it is while 
the discharge is made in the open air. 

465. Since the column of water in the pipe adds to 
the pressure which the plate sustains, by diminishing the 
upward pressure of the air through the pipe, it appears that it 
produces this increase of pressure in the plate mn alone, without 
producing any lateral pressure in the water which is on a level 
with mn ; for it is manifest, that if an aperture were made in 
mn or no, the velocity of the water issuing through it would not 
be affected by the insertion of the pipe ; and consequently that 
the plate w//, which is immediately in the orifice of the pipe, is 
the only one, on the same level, whose tendency downwards is 
increased by the insertion of the pipe. Hence the particles of 
water at the edge of the aperture having their perpendicular 
pressure increased by the weight of the column mnrs^ without 
any increase of their lateral pressure, they will issue through 
the orifice mn more perpendicularly ; the sides also of the tube 
will obstruct the converging motion of the particles, and conse- 
quently, on both these accounts, the quantity of water discharged 
througii a pipe thus inserted will exceed that discharged through 
a simple orifice, in a greater ratio than the sub-duplicate of the 
height of the water. And according as the length of pipe in- 
creases, the ratio of the quantity of water actually discharged by 
experiment, to that which should be discharged according to 
theory, will increase ; because the ratio of the perpendicular to 
the horizontal pressure increases, in the ratio of the sum of the 
depth of the vessel, and length of the pipe, to the depth of the 
vessel. It follows, therefore, that experiments made in this man- 
ner will approach nearer to coincidence with theory than when 
made with a simple orifice ; except either when the tube is so 
long as that the friction of the fluid against the sides of the tube 


I 
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shall pi*oduce a sensible effect, or when it is so short as not to 
be sufficient to give the particles a vertical direction. All 
which agrees very well with the experiments made by the 
ingenious Mr. Vince, of wffiicli he has given us an account in 
the Phil. Trans, for the year 1 795. Thus he tells us, that having 
inserted a tube, a quarter of an inch in length, into a cylindrical 
vessel 12 Inches deep, he found that the velocity did not sensibly 
differ from that through the orifice ; the cause of which he dis- 
covered to be this, that the stream did not fill the pipe, but that 
the fluid was contracted, as when it flowed through the simple 
orijfice. When the pipe was half an inch long, inserted into a 
vessel of the same depth as before, the velocity of the water 
from the pipe and from the orifice, which ought by theory 
to have been as to \/\% or 49 to 48, was by experi- 

ment found to be nearly in the proportion of 4 to 3. Now if 
the ratio of 49 to 48 be increased in the ratio of 7 to 6 (because 
this is the ratio of the diminution of the velocity on account of 
the contraction of the vein, and this contraction either nearly or 
entirely vanishes in a pipe), we shall have the ratio of 6’57 to 3. 
When the pipe was an inch long, the velocity from the pipe 
and from the orifice, which, according to theory, ought to have 
been as 13 to ^/12, or as 26 to 25, appeared by experiment 
very nearly in the ratio of 4 to 3 ; now If the ratio of 26 to 25 be 
increased in the ratio of 7 to 6, we shall have the ratio of 3-64 
to 3. When lie made use of longer pipes, the velocity of the 
effluent water by experiment approacned nearer to that which 
ought to have been discharged according to theory ; so that in 
long pipes the difference between theory and experiment, he 
says, was not greater than what might be expected from the 
friction of pipes, and other causes which may be supposed to 
retard the velocity. When he inserted a pipe of the same 
diameter with the aperture, which terminated in a truncated 
cone fixed in the orifice (see the Philosophical Transactions 
for the year 1795), he expected that the quantity of water 
discharged in a given time would have been diminished, because 
the water, issuing through the orifice mn, would have room to 
form the mna contracta in the enlarging cone ; but he found 
that the same quantity of water was discharged as if the pipe 
had continued throughout of the same diameter with the orifice. 
The reason of this is manifest from what has been said, for the 
pressure of the air will not suffer the truncated cone to remain 
partly empty, as it would be if the vena contracta were formed ; 
It will therefore continue full, and consequently, the water will 
pass through it in the same manner as if the water in the cone, 
surrounding the pipe mahn^ were congealed. 

466. M^. Vint!® likewise inserted into the bottom of the 
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vessel a perpendicular pipe, in form of a truncated cone, the 
narrower part being fixed in the oi'ifice, by which he found the 
efflux to be increased more than if he had inserted a cylindrical 
pipe of the same length, whose diameter was equal to that of the 
narrowest part of the conical pipe. This effect may be explained 
on the same principle by which we account for the augment- | 

ation of the diameter of a vertical vein of water through a j 

simple orifice, when the velocity of the efflux is considerable. ! 

For when a perpendicular pipe is inserted, the velocity of the ;; 

discharge being considerably increased, the resistance from the [' 

air will be so likewise ; and thus the diameter of the vein has a | 

tendpcy to enlarge itself: now, in the widening cone, the pipe I 

admits of this augmentation, at the same time that it increases I 

the velocity ; but the cylindrical pipe, though it equally increases 
the velocity, yet it does not permit the vein to enlarge itself, and, | 

bjr thus confining it, the efflux is obstructed, and the quantity | 

discharged in a given time is diminished. Accordingly, under I 

the r^eiver of an air-pump, even in a moderate degree of ex- ! 

haustion, there is no difference perceived between the velocities j 

with which a fiuid is discharged through a coniail or cylindrical | 

pipe.” i 

For more on this subject consult Mr. Vince’s paper in PUl, | 

Trans, yol. Ixxxv. or iiew Abridgement^ vol. xvii. p. 466. ard ' I 

the abridged account of M. Hachette^s experiments at pp, 

^16 — ^20 of the article Hydrodynamics, in the Encyclopedia 
MetropoUtana, 
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ON THE EFFECT OF WATER UPON THE MOTION OF WATER- 
WHEELS. 


467. Water-mills are distinguished into four kinds : breast- 
mills^ undershot-mills^ over shot-mills^ and mills with horizontal 
wheels j of which, however, the latter kind is by far the least 
common, being very disadvantageous and deficient in point of 
utility. In a breast-mill the water falls down upon the wheel 
at right-angles to the float-boards or buckets placed all round 
the wheel to receive it : if float-boards are used, the water acts 
only by its impulse ; but if buckets, it acts also by the weight of 
water in the buckets in the under quadrant of the wheel, which 
is considerable. In the undershot wheel float-boards only are 
used, and the wheel is turned merely by the force of the current 
running under it, and striking upon the boards. In the overshot- 
wheel the water is poured over the top, and thus acts principally, 
though not altogether, by its weight ; for the fall upon the upper 
part cannot be very considerable, lest it should dash the water 
out of the buckets. Hence it is evident that an undershot- 
wheel must require a much larger supply of water than any 
other ; the breast-mill the next, unless the fall is very great ; 
and an overshot-mill the least. 


It was long believed that the float-boards of an undershot- 


wheel ought to be so proportioned that when one of them was 
in a vertical position, or at the middle of its immersion, the next 
board should be just entering the water: but it is now well 
known that the more float-boards such a wheel has, the greater 
and moi'e uniform will be its effect. According to the expe- 
riments made by M. Bossut on this subject, a wheel furnished 
with 48 float-boards produced a much greater effect than one 
furnished with 24 ; and the latter a greater effect than one with 
12 ; their Immersion in the water being equal. And the same 
thing win appear from some of the experiments of Mr. Smeaton^ 
described in the fourth chapter of this book. 
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It is, also, well established, that in fluids, whicli may he re- 
garded as of indefinite extent, when a surface is struck directly 
by a current, the force of the impulsion to the weight 

a column of base is the surface impelled, 

and altitude the height due to the velocity of the current. When " 
the stream is comprised within a canal whose section is exactly 
occupied by the surface struck, the altitude of the column must 
ho. dpuhle the height due to the velocity with which the im- 
pulsion is madet Hence the absolute measure of the force 
with which a given fluid, moving with a given velocity, strikes 
a given surface, may be easily ascertained. Take, for example, 
water moving with a velocity of I foot per second, and striking 
a surface of a foot square. The base of the equivalent column 

is 1^; its altitude ^ ~ the weight of a cubic foot 62i:Ibs. 

avoirdupois. Consequently the weight of the column Is 1*^ x 
— X r: ^ ~ iff’ or nearly Ilb. avoirdupois, in the case 

of an indefinite fluid. When the fluid is confined to a narrow 
channel, the measure is a pound. Hence, it appears that if 
the several measures be in feet, the force of the direct impul- 
sion in pounds will be indicated either by the product, or by 
the half product, of the surface struck into the square of the 
velocity, according as the fluid is indefinite or definite. 

468. The varying force which communicates motion to water- 
wheels, and the resistances occasioned by friction, tenacity, and 
various other causes, render the application of the theory to 
practice in these cases extremely difficult. From this reason 
probably it happens, that the art of constructing machines to 
be moved by the force of water has been almost wholly prac- 
tical; the best improvements having generally been deduced 
from constant observation and reiterated experiments. Since 
the theory of mechanics is confessedly inadequate to the com- 
plete investigation of every circumstance in the motion of hy- 
draulic machines, it has been thence supposed that the same 
laws of motion would not extend to all branches of mechanics, 
but that different principles were to be accommodated to the 
motion and mutual action of different kinds of bodies. If this 
were truly the case, the science of mechanics would fall far short 
of that superior excellence and extent which it is generally 
allowed to possess. But it is highly probable that there is no 
kind of motion, whether of the most simple or complicated na- 
I ture, but what may be referred to the same principles as were 

assumed at the commencement of this work (art. 21.) : and if 
we are not enabled to investigate the effects from the data in 
every case which can arise, the deficiency must not be imputed 
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to the first principles of mechanicsj but to the want of metliods 
of applying our mathematical knowledge to the peculiar cir- 
cumstances under discussion; or to our inability to reduce to 
computation the various causes of resistance and obstruction to 
the moving forces. For these reasons, however, we shall not 
dwell long upon the theory of the motion of water-wheels; 
but shall merely exhibit a few propositions, the consideration 
of which may enable the student to appreciate more exactly 
the value and importance of the experimental researches of 
Smeaton, and some other practical writers. 

469- Prop. If a dream water impinge on the float-ioards 
of an under shot-wheely and escape from it the very instant after 
it has made its impact^ the quantity of water which actually 
impinges against the wheel will he to the zchole quantity which 
passes by it in a given time] as the difference between the velo^ 
cities of the water and of the wheel to the absolute velocity of 
the water. 

Let WH (fig. % pL XVIIL) be the wheel, ba the stream 
of water, and let the float-board e first receive the impact from 
the water at f, and quit it at c ; also let of be to fc as die 
absolute velocity of the water to the velocity of the float-board. 
Then, when f arrives at c, the particle at n will have passed 
at f; and, taking de = fc, all the water in the space de will 
pass by the wheel without impinging against it : for it cannot 
impinge on the float f, because that float emerges from the 
water at c ; neither can it impinge on the subsequent float, be- 
cause it has already passed it. Therefore the whole quantity 
of water which passes by the wheel in a given time, is to that 
which actually impinges against it as df to ef. 

Coe* 1. Hence we may correct the mistake of Mr. Waring, 
in his New Doctrine of Mills, who lays it down as a funda- 
mental principle, that while the stream is invariable, whatever 
be the velocity of the wheel, the same number of particles or 
quantity of the fluid must strike it somewhere or other in a 
g^ven time. See the 3d vol. of the Transactions of the Ame- 
rican Society, pa^e 144. 

CoR, 2. The Jorce of the impinging water is as the square of 
fhe difference between the velocities of the wheel and the water. 

For the force is as the relative velocity into the quantity of 
impinging matter, and the latter is manifestly as the relative 
velocity ; therefore the force will be as the square of the rela- 
tive velocity. 

4*70. Prop, fyr he a weight fastened to a line which is 
wound rcnmd the horizontal axis of an undershot water-wheel, 
A the, altitude of a column of water equivalent to the force of 
the impact of the m the wheel, when the wheel is quiescent^ 
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V tJie mlocity with zoMch the zoater impinges on thejhat-boardsy 
ihe 'velocity of the circimference of the wheel, r the radius of 
the mkeel, and t the radius of the aoole; then wW the velocity f 

the ‘wheel be Y ■::z Y -- Y • 

AR ■ . 'a; 

^Por the relative .velocity with which the water strikes the 
wheel IS V — t’ : whence, because the force of the stroke is as 
the square of the relative velocity, we have v* : (v — 'y)®: : a : f, 
the force of the water to turn the wheel, when its velocity is t? ; 

and F zz A 01 * •vziY — Y- But the acceleration 

of the wheeL will cease when the force of the water to turn 
the wheel is equal to the force of the weight which opposes it; 

that is, when FRrrtor, or Frz Hence, substituting this 
value of F for it in the preceding value of v, there results t? z: 

V ^^—5 for the velocity of the wheel when its acceleration 
ceases. 

This conclusion, it should be observed, is true only on the 
liypothesis that the water escapes from the wheel as fast as it 
impinges. 

CoE, 1. The expression F ± A found above, is the 

same in effect as the expression 2 found in art S77. 

II.^ Only we have now made a change in the notation, to suit 
it for more easy recollection in the inquiry before us. Hence, 
pursuing similar methods to those adopted in the place just 
referred to, we may deduce similar practical inferences ; and 
which, without a repetition of the investigation, may be ex- 
pressed as below. 

Cor. 2. If the weight w vary, its momentum will be the 

greatest possible when the wheel has acquired its unform velo-> 

. « 4ati 
city,zfYi-—. 

Cor. S. The greatest momentum generated in the ascending 
weight will be=-^j. av. 

Cor. 4. When the momentum of the ascending weight w is 
a maximum, that weight zoill be of the weight 'which *wozdd, 
if suspended from the axle, balance the force of the stream. 

Cor. 5. When the momentum of the ascending weight is a 
maximum, the velocity of the wheel will be (f the absolute 
velocity of the stream. 

VOL. I. 
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Cor* 6. When ilm umfQrmmlocity of the azcendmg weight w 

in a maximum^ the radius of the wheel will he “ ^ 

For the radius of the wheel being and that of the axle r, 
the uniform velocity of the ascending weight will be found by 

multiplying v v into the fraction -- ; that is, the velo- 
city of w will be=^V'“ which, supposing r variable, 

and making the fluxion = 0, gives r = 

47 1. Prop. If the velocity of stream he given , the greatest 
effect will he as the quantity of zmter expended* 

For, by cor. S. last prop, the greatest effect is as av ; 
that is, since is constant, the effect is in a ratio compounded 
of the force of impact and the velocity of the stream : but the 
force of the impact is as the quantity of water expended and 
velocity conjointly; consequently the effect is as the quantity 
of water expended and the square of the velocity ; or, if the 
velocity be given, as the quantity of water expended. 

Cor. 1 . When the expense of the water is the same^ the greatest 
effect Will he as the square of the velocity. 

Cor. % The expense f water being the same^ the effect will 
he as the height of the head of water. 

For v=: whence A a v^. 

Cor. S. The apertwre being the same^ the effect will he as 
the cube of the velocity. 

For the effect is as a (the quantity of water) into v* ; and 
when the aperture is given q oc v, whence, effect a 

47^. Prop, fall the water which passes by an undershot 
wheel be supposed to impinge against it^ the force of the stream 
will be simply in the direct ratio of the relative velocity. 

^ Because the number of particles which strike the wheel in a 
given time is given, whatever be the velocity of the wheel. 

Cob. 1. According to this hypothesis^ v the velocity f the 

wheel will be equal j^o v — v — . 

^ AB 

For, in this case, we have v : v — ly : : a ; f, whence v :x:y 
which, by substituting for p its value becomes v 

''twr 

AE* 

Cor. %y]letmning the same hypothesis^ fw vary^ its mo- 
mentum mU b^ A when it is a maximum. 
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For since the uniform velocity of the circumference of the 

wheel is =v- which, multiplied into gives ~ - — 
for the uniform veloc. of the ascending ■weight i®; hence its 
momentum IS — — which being a maximura^ive make 

its fluxion =i 0, considering w as variable, whence results w n; 



Cor. 3. On the same supposition, the ioelocity of the wheel 
idll be half the velocity of the stream, 'when the effect is a 
maximum. .a 

For, by cor. 1. v-y- and in the case of the last 
cor. w = Putting this for w in the former equation, it is 
transformed to v = y =Av. 

■2ARr, " 

Cor. 4). Still retaining the same hypothesis, the greatest mo- 
mentum generated in the ascending weight will be = iAV. 

For |v ■ A — is the uniform velocity of the ascending 
weight; and the weight moved ® is, by cor. 2. = Conse- 
quently ^av, the momentum. 

SCHOLIUM- 

473. In practice, the velocity of the wheel when the ma- 
chine is in its greatest perfection will be between one-third 
and one-half of the velocity of the stream. For the water does 
not all escape the instant after it has made the impact, but is 
confined by the channel for some time : so that the succeedino- 
water, which would otherwise pass by the wheel ineflicaciousl^ 
drives the confined water against the float-boards, and therefore 
acts in the same manner as if it actually impinged against the 
wheel. Experiments show that when the most work is done in 
a given tiine the velocity of the wheel is much nearer the half 
than the third of the velocity. See the following chapter, art. 
483 . 

The discrepances between the results of the experiments and 
the conclusions from the preceding theory arise, as before sug- 
ge^ed, from our ignorance of the diflerent circumstances whiSi 
affect tlie motion. It may not be amiss to pcnnt out how tlie 
investigation might be conducted supposing these things to be 
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discovered. To this end let it be considered, that the moving 
force will generally consist of the impact^ and the weight of 
such portion of the water as may tend to move the wheel by 
its gravity: this entire moving force, whether determined by 
theory or by experiment, may be denoted as before by a. After 
the moving force which impels the circumference of the wheel 
has been determined, the resistance opposed to this force must 
be found ; for on the relation between the moving force pd 
the resistance will depend the acceleration of the machine. 
The resistance will arise, 1. from inertia. This may be readily 
estimated ; for let the distance of the centre of gyration of the 
wheel from that of motion be f, the wheeFs w^eight w, and the 
other quantities as in the general notation of this chapter, then 
will the inertia of the wheel, which resists the communication 

of motion to the circumference, be expressed by (art. 810, 

cor. 4.). And, in a nearly similar manner, the inertia of any 
parts of the system may be obtained, knowing the weight, figure, 
and position, by some of the rules in chap. IV. of book II. . 
2. If the machine be one that raises water or other weights, the 
weight raised, allowing for its mechanical effect on the point 
whose acceleration is sought, must be subducted from the 
moving force before found ; and this will be a constant quantity. 
8. There are likewise other kinds of resistance homogeneal to 
weight, viz, those of friction, tenacity, &c. which vary in some 
ratio of the velocity of the machine : and, in order to proceed 
with the investigation, the exact quantity of weight to which 
the friction is equal, when the wheel moves with a given velo- 
city, must be known, as well as the variation of the resistances 
in respect of the velocities; circumstances which must be de- 
termined by experiment. If then the force equivalent to the 
friction, &c. be subtracted from the moving force, the re- 
mainder will show the moving power by which the circumfer- 
ence may be considered as actually impelled ; and this, divided 
by the inertia of the mass moved, will give the force which 
accelerates the circumference. Thus, if, when the velocity of 
the wheel’s circumference is v, the friction is equal to the 
weight u applied at the circumference, and varies as the Tith 
power of the velocity, we shall have the force which accelerates 
the circumference, as follows : 

whence, if x be the space which has been described by the cir- 
cumference when the velocity is t?, and grz 32^ feet, the prin- 
ciples of acceleration will give us this equation : 
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And from this if v be determined in functions of 4 ?, and con- 
stant quantities, the velocity communicated to the wheel may be 
ascertained. It is only by taking all these circumstances into 
the account that we can produce an exact coincidence between 
theory and matter of fact. Further observations may be seen 
in Atwood s Treatise on Motion, &c. § vL 

474. Prof. In any proposed omrshot-wheely io comptde the 
effective weight of water in the huclcets. 

An overshot unloaded is considered as perfectly in equilibrio 
upon its axis : but when it is loaded, the equilibrium is destroyed; 
because the weight of the water lies all upon one moiety of the 
circumference, and causes it to preponderate. 

Let AGE (fig. 1. pi. XVIII.) represent an overshot-wheel, of 
which the buckets a, 5, c, b, d, are loaded with water ; and 
let there be supposed an equal quantity of fluid w in each 
bucket. Now the centre of gravity of the bucket a being di- 
rectly over the axle c of the wheel will have no tendency to 
give it a rotatory motion, but will merely cause it to press more 
firmly upon its pivots, just as it would if a weight equal to 
that of the water in the buckets, hung directly underneath the 
axle. But the second bucket, whose centre of gravity is 6, 
acts in the same manner upon tire wheel as womd an equal 
weight 6^ hanging freely at the pointy*; consequently its enbrt 
will be proportional to the product w x ffzz w x sin acb: 
and the same will hold with respect to the weight in the bucket 
e. The water in the buckets c and d acts in the same manner 
as would the equal weights d and hanging freely at the point 
g; their joint effort, therefore, will be proportional to x ci 
zzwx ^sin acc. And the water in the bucket B, acting at the 
extremity of the radius, will have its effect proportional to wx 
sin 90 rz wn, n being the radius of the wheel. Hence, l.if 
there be buckets about the wheel, as in the figure, the arcs 
ahy bc^ CB, &c. will each contain 30° ; and we shall have (0 + 
^sin 30°+ Ssin 60°+ 1) !zk?iz(0 + 1 + a/3+1) wzzS*7S20508Wf 

for the efective weight of the water on the wheel, while its real 
weight is &w: so that the real weight of the water is to its ef- 
fective weight as 6 to 3*7320508, or as 1 to *622008, 

2. If the number of buckets were 24^ and all supposed equally 
full ; then, pursuing a similar course, we should find (2sm 15 -f- 
2 sin 30*"+ 2 sin 45° + 2 sin 60“ +2 sin 75® + sin 90°) x w ^ 
7*585754 for the effective weight of water on the wheel, its 
real weight being l%w: hence the latter will be to the former 
as 12 to 7-585754, or as 1 to *632214. 

3. If we suppose the number of buckets to be so increased, 
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that the weight may be considered as equally diffused over the 
semi^drciirnference ^bn of the wheel ; then will tlie sum of all 
the efforts to turn the wheel be equal to the sum of all the di- 
stances, as ci into all the corresponding weights at c ; that is, by 
the nature of the centre of gravity, as the semicir. n'BN x c/^, Ic 
being the centre of gravity of the semicircular arc. Now, by 
art, 118, ck = *6866^ cb : consequent!}^, tlie actual weight will 
be to its effective weight as arc ^bn to •6S66S x arc. asN, 
eras 1 to *63662. This being the ratio to which the others 
approximate. 

475. Prop. In an overshot-wheel the machine will have the 
greatest rotatory^ velocity when the diameter of the wheel is two- 
thirds of the height of the water above the hzeest point of the 
wheel 

If the wheel abn (fig. L pi, XVIII.) revolve with a velo- 
city, such as a body would acquire in falling through the alti- 
tude w above the upper part a of the wheel, the water will fall 
into the buckets without any impulse (because then v— 
and pmduce its effect by its weight only. Let 7^ = a? + the 
height of the supply of water above the lowest point n of the 
wheel. Now, as we have already observed in the latter part of 
the preceding article, the sum of all the effective forces of the 
water, in all the buckets of the semicircle <2bn, will be equal to 
the semicircle aebn x qJc^ Ic being the centre of gravity of the 

semicircular arc i that is, it wili be zz the quantity of water 

■ 

, acting at the point b. But /5rc= — . 

consequently, the force of all the water to turn the wheel is = 

quantity of water am ■ acting at b = quantity of water 

2bc, or fflu, acting at b. Hence, if ec = e, the whole force of 
water cce x on -^bx (h — x). But the velocity of the wheel 
is and, consequent! j-, the force of the water to pro- 

duce the totatory motion of the wheel is = e -(h-x): 
this being made a maximum, will require a 

max or its fluxion + whence we find 

X— -l-A. Consequently the height of the supply of water above 
the upper part of the wheel should be one-third of the whole 
h^ht ; and the diameter of the wheeltwo-thirds of that height, 
tn^ the machine may have its maximum velocity. 

Coe. The velodty of an overshot-wheel, when the water 
^5 , ^ by ifs weight only, and the machine is in its 

state ot- greatest rotaaon, is to the velocity of an undershot- 
w eel as 8 to 1, on the supposition that all the water escapes 
Irom the undersbst^wheel the moment after it makes its impact. 
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Foi% A being the height of the water, thfe velocity of the over- 
shot- wheel will be 3 : and the velocity of the undershot 

V^-gh ; consequently, the former is to theiatteras to 
or as v'S to 1, 

476. Prop. T%e efficacy of an omrshot^wheel is to that of an, 
tmdershot-wjieel^ the height of ihe water ^ aperture^ and dia^ 
meter ^ being given^ as 13 to S neairly. 


If A be the altitude of the column of water, whose weight is 
equal to the force of impact on the undershot- wheel, when 
quiescent, since the velocity of the wheel is equal to of that of 
the stream, (art. 470. cor. 5.), we shall have this analogy, 3'^: 
(3 — 1)^ : : a: fA, the weight which is equivalent to the force 
of the stream when the machine is in its greatest perfection. 
Whence, if v be the velocity acquired in falling down the alti- 
tude A, the momentum of the wheel will be r:||.A x -jV =-^t AV 
(art. 470 . cor. 3.), when in its best state. In the overshot- 
wheel the weight of the water acting at the circumference is 
equivalent to fA, and the velocity is ^(j^a) when the machine 
has its most rapid rotation. But v'f^A=:v v^|.* consequently, 
the momentum of the overshot-wheel 


^A X v Vf : 


rAV 


Vy; and is to that of the undershot- wheel as |-\/yto^^, or as 
l-v^S to 1, or as 2*5987 to 1, or nearly as 13 to 5. 

Cor. In theory there is no limit to the weight which a given 
stream of water can raise by means of a water-wheel. 

For either the radius of the wheel may be increased, or that 
of the axle diminished, without limit. But this is far from 
being the case in practice, 

SCHOLIUM. 

476. A. It must not be concluded, however, that when an 
overshot-wheel raises a given weight a given altitude in the 
least time, the maximum oi effect is produced. Bossut has 
shown (Hydrodynamique, tom. i. p. 542— 544.), that if a be 
the quantity of water issuing in a second, and h the height due 
to the velocity of the circumference of the wheel, the effect of 
an over shot- wheel varies as a (2r~"7^). This will manifestly 
be a maximum when h vanishes. Still, the conclusion that 
overshot-wheels are the more powerful the slower they move, 
requires limitations, which must be prescribed by experiment. 
(Vide art. 481— 3.) 

Generally, to render any hydraulic machine the most perfect, 
or capable of producing the greatest possible effect, it is requi- 
site, 1st. So to construct it that the fluid shall lose absolutely 
all its motion by its action on the machine, or at least that it 
shall only retain precisely the quantity necessary to ensure its 
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escape after it6 aetioB. Sdly. That it sliall lose all its motion 
by imperceptible degrees, and without there being any violent 
percussion, either on the part of the fluid, or on that of the solid 
materials of the machine. These being ensured, the form of 
the machine would be but of small consequence ; yet the en- 
suring of both conditions is, in many cases, ahsolutely impos- 
sible; and hence arises the necessity of judicious selection in 
the kind of machine to be adopted. 

The intelligent i‘eader may advantageously consult Fabre^ 
Essai stir la Cmstmction des Machines Hydrauliques^ tho: 
treatises of Albert Euler and Bossut^ and TredgoMs edition 
of Bticlianan on Millmork. 
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CHAPTER IV* 

ACCOUNT OF MR. SMBATON’s BXPERIMENTS ON WATER^WHEEBS* 

477. The late ingenious and experienced engineer, MiV 
John Smeatony paid very great attention to the construction of 
mills and water-wheels ; and as his experiments and observations 
relative to these subjects were very extensive and judicious, we 
trust a concise account of his inquiries will be both interesting 
and beneficial. 

In the 51st vol. of the Phil. Trans. Mr. Smeaton. has given 
a valuable paper on water-wheels, of which the following is an 
abridgment. 

Having described the machines and models used for making 
his experiments, he observes, that, with regard to powers it is 
most properly measured by the raising of a weight : or, in other 
words, if the weight raised be multiplied by the height to which 
it can be raised in a given time, the product is the measure of 
the power raising it; and, of consequence, all tbose powers are 
equal whose products made by such multiplication are equal: 
for, if a power can raise twice the weight to the same height, 
or the same weight to twice the height, in the same time that 
another can, the former power may be considered as double the 
latter;^ but if a power can only raise half the weight to double 
the height, or double the weight to half the height, in the same 
time that another can, the two powers are equal. This, how- 
ever, as Mr. Smeaton remarks, must be understood only of a 
slow and equable motion without acceleration or retardation.’^ 
Indeed this must be looked upon merely as a popular measure, 
or abridged representative, of easy comprehension and remem- 
brance, and tolerably well adapted to the uses of those engaged 
in the construction of machines, when restricted to those cases 
where the power expended and work performed are of the 
same kind as when a heavy body descends, and by its prepon- 
derance raises another body ; but it is vague, inadequate, and 
unfit for general adoption; for the quantity of motion extin^ 
guklied oT produced^ and not the product of the weight and 
height y is the trney unequivocnl, measure of mechayiical power 
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really expertdedy or the vnechanieal ^eci aciually produced; 
and these two are always equal and opposite. Smeaton’s 
measure, however, is mostly applicame to the cases in which 
he adopts it, and as such it was necessary to explain it, that 
the student might the better understand the foundation of 
Mr. Smeaton’s rules and inferences, 

478. To compute the effects of water-wheels exactly, it is 
necessary to know, in the first place, what is the real velocity of 
the water which impinges on the wheel; 2. The quantity of 
water expended in a given time; and, %, How much of the 
power is lost by the friction of the machinery. 

1. With regard to the velocity of the water, Mr. Smeaton 
determined by experiments with the machinery described in the 
volume referred to, that with a head of water 15 inches in 
height, the velocity of the wheel is 8*96 feet in a minute. The 
area of the head being 105*8 inches, this multiplied by the 
weight of a cubic inch of water equal to *579 of an ounce 
avoirdupois, gives 61*26 ounces for the weight of as much 
water as is contained in the head upon one inch in depth ; and 
by further calculations derived from the machinery made use 
of, he computes that 264*7 pounds of water descend in a mi- 
nute through the space of 15 inches. The power of the water, 
therefore, to produce mechanical effects in this case will be 
264*7 X 15, or 8970. From the result of the experiment, 
however, it appeared that a vast quantity of the power was 
lost; the effect being only to raise 9*375 pounds to the height 
of 135 inches: so that the power was to the effect as 3970 to 
9’875 X 135 = 1266, or as 10 to 3*18. 

This, according to our author, must be considered as the 
greatest single effect of water upon an undershot- wheel, where 
the water descends from a height of 15 inches; but as the 
force of the current is not by any means exhausted, we must 
consider the true proportion betwixt the power and effect to 
be that betwixt the quantity of water already mentioned and 
the sum of all the effects producible from it. This i^mainder 
of power, it is plain, must be equal to that of the velocity of 
the wheel itself multiplied into the weight of the water. In 
the present experiment, the circumference of the’ wheel moved 
with the velocity of 3*123 feet in a second, which answers to 
a head of 1*82 inches ; and this height being multiplied by 
^4*7, the quantity of water expended in a minute, gives 481 
for the power of the water after it has passed the wheel ; and 
hence tfe true proportion betwixt the power and the effect will 
be as 3849 to 1266; or as 11 to 4, 

As the wheel revolved 86 times in a minute, the velocity of 
the water must be equal to 86 circumferences of the wheel ; 
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whioh, according to the dimensions of the apparatus used by 
Mr. Sineatoe, to 30, or as 20 to 7.— The greatest 

load with which the wheel would move was 9lb. 6oz. ; and 
by 121b. it was entirely stopped. Whence our author con- 
cludes, that the impulse of the water is more than double of 
what it ought to be according to theory : but this he accounts 
for by observing, that in his experiment the wheel was placed 
not in an open river, where the natural current after it has 
communicated its impulse to the float has room on all sides to 
escape, as the theory supposes, but in a conduit, to which the 
float being adapted, the water cannot otherwise escape than by 
moving along with tlie wheel It is observable, that a wheel 
working in this manner, as soon as the water meets the float, 
receiving a sudden check, it rises up against the float like a 
wave against a fixed object, insomuch that when the sheet of 
water is not a quarter of an inch thick before the float, yet this 
sheet will act upon the whole surface of a float whose height is 
three inches : and consequently, were the float no higher than 
the thickness of the sheet of water, as the theory also supposes, 
a great part of the force would have been lost by the water 
dashing over the float. (See art. 467.) 

^ 479. Mr. Smeaton next proceeds to give tables of the velo- 
cities of wheels with different heights of water ; and from the 
whole deduces the following conclusions: 1. The virtud or 
effective head being the same, the effect will be nearly as the 
quantity of water expended. 2. The expense of water being 
the same, the effect will be nearly as the height of the virtual or 
effective head. 8. The quantity of water expended being the 
same, the effect is nearly as the square of the velocity. 4. The 
aperture being the same, the effect will be nearly as the cube 
of the velocity of the water. Hence, if water passes out of an 
aperture in the same section, but with different velocities, the 
expense will be proportional to the velocity ; and therefore, if 
the expense be riot proportional to the velocity, the section of 
the water is not the same. 5. fTbe virtual head, or that from 
which we are to calculate the power, bears no proportion to 
the head water ; but when the aperture is larger, or the velo- 
city of the water less, they approach nearer to a coincidence : 
and, consequently, in the large openings of mills and sluices, 
where great quantities of water are discharged from moderate 
heads, the head of water, and virtual head determined from 
the velocity, will nearly agree; which is also confirmed by ex- 
perience. 6. The most general proportion betwixt the power 
and effect is that of 10 to 3; the extremes 10 to B’2, and 
10 to 2*8. But it is observable, that where the power is 
greatest, the second term of the ratio is greatest also : hence 
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we may allow the proportion subsisting in great works to be as 
three to one. 7. The proportion of velocity between the water 
and wheel is in general about 5 to 2. 8. There is no certain 

ratio between the load that the wheel will carry at its miaccimum^ 
and what will totally stop it ; though the proportions are con- 
tained within the limits of £0 to 19, and gO to 15 ; but as the 
eifect approaches nearest to the ratio of £0 to IS, or of 4 to 3, 
when the power is greatest either by increase of velocity or 
quantity of water, this seems to be the most applicable to large 
works; but as the load that a wheel ought to have in order to 
work to the best advantage can be assigned by knowing the 
effect that it ought to produce, and the velocity it ought to have 
in producing it, the exact knowledg'e of the greatest load it will 
bear is of the least consequence in practice. 

Mr. Smeaton, after having finished his experiments on the 
undershot mills, reduced the number of floats, which were 
originally £4, to 1£ ; which caused a diminution in the effect, 
by reason that a greater quantity of water escaped between the 
floats and the floor than before : but on adapting to it a circular 
sweep of such a length that one float entered into the curve be- 
fore the other left it, the effect came so near that of the former, 
as not to give any hopes of advancing it by increasing the num- 
ber of floats beyond £4 in this particular wheel. 

480. Our author next proceeds to examine the power of 
water when acting by its own gravity in turning an overshot- 
wheel : In reasoning without experiment/’ says he, one might 
be led to imagine, that however different the mode of applica- 
tion is, yet that whenever the same quantity of water descends 
through the same perpendicular space, the natural effective 
power would be equal, supposing the machinery free from 
friction, equally calculated to receive the full effect of the 
power, and to make the most of it: for, if we suppose the 
height of a column of water to be 30 inches, and resting upon 
a base or aperture of one inch square, every cubic inch of 
water that departs therefrom 'C^ill acquire the same velocity or 
momentum from the uniform pressure of 30 cubic inches above 
it, that one cubic inch let fall from the top will acquire in fall- 
ing down to the level of the aperture : one would therefore 
suppose that a cubic inch of water let fall through a space of 
30 inches, and there impinging upon another body, would be 
capable of producing an equal effect by collision, as if the 
same cubic inch had descended through the same space with a 
slower motion, and produced its effects gradually. But, how- 
ever conclusive this reasoning may seem, it will appear in the 
course of -the following deductions, that the effect of the gra- 
vity of descending bodies is very different from the effect of the 


CHAP. IV. SM:E,AT0:N"S' WATER-WHEELS,; ■ ' ' 

Stroke of siieli as are non-elastic, though generated by an equal 
mechanical power.’’ 

Having made such alterations in his tnachinery as were ne- 
cessary for overshot-wheels, Mr. S. next gives a table of ex- 
periments with the apparatus so altered. Iii these tb^ 
was 6 inches, and the height of the wheel £4 inches ; so that 
the whole descent was SO inches; the quantity of water ex- 
pended in a minute was 96|. pounds; which, multiplied by 30 
inches, gives the power =5^900 : and, after making the proper 
calculations, the effect was computed at 1914; whence the ratio 
of the power to itcomes to be nearly as 3 to 2. If, however, 
we compute the power from the height of the wheel only, the 
power will be to the effect nearly as 5 to 4. 

481. From another set of experiments the following conclu- 
sions were deduced : 

1. The effective power of the water must be reckoned upon 
the whole descent; because it must be raised to that height in 
order to be able to produce the same effect a second time. The 
ratios betw'een the powers so estimated, and the effects at a 
maximum^ nearly from 4 to 3, and from 4 to Where 
the heads of water and quantities of it expended are the least, 
the proportion is nearly from 4 to 3; but where the heads and 
quantities are greatest, it comes nearer to that of 4 to ^ ; so that 
by a medium of the whole, the ratio is nearly as 3 to Hence 
it appears, that the effect of overslxot- wheels is nearly double 
to that of undershot ones; the consequence of which is, that 
non-elastic bodies, when acting by their impulse or collision, 
communicate only a part of their original impulse, the re- 
mainder being spent in changing their figure in consequence 
of the stroke. The ultimate conclusion is, that the effects, as 
well as the powers, are as the quantities of water and per-, 
pendicular heights multiplied together respectively. 

% By increasing the head, it does not appear that the effects 
are at all augmented in proportion ; for, % raising it from 3 
to 11 inches, the effect was augmented by less than one-seventh 
of the increase of perpendicular height. Hence it follows, that 
the higher the wheel is in proportion to the whole descent, the 
greater will be the effect; because it depends less upon the 
impulse of the head, and more upon the gravity of the water 
in the buckets : and if we consider how obliquely the water 
issuing from the head must strike the buckets, we shall not be 
at a loss to account for the little advantage that arises from the 
impulse thereof, and shall immediately see of how little conse- 
quence this is to the effect of an overshot- wheel. This, how- 
ever, as well as other things, must be subject to limitation ; 
for it is necessary that the velocity of the water should be some- 
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what greater than the wheel, otherwise the latter will not only 
be retarded by the striking of the buckets against the water, 
but some of the power will be lost by the dashing of the -water 
over the buckets. 

3. To determine the velocity which the circumference of the 
wheel ought to have in order to produce the greatest effect, Mr. 
Smeaton observes, that the more slowly any body descends by 
the force of gravity when acting upon any piece of machinery, 
the more of that force will be spent upon it, and consequently 
the effect will be the greater. If a stream of water falls into 
the bucket of an overshot- wheel, it will be there retained till 
the wheel discharges it by moving round ; and, of consequence, 
the slower the wheel moves, the more water it will receive ; so 
that what is lost in velocity is gained by the greater pressure of 
water upon the buckets. From the experiments, however, it 
appears, that when the wheel made about SO turns in. a minute 
the effect was greatest ; when it made only 1 8^ the motion was 
irregular; and when loaded so as not to admit its turning 18 
times, the wheel was overpowered with the load. When it 
made 30 turns, the power was diminished by about 
when the number of turns was increased to 40, it was dimi- 
nished by one-fourth* Hence we see, that in practice the ve- 
locity of the wheel should not be diminished further than what 
will procure some solid advantage in point of power ; because, 
cceteAs pariius^ the bucket must be larger as the motion is 
slower ; and the wheel being more loaded with water, the stress 
will be proportionably increased upon every part of the work. 
The best velocity for practice, therefore, will be that when the 
wheel made 30 turns in a minute, which is little more than 
three feet in a second. This velocity is applicable to the 
highest overshot-wheels as well as the lowest. Experience 
however determines, that high wheels may deviate further 
from this rule before they will lose their power, by a given 
aliquot part of the whole, than low ones can be permitted to 
do ; for a wheel of 24 feet high may move at the rate of six 
feet second ; while our author has seen one of 33 feet high 
move very steadily and well with a velocity of little more than 
two feet. The reason of this^superior velocity in the 24 feet 
wheel may probably be owing to the small proportion that the 
bead, requisite to give the proper velocity to the wheel, bears 
to the whole height. 

' 4. 5>^^The maximum load for an overshot- wheel is that which 
redum the circumference of the wheel to its proper velocity ; 
which is known by dividing the effect it ought to produce in a 
given time tb^: space intended to be described by the cir- 
cumference of iie in the same time ; the quotient will be 
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the resistance overcome at the circumference of the wheel, anJ 
is equal to the load required, including the friction and resist- 
ance of the machinery. 

5. The greatest velocity that an overshot-wheel is capable 
of depends jointly upon the diameter or height of the wheel 
and the velocity of falling bodies ; for it is plain that the velo- 
city of the circumference can never be greater than to describe 
a remi-circumference, while a body let fall from the top de- 
scribes the diameter, nor even quite so great; as the difierence 
in point of time must always be in favour of that which falls 
through the diameter. Thus, supposing the diameter of the 
wheel to be 16 feet and an inch in diameter, a heavy body 
would fall through this space in one second ; but such a wheei 
could never arrive at this velocity, or make one turn in two 
seconds, nor could an overshot-wheel ever come near it: be- 
cause, after it has acquired a certain velocity, great part of the 
water is prevented from entering the buckets, and part is thrown 
out again by the centrifugal force : and as these circumstances 
have a considerable dependence upon the form of the buckets, 
it is impossible to lay down any general rule for the velocity of 
this kind of wheds. 

6. Though in theory we may suppose a wheel to be made 
capable of overcoming any resistance whatever, yet as in prac- 
tice it is necessary to make the wheel and buckets of some cer- 
tain and determinate size, we always find that the wheel will 
be stopped by such a weight as is equal to the effort of the 
water in all the buckets of a semi-circumference put together. 
This may be determined from the structure oi the buckets 
themselves; but, in practice, an overshot-wheel becomes un- 
serviceable long before this time ; for when it meets with such 
an obstacle as diminishes its velocity to a certain degree, its 
motion becomes irregular ; but this never happens till the velo- 
city of the circumference is less than two feet per second, when 
the resistance is equable. 

7. From the atove observations we may easily deduce the 
force of water upon breast-wheels, &c. But, in general, all 
kinds of wheels where the water cannot descend through a 
given space unless the wheel moves with it are to be con- 
sidered as overshot-wheels ; and those which receive the im- 
pulse or shock of the water, whether in a horizontal, oblique,, 
or perpendicular direction, are to be considered as undershots. 
Hence when the water strikes at a certain point below the sur- 
face of the head, and after that descends in the arc of a circle, 
pressing by its gravity upon the wheel ; the effect of such a 
wheel will be equal to that of an undershot whose head is equal 
to the difference of level between the surface of the water in 
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the’ reservoir and the point where it strikes the wheel, added to 
that of an overshot^ whose height is equal to the difference of 
level between the point where it strikes the wheel and the level 
of the tail- water. 

48^. In the Philosophical Transactions, voL 51, for the 
year 1759, there is another paper with experiments on mills 
turned both by water and wind, by Mr. Smeaton. From those 
experiments it appears, pa^e 129, that the effects obtained 
by the oversbot-wheel are frequently 4 or 5 times as great as 
those with the undershot-wheel, in the same time, with the 
same expense of water, descending from the same height 
above the bottoms of the wheel; or that the former performs 
the same effect as the latter, in the same time, with an expense 
of only one-fourth or one-fifth of the water, from the same 
head or height. And this advantage seems to arise from the 
water lodging in the buckets, and so carrying the wheel about 
by their weight. But, in page 130, Mr. Smeaton reckons the 
efect of overshot only double to that of the undershot-wheel. 
And hence he infers, in general, that the higher the wheel 
is in proportion to the whole descent, the greater will be the 
effect; because it depends less upon the impulse of the head, 
and more upon the gravity of the water in the buckets. How’'- 
ever, as every thing has its limits, so has this ; for thus much 
is desirable, that the water should have somewhat greater 
velocity than the circumference of the wheel in coming 
thereon, otherwise the wheel will not only be retarded by the 
buckets striking the water, but, thereby dashing a part of it 
over, so much of the power is losC’ He is further of opinion 
that the best velocity for an overshot-wheel is when its cir- 
cumference moves at the rate of about 3 feet in a second of 
time. 

483. Lastly, in the Philosophical Trans, for 1776, p. 457, 
the same author says, The velocity of the wheel, which ac- 
cording to M. Parent's determination, adopted by Desaguliers 
and Maclaurin, ought to be no more than -f of that of the 
water, varies at the maximum between one-^third and one half; 
but in all the cases in which the most work is performed in 
proportion to the water expended, and which approach the 
nearest to the circumstances of great works when properly 
executed, the maximum lying much nearer one half than one- 
third, one half seeming to be the true maximum, if nothing 
were lost by the resistance of the air, the scattering of the water 
carried up by the wheel,” &c. 

M. Boasut has detailed, in the second volume of his va- 
luable Hy^odynamique^ a variety of experiments in relation 
to this subject; Most of his results correspond with the analo- 
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goiis determinalions of Smeaton. Lv undershot-wheels he 
found, as has already been observed in art, 467, tliat 48 was 
the most efficacious number of float-boards. He also found 
that the best portion of the outer arc of the wheel to be iiU' 
mersed was about ^4"^ 54 in small wheels. When the wheels 
were large, as from 20 to 24 feet in diameter, the arc immersed 
may extend from 25 to 30 degrees; but must not exceed the 
latter quantity. 

^ It appears, likewise, from Bossut’s experiments, that under- 
shot-wheels arc most efficacious when the velocity of the centre 
oi Impression of the float-board is about two-fifths of that of' 
the stream. 

With regard to iheposUion of the float-l>oards, he Ibimd that 
when their number was 48, the construction was most advan- 
tageous when they were directed towards the centre. At an 
inch nation^ of 8 degrees with the radius the effect was less; at 
an inclination of 12 degrees still less ; but that at an inclination 
of 16 degrees, the effect was nearly the same as when the float- 
boards were directed ^ to the centre. Of these results he presents 
the physical explication. 

With respect to overshot-wheels (in reference to which, 
however, the experiments of this philosopher were but few), 
he observed that the velocity required for the greatest effect 
was to the velocity with which the wheel would move if the 
mill performed no work, as 40|, or nearly as 1 to 5. 

Many other experiments lending to improve the theory of 
water-wheels are described by Mr, Banks in part IV. of his 
Treatise on Mills. See also a Memoir on the most advanta- 
geous Construction of Water-wheels by Mx. Mallet of Geneva, 
ill Phil. Trans, for 1767 ; two papers Lambert m the 

Berlin Memoirs for 1775; and Mr. TredgoMs edition of 
Buclianaiib s Essays on Mill-worho 

An extensive chronological catalogue of writings on tlie 
subject of Mill-work in general may be seen under the word 
Mill, in our second volume. 
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Preliminary Remarhs on the Mechanical Properties of 
Atmospheric Air. 

484. The term Pneumatics^ as well as the word Pneumato^ 
derived from a Greek word denoting mr^ or, more pro- 

perly, breath; but in their modern acceptation the terms differ 
widely ; the latter denoting the science of the intellectual phe- 
nomena depending upon the operations or affections of the mind 
ot man; while the former relates to that part of natural philo- 
sophy which treats of the mechanical properties of air, and the 
different elastic fluids. Thus Pneumatics includes, as an im- 
portant branch, the doctrine of common air being 

the most extensive and universal of the fluids which possess 
elasticitjr. 

Previous to our entering upon the theoretic part of this 
science, it will be proper to relate some of the most obvious 
and natural experiments tending to prove the existence of the 
different mechanical affections which are usually ascribed to 
the air as a body : to this object we shall therefore appropriate 
a few of the following articles. 

485. I. Air is a ponderous fluid which surrounds the earth. 

For, that it is a fluid is obvious, because its parts are easily 

moved, and yield to the smallest inequality of pressure : and that 
it is ponderous will appear from the following considerations : 

1. It always accompanies this globe in its orbit round the 
sun, surrounding it to a certain distance, under the name of the 
Attmsphere^ which indicates the being connected with the earth 
by its general force of gravity. It is chiefly in consequence of 
this that it is continualfy moving round the earth from east to 
west, forming what is called the trade-wind. 

% It is in like manner owing to the gravity of the air that 
it supports^ the clouds and vapours which we see constantly 
floating in it. We have seen bodies of no inconsiderable weight 
float, and even rise, in the air. Soap-bubbles and balloons filled 

I I ^ 


484 


PNEUMATICS. 


BOOK V. 


with inflammable gas rise and float in the same mminer as a 
cork rises in water. This phenomenon proves the weight of the 
air in the same manner that the swimming of a piece of wood 
indicates the weight of the water which supports it. 

S. But we are not left to these refined observations for the 
proof of the airis gravity. We may observe familiar pheno- 
mena, which would be immediate consequences of the sup- 
position that air is a heavy fluid, and, like other heavy fluids, 
presses on the outsides of all bodies immersed in or surrounded 
by it. Thus, for instance, if we shut the nozzle and valve 
hole of a pair of bellows, after having squeezed the air out of 
them, we shall find that a very great force, even some hundred 
pounds, is necessary for separating the boards. They are kept 
together by the pressure of the heavy air which surrounds them, 
in the same manner as if they were immersed in watei*. In like 
manner, if we stop the end of a syringe after its piston has been 
pressed down to the bottom, and then attempt to draw up the 
piston, we shall find a considerable force necessary, viz. about 
15 or 16 pounds for every square inch of the section of the 
syringe. Exerting this force, we can draw up the piston to the 
top, and we can hold it there : but the moment we cease act- 
ing, the piston rushes dqwn and strikes the bottom. It is called 
a suction, because we feel something as it were drawing in the 
piston ; but it is really the weight of the incumbent air pressing 
it in. And this obtains in every position of the syringe ; be- 
cause the air is a fluid, and presses in every direction. Nay, 
it presses on the syringe as well as on the piston ; and if the 
piston be hung by its ring on a nail, the syringe requires force 
to draw it down gust as much as to draw the piston up) ; and 
if it be let go, it will spring up, unless loaded with at least 15 
pounds for every square inch of its transverse section. 

4. Let the air be exhausted from a glass vessel, and by means 
of a cock let the vessel be kept exhausted : if the vessel be 
weighed while it is exhausted, and then again when the air is 
re-admitted, there will be a manifest difference, exhibiting the 
weight of as much air as the vessel contained. 

5. If a glass tube more than 31 inches in length, one end of 
which is closed up, be filled with mercury, and be held vertically, 
the other extremity being immersed in a vessel of the same fluid, 
then the mercury in the tube will descend from the upper ex- 
tremity i and will remain suspended at some altitude between 
£8 and 31 inches from the surface of the external mercury : 
the sn^ension of the mercury is occasioned by the pressure of 
the exteroal air upon the surface of the mercury in the vessel ; 
when thi^ pi^ssure is removed by placing the tube and vessel 
under a receiver and exhausting the air, the mercury will sink 
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in the tube^ and on re-admitting the air, will rise. This is called 
the Torricellian experiment 

The instrument here used is called a Baronieter ; because 
the weight of a column of mercury whose base is the orifice of 
the tube, the altitude equal to that of the mercury in the tube 
above the surface in tlie reservoir, is equal to the weight of a 
column of air extending to the top of the atmosphere, and whose 
base is equal to the same orifice. And since the weight of this 
column of cpneVsilYery cmteris^^p^ as its altitude, it fol- 

lows that the weight of the air is proportional to the altitude of 
the mercury in the barometer. 

The altitude at which the mercury is sustained in the baro- 
meter above the surface of the mercury in the reservoir is called 
the standard and will be the same in any number of 

tubes, whatever be their bore or their position, provided the tube 
is not so very slender as to expose the mercury to a sensible 
alteration from the capillary attraction (art. 43^.). The pres- 
sure of the atmosphere is equal to about 151b. - avoirdupois 
upon every square inch, at the medium height of the mercury 
in the barometer : for a cubic foot of mercury weighs about 
13568 ounces, and VyW S9|r = S3S-6o2. r=:14?-61bs. 

6. If a barometer tube, instead of being hermetically scaled 
at the top, be closely covered with a piece of bladder, the mer- 
cury will rise to the same height as in a common barometer; 
but on piercing the bladder with a t^eedle so as to admit the 
air, the mercury will fall : for in this case the weight of the air 
presses upon the mercury in the tube, and the weight of these 
two together must obviously preponderate over the contrary 
pressure, and destroy the equilibrium. 

486. II. The fressure of the atmosphere mries at d*^erent 
altiUides abom the surface of the eaidK 

Let a glass tube, open at both ends, be put through a cork 
into a large phial containing a small quaiiti ty of coloured water; 
let the lower end of the tube be in the wa^er ; and let the cork 
and tube be closely cemented to the neck of the bottle : then 
blow through the tube till the quantity of air within the phial 
is so increased that the water will rise above th^ "SV eck of the 
phial. Let this phial be placed in a vessel of sand^ to keep the 
air within of the same temperature : then will the water stand 
at different heights in the tube, according to the elevation of the 
■place where it is set ; whence it appears that the pressure of the 
atmosphere varies at different altitudes. And the same thing 
will appear more clearly in a subsequent article. In ascending 
the mountain of Snowden, which is 37^0 feet high, the baro^ 
meter sunk 3*8 inches. 

Hence the proportion of the specific gravity of air neat the 



earth’s siarfaice to that of wat6r may be ascertained. Thus, if 
the difference in height of the two places where the above ex- 
periment is made be 52 feet, and that difference cause a varia- 
tion of f of an inch in the height of the water ; it follows, that 
a column of water of -I of an inch, or of a foot, is equipon- 
derant to a column of air of 52 feet, having the same base: 
consequently the specific gravity of water is to that of air as 
52 to or as 832 to 1- 

487. III. Air ia elastic y or capable of compression and ex- 
pamion. 

This is proved by various experiments : 1. By the great ex- 
pansion of a small quantity of air in a bladder apparently nearly 
ompty, when the air is removed from the externe.1 parts in the 
receiver. 2. By the extrusion of a fluid from a glass bubble, 
by the expansion of a bubble of air contained in it. 3. By the 
expulsion of the white and yolk of an egg through a small hole 
in the little end, by the expansion of the air contained in the 
greater end. 4. By putting an almost emptied bladder into a 
small box, and laying a proper weight on the lid, which, on ex- 
hausting the air, will be raised up by the expansion of the air in 
the bladda". 6. Also a bladder filled with air, and just made 
to mik with a weight, will upon exhaustion soon rise by the 
expandon of the contained air. 6. Glass bubbles and images 
filled with water so as to make them just sink in that fluid, will, 
on exhausting the air from the surface, rise to the top of the 
vessel. 7. B^r, cyder, water, and parous bodies, emit great 
quantities of air under the exhausted receiver. 8. A shrivelled 
apple, when put under an exhausted receiver, will have its coat 
distended by the internal air so as to look smooth. 9. If the 
<3pen end of a tube, whose other end is close<l, be immersed 
perpendicularly in water, the space occupied by the air will be 
diminished, as the depth of the tube or the upward pressure of 
the water is increased : or, if the shorter leg of a bent tube be 
closed, and mercury poured into the longer, the air will be com- 
pressed in the shcarter leg into a space continually decreasing as 
the quantity of pressing mercury is increased ; and if some of 
the mercury be taken from the longer leg, the air in the shorter 
wiE expand and occupy a proportionably lar^r space. 10. The 
mercury may be raised by the expansion of a small quantity of 
emfined air to the same height in an exhausted tube above the 
air^pimp, as th^ to it is raised in the mercurial gauge 

by the,pe^re of the atmosp^re below it. 

The^i^s of the condensation and rarefaction of air by hu- 
m not asoertaii^d. Dr. Hales found, that when 
} put into. a strong vessel, which it almost filled, 
iter was filled wMi water, the swelling of the 
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wood, occasioned by its inhibition of water, condensed the air 
of his gauge into the thousandth of its original bulk. He 
found that |)ease treated in the same way generated elastic air, 
which pressing on the air in the gauge condensed it into the 
fifteen hundredth part of its bulk. This is the greatest con- 
densation that has been ascertained with precision, although in 
other experiments it has certainly been carried much further; 
but the precise degree could not be ascertained. 

The main use to be made of this observation at present is, 
that since we have been able to exhibit air in a density a thou- 
sand times greater thto the ordinary density of the air we 
breathe, it cannot, as some imagine, be only a different form 
of water; for in this state it is as dense o.r denser than water, 
and yet retains its great expansibility. 

Another important observation is, that in evei^ state of den- 
sity in which we find it, it retains its perfect fluidity, trans- 
mitting all pressures which are applied to it with undimmished 
force, as appears by the equality constantly observed between 
the opposing columns of water or other fluid by which it is | 

compressed, and by the facility with which all motions are per- 
formed in it in the most compressed states in which we can 
make observations of this kind. This fact is totally incompa- 
tible with the opinicm of those who ascribe the elastidty of air 
to the springy ramified structure of its mrticles, touching each 
other like so many pieces of sponge or loot-balls. A collection 
of such particles might indeed be i^rvaded by solid bodies with 
conriderable ease, if they were merely touching each other, and 
not subjected to any external pressure. But the moment sudi 
pressure is exerted, and the assemblage squeezed into a smaller 
space, each presses on its adjoining particles : they are indi- 
vidually compressed, flattened in their touching surfaces, and 
h^ore the density is doubled they are squeezed into the form of 
perfect cubes, and compose a mass, which may indeed propa- 
gate pressure from one place to another in an imperfect man- 
ner, and with great diminution of its intensity, but will no more 
be fluid than a mass of soft clay. 

488. IV. The dmtic force fthe air is equal to the force of 
conmressmn. 

For if the air be exhausted from an open tube whose lower 
part is immersed in a vessel containing mercury, the air within 
the vessel being prevented from escajnng, then will this air by 
its elasticity force the mercury up the tube very nearly to the 
same height as it would be raised by the pressure of the atmo- 
sphere. 

This proposition is sometinates proved independent of expe- 
riments in the following manner ; if the force with which the 
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air endeavour^ to expand itself when it is compressed were less 
than the compressing force, it would yield still further to that 
force ; if it were greater, it could not have yielded so far. Con- 
sequently, when any force has so compressed the air that it re- 
mains at rest, the force of the air arising from its elasticity can 
neither be greater nor less than the compressing force ; that is, 
it must be equal to it. 

But it must be confessed that, in this case, the experimental 
proof is the most satisfactory. 

489. V. The elastidty of air not very different from its na^ 
tural state^ is inversely as the space occupied by it. 

1. Let a cylindrical tube bc (fig. 7. pi. XI.) open at one end 
B, be filled with mercury to an altitude equal to bb before in- 
version, and after the immersion of b in a basin of mercury, 
the air, which before occupied a space equal to cd, is dilated 
through a larger space as ca, and, if bn be the standard alti- 
tude (art. 485. v.), depresses the mercury from n to a. Now 
the clastic force of air in its natural state, or occupying a space 
equal to cd (e), is to the elastic force of air occupying the 
space Bi) le) as the columns of mercury which they are capable 
of supporting (art 488.); that is, as bn to an: but, it is col- 
lected from experiments, that bn : an : : ac : gb; consequently 

AC : GB : : e: 

And the same thing may be otherwise shown by experiments 
with bent tubes. 

Hence, since the density of the air is inversely as the magni- 
tude or space occupied (art. 10.), it is, therefore, as the elasti- 
city, or as the compressing force (art. 488.) : so that, putting d 
for the density, c the compressing force, e the force of elasti- 
city, and s the space, we have c a b a e a These rela- 
tions, however, are confined within very narrow limits, for it 
has been asserted that when the air is compressed into a space 
only four times less than the space it occupies in its natural 
state, it does not then vary inversely as the force of compression, 
the resistance increasing much more rapidly. Comment;. Bonon. 
voL I. p. ^09, &c. 

The experiments of Boyle, Mariotte, and Amontons, were 
not extended to very great compressions: so that they found 

f enerally that the elasticity of the air was proportioned to its 
ensity ; and the law was long acquiesced in, being called the 
Boytean law. But later philosophers have carried the com- 
pression much further. Thus Sulzer compressed air into 4 . of 
Its ' foritief dimensidns : the results of his experiments are ^ex- 
hibited in the following table, where the columns d show the 
densitie£s‘ai#-%)se, marked 'e the corresponding elasticities. 

An If!. _ 
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Other experiments for the same purpose were instituted by 
Professor Robison, the results of which may be seen below. 


Here it appears again in the clearest manner that the elasti- 
cities do not increase so fast as the densities, and the differences 
are even greater than in Mr. Sukcris experiments. 

The second table contains the results of experiments made 
on very damp air in a warm summer’s morning. In these it 


Dry Air. 

Moist Air. ’ 

D 

E 

D 

E 

1000 

1-000 

1-000 

1-000 

2000 

1-957 

2-000 

1-920 

3-000 

2-848 

3-000 

2-839- 

4-000 

3-737 

4000 

3-726 

5-500 

4-930 

5-500 

5-000 

6-300 

5-342 

6-000 

5-452 

’r-620 

6-490 

7-620 

6-775 
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appears that the elasticities are almost precisely proportiopal to 
the densities 4- a small constant quantity , nearly 0*11, deviating 
from this rule chiefly between the densities 1 and 1*5, within 
which limits we have very nearly n As this air is. 

nearer to the constitution of atmospheric air than the former, 
this rule may be safely followed in cases where atmospheric 
air is concerned, as in measuring the depths ofpits by the 
barometer* 

The third table shows the compression and elasticity of air 
strongly impregnated with the vapours of camphire. Here the 
Boylean law appears pretty exact, or rather, the elasticity seems 
to increase a little faster than the density. 

4^. VI. Heat increases the elasticity of the alr^ and cold 
diminishes it. Or, heat expands and cold condenses the air. 

This property is likewise proved by experience.^ 

1. Tie a bladder very close with some air in it, and lay It 
before the fire : then as it warms it will more and more distend 
the bladder, and at last hurst it, if the heat be continued, and 
increased high enough. But if the bladder be removed from 
the fire, as it cools it will contract again, as before. Indeed it 
was upon this principle that the first air-balloons were made by 
Mont^fier : for, by beating the air within them, by a fire 
underneath, the hot air distends them to a size which occupies 
a space in the atmosphere, whose weight of common air exceeds 
that of the balloon. 

Also, if a cup or glass, with a little air in it, be inverted 
into a vessel of water ; and the whole be heated over the fire, 
or otherwise ; the air in the top will expand till it fill the glass, 
and lexpel the water ; and part of the air itself will follow, by 
continuing or increasing the heat. 

Many other experiments to the same effect might be adduced. 

The expansion of air, though exposed to the same degree of 
heat, is not the same in experiments made at different times ; 
owing to the difierence of density, coldness, humidity, &c. The 
expansive force of hot steam may exceed the force of gunpowder 
more than 30 times, and indeed is irresistible when the force is 
intense. Hence it follows, that when air is much impregnated 
with water it will possess an expansive power by heat, much 
greatet than that of pure air. Whether the degree of expansion 
in pure air be proportional to that of the heat by which it is 
produced, is not known ; but it is manifest that the variation of 
space occupied by a portion of air exposed to different degrees 
of heat may be sufficient to convey a tolerable idea of the actual 
quantity of heat. Upon this principle, therefore, have been 
constructed air thermometers, to exhibit small variations of heat. 
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Takiiig m average it has been found, by experiment, that for 
each degree of heat measured by Fahrenheit’s thermometer, 
mercury, water, and air, expand by the following parts of their 
own bulk, viz. 

Mercury the 9600th 
W . . . 6666th 
Mv .... 435th 

In mercury the correspond] 
dimmish, being expressed by ^6001177 at 2^' of th^ thermo- 
meter, and by *0000783 at 21^^: but at 19^^ the expansion cor- 
responding to a degree of variation in heat is *0001160, and at 
109^' it is *0001003, so that between these limits the variation in 
the measure of expansion is very trifling. Taking into the esti- 
mate the changes in the expansion, &c, the specific gravities of 
these fluids at different temperatures have been stated as below. 
Spec. grav. of air . . 1 

water . 836 

mercury 11365 

Or thus, air . . . 1 

water . . 839 

mercury .11315 

Or thus, air . . . 1 

water . . 896 

mercury . 11997 

Or thus, air . 1*201 or 1^ 
water • . 1000 

mercury . 13599 

Or thus, air . . . 1*999 nearly when the ba- 

or . . If y rom. is . . . * 30, 

water . . 1000 C and thermo- 

mercury . 13600 J meter . . . . 55. 

On this subject the student may advantageously consult 
General Roy’s paper in the PhiL Trans, vol. 67. Also Sir 
Geo. Shuckburgh’s and M. De Luc’s papers in the same volume ; 
and Mr. Dalton’s Chemical Philosophy. 

For the principal formulae and results of M. Biot’s researches 
into the dilatations of liquids and solids under different tem- 
peratures, turn to the article Tpiermometer in the 9d volume 
of this work. 

In permanently elastic fluids, the law which connects the 
temperature with the elasticity is simple, the latter increasing in 
a geometrical progression when the former follows the arith- 
metical. If the elasticity of such a fluid, at any temperature, be 


f when the barom. is at 99*97, 
r and the thermom. at 53*^. 

/when the barom. is 99*97, 
C and the thermom. at 55^. 

? when the barom. is 99*5, 

\ and the thermom . is 55^, 

“i which are their mean heights 
V in this country. 

? in the last circumstances. 


^ part of its own bulk, 
ng expansions for 1° gradually 
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denoted by unity, if the number of degrees above that tempe- 
rature be a?, and the elastic force ; then Is 

Or, log./= |3 X log, 1*376. ^ 

The law which connects the elasticity and the expansion of 
aeriform fluids is different from that which regulates the elasti- 
city and expansion of vapour, while the latter remains in con- 
tact with the liquid from which it is generated. But when 
the communication between them is cut off, the same law is 
observed by the expansion from heat and the augmentation of 
elasticity, in both kinds of fluids. According to the experi- 
ments of Gay Lussac, the expansion is at the rate of 1*376 to 
1 , for 180" of Fahrenheit ; and for any other temperature .r, it is 
X ■ ■ r 

1 80 180 

(1-876) or (b376) x (l-STG)', whicli reduces to (I-OOIS) 
(1-376)*. 


Wy 



CHAPTER I, 


EaUILIBRIUM OF ELASTIC FLUIDS, 


491 . Prop. investigate eqtmtions(^equiUbr mm for elastic 

Jiuids. 

This will bo very easy, if wc consider that such fluids must, 
from the nature of perfect elasticity (art. occupy a 

smaller space in proportion as the forces which compress them 
are greater, and restore themselves to their primitive volumes, 
when the action of the compressing forces cease. Let, then, 
V be a pressure exerted upon a quantity m of the fluid, whose 
density is p; p another pressure, w the mass or volume the 
fluid takes in consequence of this pressure, and d the density of 
this mass; so shall we have these equations: 

PM MDnmd, and p<i=:pD. . , . . . . (I.) 

When pizp, then Mnw, as is obvious. 

These values only give the pressures exerted upon a unit of 
surface; but if we drop the consideration of gravity, or any 
other force which may cause a variation of density in the dii- 
fercnt parts of the fluid, we may then reason from the prin- 
ciples of hydrostatics. This granted, the pressure p exerted 
upon any surface denoted hy a will be 

p=-p,orp=— p... ... (11.) 

Pressures being commonly valued, as we have often seen, by 
weights, we may represent that which is erected upon a unit of 
surface by the weight of a prism of the same fluid whose height 
will be given. Let H be the height corresponding to p, and h 
to p ; then we have HD for the mass of this prism, and its 
weight (g denoting the force of gravity): hence p=:HDg ; and in 
like manner p=lidg. Substituting these for p and p in the 
equations marked (1.) above, we have htt = sd, and hm = hm. 
Whence wc learn that the projjcrty of non-elastic fluids, demon- 
strated art. 388, obtains likewise with regard to elastic fluids. 

Instead of taking the same fluid, we may employ another 
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whose density is and, by proceeding in a similar manner, get 
the following general equation for the pressure, 

P (III.) 

Many other equations might be deduced with equal facility; 
but those here given are among the most useful, 

49^. Pbop. If an elastic fluid be quiescent^ and composed of 
particles equally repulsim at equal distances^ a^id at unequal 
distances, repelling each other according to any law of the di-^ 
stance, its density will he uniform. 

For if the distances of any two particles from an intermediate 
particle be unequal, their repulsive forces must be unequal, and, 
of conselquence, motion must ensue ; which is contrary to the 
hypothesis : therefore the fluid must have its particles at equal 
distances, or be uniformly dense. 

Coe. If any portion of an elastic fluid be uniformly dense, 
and equally compressed on all sides, it must be quiescent. 

493. Pbop, If the component particles of a unform cubical 
mass of a fluid repel each other, with forces varying according 
to any inverse or direct ratio of their distances {Jiess than the 
direct duplicate) the fluid will he elastic. 

For the whole repulsive force of any surface of the fluid is as 
the number of particles in that surface, and the force of each, 
or as the number in l the length of that surface, into the number 
in B the breadth, into the force of each particle ; or, substituting 
R for the whole repulsive force of the surface, i for the intervd 
or distance between two contiguous particles, and for the 

force with which they repel each other, r will vary as—. 

Hence, if f vary in any inverse ratio, or any direct ratio less 
than the duplicate ratio of i, K will vary in some inverse ratio 
of I, which is a necessary condition of elastic fluids. 

494. Prop. If the particles of an elastic fluid repel each other 
mith forces varying inversdy, as the r\th power of their distances, 

that is as^, and the compressing force c upon any surface he 

equal to Us whole repulsive force r, iheti mill c vary as that 

power of the density b whose exponent is^^. 

Fear, let a portion of the fluid be contained in a given cubic 
space, one of whose faces, is the rectangle of l x b, the com- 
pressing force being applied to that surface. Now, the number 

of particles of the given square surface is as^; and by hy- 
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pothesis, the force f, with which two particles repel each other, 
is as ^ ; therefore the elastic force of the fliiidj and of conse- 


quence the compressive force is as x -I- or as But 

the density of the fluid contained in the given cubical space is 
inversely as the cube of the distance between the centres of the 

particles ; that is, d cx and i cc : whence, by substituting 
® ^for I, in the expresibn c a we have c a d’-^- 

W * 4 * a 

Cor. 1. Conversely, if d — vary as c, the repulsive force 
of each particle, or r, must vary as — . 

Im 


For the quantity of matter being given, d a i a — and 

1 » 3 , ■ *3 . , 

n+2 , j 

D 3 will vary as but f varies as c divided by the num- 


71 + 2 

ber of particles in l® or as c x i®, or a n” x i®, or a i® 4- + a 
or a — . 

'■■■■ in 

Coe, 2, Hence again we see, since n + g must be always 
positive to make c positive, that n must be either some whole 
positive number, or a negative number less than S, in order to 
constitute a fluid of particles which repel each other. 

Coe. S. If water be supposed compressible in a very small 
degree (art. 831 .) the particles must be kept at a distance by 
some repulsive force, while n remains nearly constant. Now, 

71 + 2 3 

since can 3 , we shall have DacJiTi; in which, that 

may be nearly invariable, 71 must be a very great number : 
hence^ mcordirig to this hypothesis^ the repdsive Jbrce the 
particles of water mries inmrsely in a mry high power of their 
distcmces. 


Cor. When the density of the fluid varies as the force 


which compresses it, or nac, the expression can^ becomes 

It! 1 ' 1 

can 3 and 7 ^=:^ ; whence pa— becomes Fa— or the force 

TO 'X' ' 

of each particle is inversely as the interval between two conti- 
guous particles. 
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Cor. 5. Hence, because the density of the air is nearly pro- 
portional to the force which compresses it (art. 489.) its con- 
stituent particles must repel one another with forces varying 
inversely as their distances. 

CoR. 6. The density of the air varying as the compressing 
force, and that perpetually decreasing in ascending the atmo- 
sphere, the density and elasticity of the air also perpetually 
decrease. 

495. Def. a homogeneous at mos 2 )here is an atmosphere sup- 
posed to be of the same weight as that which actually surrounds 
the earth ; its density being uniform, and every-where equal to 
the density of the air at the earth's surface. 

496. Prop. To find the altitude (fi* a homogeneous atmo- 
sphere. 

Let H be the height of the homogeneous atmosphere, its uni- 
form density being u, the same as the density of the air pressing 
upon the mercury in the basin of the barometer; h the height 
of the mercury in the barometer tube, and d the density of that 
fluid : then (art. 491.) we have Mzim, or hd=M, 

whence h 

D 

Now it appears from article 490, that when the densities of 
air and mercury » and d are as 1|. and 13600, the height h of 
the mercury in the barometer is feet. 

Hence h = ~ =27818 feet, =5*268 miles. So 

that the height of the homogeneous atmosphere is rather more 
than 5| miles. 

Cor. If it were not for ike changes of temperature^ the height 
H <f the homogeneous atmosphere would be invariable^ for one 
and the same latitude^ whatever might be the height of the 
mercury in the barometer. 

For if d be constant, because the specific gravity of air varies 
as j) its density, and this again as \ the height of the mercury 

in the tube, it follows that ^ is invariable, and consequently 

H = — is constant likewise. 

Another method of ascertaining the height of the homo- 
geneous atmosphere is given in the scholium at the end of the 
next proposition. 

497. Prop. Supposing the force of gravity to vary as the 
nth power of the distance from the centre (fthe earth, and the 
compressive force to vary as the density, to find the relation be- 
tzeeen the density of the air and the altitude above the surface 
of the earth. 


■CHA'F. I. 


EQijrLiBai:tJ‘M:d blastjc Phuim, 


Let .r represent tlie variable distance from of the 

earth, the radius of the earth being unity, d the density of the 
air at the distance tV, and h the height of the homogeneous 
atmosphere. Now, since by hypothesis the compressing force 
varies as the density, the fluxion of the former will vary as the 
fluxion of the latter : while, at any distance, vr, the fluxion of the 
compressing force must vary as the force of gravity, the density, 
and the fluxion of the altitude, conjointly; so that the fluxion 
of the compressing force will be to that of the density in the 

constant ratio of to *- d, the latter fluxion having the nega- 

tive sign, because the density decreases while the ^titude in- 
creases. Consequently, since, by the definition of a homoge- 
neous atmosphere, n will represent the compressing force at 

the surface of the earth, we have n tl : : af^dx: r^d, whence 
— Hx^-, and H^hyp.log.d-1-c. 

Now to correct the fluent, we must consider that when 


dzzl; whence we find c: 


for the value of the constant 


quantity : and the correct fluent is ^ — - — ii. hvp.log. 

n->r 1 «+ 1 ^ ^ 

d. Hence 


~ =H.hyp.Iog.4 

which is the general equation expressing the relation between 
the altitude and the density. 

Coil. 1. When the force of gravity varies inversely as the 


square of the distance, 7i zi — 2, and 


:H-hyp.log.d, 


becomes — — 1 = ii • hyp. log. d. So that if s increase in har- 
monic progression, — will decrease in arithmetic progression, 

and consequently hyp. log. d will decrease in arithmetic pro- 
gression. 

Cor. If the force of gravity be supposed constant, 
and 1— jrrrH-hyp. log. d. Consequently, if a: increase in arith- 
metic progression, since 1 — x will then decrease in arithmetic 
progression, the hyp. log, of d will decrease in arithmetic pro- 
gression. 

Cor. 3. Since the hyperbolic logarithms are to the common 
logarithms in a constant ratio, viz. that of 1 to '434^^9448, &c. 
it ioHows that when x increases in arithmetic progression, the 
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common logarithms of the densities will decrease in arithmetie 
progression, and the densities themselves in geometrical pro- 
gression, on the supposition of equal gravity. 

CoK. 4. Hence, retaining the same hypothesis, different alti- 
tudes above the eartffs surface will vary as the negative loga- 
rithms of the densities or weights of air at those altitudes. So 
that if B and d denote the densities at the heights H and A, since 
iia — log. B, and /fc.a -- log. d, the difference h — A a — log. 

log. d) a log, 0 — log. d, or oc log. And if h ziO, or 

B = the density at the earth’s surface, then any altitude above 

the surface is as the log. of^. Or generally the log, of i 

varies as the altitude of the one place above the other, whether 
the lower place be at the surface of the earth or not ; and upon 
this property is founded the method of finding the heights of 
mountains, &c. by the barometer. 

SCHOLIUM. 

498. The properties comprised in the preceding corollaries 
are sometimes proved by means of the logarithmic curve ; and 
as a description of the relation which obtains between the 
ordinates of that curve and the density of the air will furnish 
an agreeable illustration of what is done above, such description 
is subjoined. ' 

Let ARa(fig. 3. pi. XVIII.) represent a section of a terrestrial 
hemisphere by a plane through its centre o, moAM a vertical 
line, AE a horizontal line through a, a point on the earth'’s sur- 
face. Let this line ae represent the density of the air at a ; and 
let BH parallel to ae be taken to ae, as the density at b to the 
density at A : then it is manifest that if a logistic or logarithmic 
curve EHN be drawn, having am for its axis, and passing 
through the points e and h, the density of the air at any other 
point c in the vertical am will be represented by cg, the or- 
dinate to the curve in that point : for it is a known property 
of this curve, that if portions ab, ac, ab, of its axis be taken 
in arithmetical progression, the ordinates ae, bf, cg, will be in 
g^metrical progression. 

Another property of this curve is, that if ek or bs touch the 
curve in e or h the subtangent ak or ds is a constant quantity, 
being the modulus of the system of logarithms which the parti- 
mwc curve represents. And a third property is, that the infi- 
mtely extended area aenm is equal to the rectangle aelk of 
the ordinate at a and the subtangent ; and, in like manner, the 
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area BfDHN above DH is equal to the rectangle sd*dh or 
KA-DH ; so that the area lying above or beyond any ordinate is 
proportional to that ordinate. (See Emerson on Curve Lines, 
lx)ok I- § Hutton's Dictionary, art. Logaeitiimic Curve^ 
or the Treatise on Curve Lines at the end of Robertson’s Conic 
Sections.) 

Now these geometrical properties of this curve are analogous 
to the chief circumstances in the varying density of the atmo- 
sphere, on the supposition of equal graviti^. The area mbfn, 
for instance, represents the whole quantity of the elastic fluid 
which is above b : for bf is the density at b, and bc is the thick- 
ness of the stratum between B and c; whence bfoc will be as 
the quantity of air in that stratum : in like manner cghd will be 
as the quantity of aerial matter in the stratum whose thickness 
is od; and the same of their sums, or of mbfn, the whole area. 
Also, as each ordinate is proportional to the area above it, so 
each density, and the quantity of air in each stratum, is propor- 
tional to the quantity of air above it. And again, as the whole 
area Aenm is equal to the I'ectangle a elk, so the whole air of 
variable density above a might be contained in a column k a of 
the same base, if, instead of being compressed by its own weight, 
it were without weight, and compressed by an external force 
equal to the pressure of the air at the surface of the earth. In 
this case it would be of the uniform density ae which it has at 
the surface of the earth, and would constitute the homogeneous 
atmosphere^ (art. 495.) 

Hence we learn that the height of the homogeneous atmo- 
sphere is the subtangent of the curve whose ordinates arc as 
the densities of the air at different heights, on the supposition of 
equal gravity. This curve is generally called tlie atmospherical 
logarithmic; and its subtangent, or the height of the homoge- 
neous atmosphere, is the modulus of the system of logarithms 
to which the curve corresponds. 

We have already (art. 496.) shown how to find the height of 
the homogeneous atmosphere by a single observation upon the 
barometer; but the same thing may be effected, perhaps, more 
accurately in a different manner. When the mercury and the 
air are of the temperature of Fahrenheit’s thermometer, and 
the barometer on the sea-shore stands at 30 inches, if w- c take it 
to a place 936 feet higher it will fall to inches. Now in all 
logarithmic curves having equal ordinates the portions of the 
axes intercepted between the corresponding pairs of ordinates 
are proportional to the subtangents — (Emerson on Log. Curve, 
prop. viii. cor. 3.) : and the subtangent of the curve belonging 
to our common tables is *434^9448, and the difference of the 
logarithms of 30 and S9 (which is tlie portion of the axis inter- 
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cepted between the ordinates 30 and 29) is ^0147233 : whence 
we have *0 1 47233 : ‘43429448 : : 983 : 27600^^ nearly 

5^ miles. ..This determination of the height of the homogeneous 
atmosphere does not quite correspond with the former; but a 
trifling error in measuring the altitudes of the mercury in the 
barometer at the two stations would cause all the difference. 

499. All that has gone before in this scholium proceeds on 
the supposition oi eqvxd gravity, or the hypothesis of Con. 2. ; 
whereas we know that the weight of a particle of air decreases 
as the square of its distance from the earth’s centre increases,, 
conformably to Con. 1. Hence we see that, in order that a 
superior stratum may produce an equal pressure at the surface 
of the earth, it must be denser, because a particle of it gravitates 
less. The density, therefore, at equal elevations, must be greater 
than on the supposition of equal gravity, and the law of diminu- 
tion of density must be different. 

Make OB : oa : : oa : od; 
oc : OA : : oa : oc; 

OB : OA : : OA : o&, &c.; 

so that od, oc,. o5, oa, may be reciprocals to on, oc, ob, oa; 
and through the points a, 6, c, d, draw the perpendiculars ae,, 
hf^ cgi dhf making them proportional to the densities in a, b, c, 
B; and suppose CB to be exceedingly small, so that the density 
may be supposed uniform through the whole stratum. Thus 
we have 

OB • n OA", r: oc * oc 
and oc : od : : ob : oc; 
and oc : oc — OB : : OB : OB — oc, 
or oe : cd : : OD : DC; 
and cd : cd ; ; oc : ob ; 

or, because oc and ob are ultimately in tlic ratio of equality, we 
have 

cd' : CD : : oc : oc : : oa® : dc®, 

and cd zz CB * also cd • c^ — cb • eg • But cd • eg * 

— IS as the pressure at c arising from the absolute weight of 

the stratum cd .* for this weight is as the bulk, as the density, 
and as the gravitation of each particle jointly ; and cd expresses 

the bulk, eg the density, and—- the gravitation of each particle. 

Therefore cd-cg* is as the pressure on c arising from the weight 
of ti^ stratum dc. •But cd* eg is evidently the element of the 
curvilineal area AmnZy formed by the curve '^fghi and the or- 
dinates AE, bf, egy Hence the sum of all the elements, 

such as cdbgy that is, the area emng below cg^ will be as tlie 
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2c»Aofe prcssiu'e on Cj arisi^ tlie gravitation of all the air 

, above it ; but, by the nature of air, this whole pressure is as the 

: density which it produces, Therefore the curve 

is of such a nature that the area lying below or beyond any 
ordinate eg is proportional to that ordinate. This is the pro- 
perty of the logarithmic curve, and Egn is a logarithmic curve. 

Moreover, this curve is equal to isgn. For, let b continually 
approach to a, and ultimately coincide with it. It is evident 
that the ultimate ratio of ba to a 5, and of bf to bf^ is that of 
equality ; and if efk, E/?r, be drawn, they will contain equal 
angles with the ordinate ae, and will cut oiF equal subtangents 
AK, aJc, The curves egk, are therefore equal, but in 
opposite positions* 

Lastly, if OA, o5, oc, od, &c. be taken in arithmetical pro- 
gression decreasing, their reciprocals oa, ob, oc, od, &c. will 
be in harmonical ]:>rogression increasing, as is well known : but, 
from the ^nature of the logarithmic curve, when oa, o&, or, o^f, 
&c. are in arithmetical progression, the ordinates ae, ^ 
d/i^ kc, are in geometrical progression. Therefore when oa, 
OB, OG, OD, &c. are in harmonical progression, the densities of 
the air at a, b, c, p, &c. are in geometrical progression ; and 
thus may the density of the air at all elevations be discovered. 
Thus to find the density of the air at k, the top of the homoge- 
neous atmospliere, make ok : oa : : OA : ol, and draw the or- 
dinate LT, so shall LT express the density at k. 

Dr. Halle 3 r was the first who observed the relation between 
the density of the air and the ordinates of the logarithmic curve, 
or common logaritlims. This he did on the supposition of 
t'qual gravity ; and his discovery is acknowledged by Sir Isaac 
Islewton in Pri/fcip, n, prop, schol, Halley’s dissertation 
on the subject is in No. 181 of the Phil. Trans. Newton, with 
liis usual sagacity, extended the same relation to the true state 
of the case, where gravity is as the square of the distance 
inversely ; and showed that when the distances from the earth’s 
centre are in harmonic progression the densities are in geo- 
metric progression. He show's indeed, in general, what pro- 
gression of the distance, on any supposition of gravity, will pro- 
(iuce a geometrical progression of the densities, so as to obtain 
a set of lines oa, ob, oc, od, &c. which will be logarithms of 
the densities. The subject w'as afterwards treated in a more 
familiar manner by Cotes in his Hydros, Lect, and in his Har* 
monia Menmrarum ; also by Brooke Taylor, Method, Incre^ 
meat,; Wolf, in his Aeromctria; Herman, in his Phorono- 
mm, kc.; and on account of the simplicity and elegance of 
this method, it now obtains a place in almost every treatise on 
pneumatics » 
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500. Piior. To determine the actual density of the atmo- 
spheric air at any altitude above the earth's siuface. 

This may be done with the aid of the equation 
art. 497. but with greater facility by means of the atmospherical 
logarithmic, thus. By the property in Emerson's Treatise, re- 
ferred to in art. 498. say, as the height of the homogeneous 
atmosphere is to the modulus of Bnggs's system, so as th^ 
given altitude in feet to a fourth number, which in the com- 
mon tables is the logarithm of the ratio of the density of the air 
at the earth's surface to its density expressed by unity at the 
proposed height, on the supposition of equal gravity. But, if 
we attend to the variation of gravity, the process will be this. 
Suppose c to be the point at which the density is required ; 
make, as directed in the last article, oc : oa : : oa : oc, or oc : 
OA : : AC : AC, and ac thus obtained will be the height to which 
the density is to be calculated by the preceding analogy, on the 
hypothesis of equal gravity. 

Let us take for an example the height of 7 miles, and con- 
ceive the radius of the earth to be 4000 miles- Then shall we 

have oc ( = 4007) : OA ( = 4000) : : ac ( = 7) : ac = ^5^ 

= 6*98777 miles =: 36895^ feet. Wherefore, taking 27600 
feet for the height of the homogeneous atmosphere, we shall 
have 

27600 : -48439448 : ; 368954 : *5806957, 
which is the common logarithm of 3*80799, or 3*808 nearly. 
Consequently the density of the air at the earth's surface is to 
its density at the altitude of 7 miles as 3f to 1 nearly, allowing 
for the diminution of the force of gravity. 

This result agrees nearly with experiments. Thus Mr. Cotes 
inferred from the French experiment at the Puy de Dome, that 
at the altitude of 7 miles the air was rather more than 4 times 
rarer than at the surface of the earth : but from the experi- 
ments of Mr. Caswell, at Snowden, he concluded that at the 
same altitude of 7 miles the air was not quite four times rarer 
than at the surface. And Sir Isaac Newton, in the last edition 
of his Optics, states it as 4 times rarer at the height of 74 miles : 
which, properly reduced, gives 3*86 for the comparative rarity 
at 7 miles. 

501. Returning to the hypothesis of equal gravity, we may 
readily find an equation for the altitude, which shall include 
the changes in teniperature. Thus, let n and d represent the 
density of the air at any two places, measured by the column 
of mercury in the barometer: then, since the difference of 

altitude a (art. 497. cor. 4.) is always as log. assume /i, so 
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that X will be of one constant value 

all altitudes : and to determine that value let a ease be taken 
in which we know the altitude a corresponding to a known 
density J ; asg for instance, take 1 foot^ or 1 inch, or some 
such small altitude ; then, because the density d may be mea- 
sured by the pressure of the atmosphere, or the uniform column 
of ^7600 feet, when the temperature is ; therefore S7600 
feet will denote the density d at the lower place, and S7599 
the less density d at 1 foot above it ; consequently 1 =:Ax log. 

1^^; which, by the nature of logarithms, Is nearly = A x 

nearly; and hence ft =: 63551 feet; which 

gives, for any altitude in general, this theorem, viz. a = 

63551 X log. “^5 ur ir: 63551 x log. ^ feet, or 1059^ x log. 

fathoms; where m is the column of mercury which is equal to 
the pressure or weight of the atmosphere at the bottom, and in 
that at the top of the altitude a; and where m and m may be 
taken in any measure, either feet or inches, &c. 

This formula is adapted to the mean temperature of the air 
65^ of Fahrenheit’s thermometer ; but it has been found by the 
experiments of Sir Geo. Shuckburgh and Gen. Roy, that for 
every degree of the thermometer diferent from 55^ the altitude 
a will vary by its 435th part: hence if we would change the 
factor ft from 1059^ to 10000, because the difference 593 is the 
18th part of the whole factor 10593, and because 18 is nearly 
the 34th part of 4.35 ; therefore the change of temperature an- 
swering to the change of the factor ft is 34^^ which reduces the 

55® to 31®. So that azzlOOOO xlog. — fathoms is the easiest 

expression for the altitude, and answers to the temperature of 
31®, or very nearly the freezing point: and for every degree 
above that the result must be increased by so many times its 
435th part, and diminished when below it. 

This method was first given by Dr. Hutton, under the article 
Atmosphere^ in his Mathematical Dictionary. 

It is obvious that the relation between the altitudes of places 
and the heights of mercury in the barometer, is not exactly the 
same in all latitudes. For according as the action of gravity is 
greater or less, a column of mercury of given height will weigh 
more or less, and consequently the air subjected to that pressure 
will be more or less compressed. We have seen (art. 386.) 
that if gravity at the earth’s surface under the parallel of 45®, 
be measured by unity, that any other latitude A, will be ex- 
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pressed by 1 — *002837 cos Sa : the density of the air at the 
eartlfs surface will vary in the same ratio. This will cause a 
small correction of the computed altitude in different latitudes, 
never exceeding of such altitude.Thus, at 0^\..corr + * 

.. 10 ^ . . ', 30® . . . TtsVo"i 

45® « . • O 5 , .50®.. > . 60 ® • • . •' • • so® * 

~TTT» 90°... — intermediate latitudes the cor- 
rection may readily be compoted. 

A correct and extensive table of the comparative rarity and 
expansion, density and compression, of air at dilfercnt altitudes, 
assuming the homogeneous atmosphere at 297^25 feet, and allow- 
ing for the variation of gravity, is inserted at p. 253 of Ilelshanfs 
Locturc^. 
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CHAPTER IL 

OK THE ADMEASUREMENT OF ALTITUDES BY THE B.IROMETER 
AND THERMOMETER- 


50S. Pascal and Descartes hinted that if a barometer were 1 

carried to a higher situation the quicksilver would sink in the | 

tube ; and the fact \vas verified by M* Pcricr. But the ad- | 

measurement of altitudes by means of the barometer was first 1 

distinctly suggested by Dr. Halley, in a paper in No. 181 of the 
Philosophical Transactions, to which we have before referred | 

(art. 499.). He there states that, according to experiments \ 

shown before tlie Royal Society, when tlie barometer stood at I 

30 inches, and in a mean state of heat and cold, the specific I 

gravity of air was to that of \vater as 1 to 800; and then pro- I 

ceeds as follows : By the like trials the weight of mercury to I 

water is as 13A to 1, or very near it; so that the weight of I 

niercnrj to air is as 10800 to 1, and a cylinder of air of 10800 I 

inches or 900 feet is equal to an inch of mercury ; and were I 

the air of an er|ual density like water, the whole atmospliere I 

would be no more than miles high ; and in the ascent cvf I 

every 900 feet the barometer would sink an inch. But tlie ox- I 

panslon of the air incTeashjg in tiie same proportion as the 1 

sneunibent weiglit of the atmosphere dccreases/that is, as the I 

mercury in the barometer sinks, the upper parts of the air are I 

much more rarefied than the lower, and each space answering to I 

an inch of quick.siiver grows still larger, so that the atniospliere 
must be extended to a much greater lieight. Now, on these 
principles, to determine the lieight of the mercury at any 
assigned height in the air, and c conirOy having the lieight of the ^ 

mercury given to find the lieiglu of the place where tlie baro- I 

meter stands, are problems not more difficult than curious.*'’ 

He then points out a method of solution, and gives tables of the 

hoiglus of mercury at different altitudes, and vice versa ; wiiich 

need not be copied in this place, as they depend upon erro- ( 

necus estimates of the specific gravities of mercury and air. \ 
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He also mentions the condensation and rarefaction by heal and 
cold, and the effect of aqueous and other vapours; but was of 
opinion that these would compensate each other. 

503. It appears, then, that Dr. tlalley*s method ^cannot 
apply to every case, since it depends upon the supposition of 
the relative density of air and mercury being only afiected by a 
change (^pressure. But since all bodies are expanded by heat, 
and as they are not all equally expanded by it, it follows that a 
change of temperature may change the relative gravity of mer- 
cury and air, even although both undergo the same change of 
temperatiu'e : and since the air may be warmed or cooled when 
the mercury is not, or may change its temperature independent 
of it, still greater variations of specific gravity may be expected. 
Hence many corrections are required to adjust the barometrical 
method to the various attending circumstances, and it was not 
till long after Dr. Halley’s time that the method was turned to 
any real use. The chief improvements and adjustments are due 
to M. de Lnc^ who had favourable opportunities of making 
numerous observations among the high hills of Switzerland, 
and who availed himself of these opportunities in almost every 
variety of circumstances. The result of his experiments and 
inquiries was published at Geneva in a treatise on the barometer 
and thermometer, and in a paper in the 57th volume of the 
Philosophical Trans. Other curious and valuable papers on 
this subject by Dr. Maskelyne, Dr. Horsley, Sir George Shuck- 
burgh, and General Roy, are inserted in the different volumes 
of these Transactions ; and an interesting disquisition is given 
by M. Biot, in the 3d volume of his Astronomie Physique.*” 

Some other important deductions, in a recent paper of M. 
Biot’s, may be seen in the article TiiEEMOMETEa, in our second 
volume. 

The most accurate experiments for ascertaining the expansion 
of mercury are those of General Roy (vol. 67, Philosophical 
Transactions). These are contained in the following table; 
where the first column expresses the temperature by Fahren- 
heit’s thermometer, the second expresses the bulk of the mer- 
cury, and the third the expansion of an inch of mercury for an 
increase of one degree in the adjoining temperatures. 
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Table I* 


Temp. 

Bulk of 5* 

Expans, for 

212” 

30-5117 

0-0000763 

202 

30-4888 

0-0000787 

192 

30-4652 

0-0000810 

182 

30-4409 

0-0000833 

172 

30-4159 

0-0000857 

162 

30-3902 

0-0000880 

152 

30-8638 

0-0000903 

142 

30-3367 

0-00Q0923 

132 

30-3090 

0-0000943 

122 

30-2807 

0-0000963 

112 

30-2518 

0-0000983 

102 

30-2223 

0-0001003 

92 

30-1922 

0-0001023 

82 

30-1615 

0-0001043 

72 

30-1302 

0-0001063 

62 

30-0984 

0-0001077 

52 

30-0661 

0-0001093 

42 

30-0333 

0-0001110 

32 

30-0000 

0-0001127 

22 ' 

29-9662 

0-0001143 

12 

29-9319 

0-0001160 

2 

29-8971 

0-0001177 

0 

29-8901 



The General also made experiments on the expansion of the 
mercury in a real barometer : and in some rules for barometrical 
admeasurement, it will be necessary to know the logarithmic 
clifterence to the expansion of the mean temperature of the two 
barometers which are used. These logarithmic differences are 
contained in the following table, which is carried as far as 
beyond which it is not probable that any observations will be 
made. The number for each temperature is the difference 
between the logarithms of 30 inches, of the temperature 3^, 
and 30 inches expanded by that temperature. 
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Table II. 


Temp. 

Log. cliff. 

Dec. of 
Eatli. 

■Ft. , In. 

112’ 

102 

0-0000427 

•427 

2 7 

92 

0-0000436 

•486 

2 7 

82 

0-0000444 

44)4 

2 8 

72 

0-0000453 

•453 

2 9 

62 

0-0000460 

•460 

2 9 

52 1 

0-0000468 

•468 

2 10 

42 

0-0000475 

•475 

2 10 

32 

0-0000482 

•482 

2 11 

22 

0 0000189 

•489 

2 11 

12 

0-0000497 

•497 

3 0 

0 

0-0000504 i 

•504 

3 0 


General Roy compared a mercurial and an air thermometer, 
each of which was graduated arithmetically, that is, the units 
of the scales were equal bulks of mercury, and equal hulks 
(perhaps different from the former) of air. He found their 
prcjgrcss as in the following table. 

Table HI. 


Merc. 

Diff. 

Air. 

Biff 

212 

192 

172 

152 

132 

112 

92 

72 

52 

32 

12 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 

212-0 

194-4 

176-2 

157-4 

1380 

ns-o 

97-2 

75-6 

530 

31-4 

11-4 

17- 6 

18- 2 
18-S 
19 4 
200 
20-8 
21-0 
22-6 
21-6 

' 20-0 


The subsequent tiihle contains the expansion of 1000 parts of 
air, nearly of the common deusitv, by heating it from 0 to 212. 
The first column contains the height of the barometer; the 
second contains this height augmented by the small column of 
mercury in the tube of the manometer, and therefore expresses 
the density of the air examined ; the third contains tlie total 
expansion of 1000 parts ; and the fourth contains the expansion 
of supposing it uniform throughout. 
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Table IV. 


Barom, 

Density 
of Air ex- 
amined. 

Expansion 
of 1000 parts 
by 212*®. 

Expansion 
by 1®. 

29-95 

31-52 

488-89 

2-2825 

80-07 

30-77 

482-10 

2-2741 

29-48 

29-90 

480-74 

2-2676 

29-90 

30-73 

485-86 

2-2918 

29-96 

80-92 

489-45 

2-3087 

29-90 

30-55 

476-04 

2-2465 

29-95 

30 60 

487-55 

2-2998 

80-07 

80-60 

482-80 

2-£774 

29-48 

80-00 

483-47 

2-3087 

Mean 

30-62 

484-21 

2-2840 


Hence it appears, that tfie mean expansion of 1000 pai'ts of 
air of the density 30*62 by one degree of Fahrenheit’s thermo- 
meter is 2*S8-1j5 or that 10*00 becomes 1002*284. 

If this expansion be supposed to follow the same rate that 
was observed in the comparison of the mercurial and air ther- 
mometer, we shall find that tlie expansion of a thousand parts 
of air for one degree of heat at the different intermediate tem- 
peratures will be as in the following table. 

Table V. 


Temp. 

Total Expaii- 
sion. 

Expantion 
by 1 ®. 

212 

192 

172 

152 

182 

112 

92 

82 

72 

62 

52 

42 

82 

22 

12 

0 

484-210 
444-0 11 
402-452 
859-503 
815193 
269-51 S 
222-006 
197-795 
172-671 
147-090 
121-053 
95-929 
71-718 
48-421 
26-038 

2-0099 

2-0080 

2-1475 

2-2155 

2-2840 

2-3754 1 

2-4211 ' 

2- 6124 1 

2-5581 i 

2-6037 

2-5124 

2 4211 
2-3297 
2-2383 
2-1698 
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If we would have a mean expausion for any particular range, 
as between 12"^ and which is the most likely to comprehend 
all the geodsetical observations, we need only take the difference 
of the bulks 26*038 and 222*006 =195*968, and divide this by 
the interval of temperature 80% and we obtain 2*4496, or 2*45 
for the mean expansion for 1% whence a complete table may 
readily be constructed. 

504 Having thus stated the most material circumstances 
which are to be taken into the account in this kind of admea- 
surement, and ^ven such tables as will be useful in the com- 
putation, we shall proceed to exhibit the most approved precepts 
and rules. 

In order that the observations may be carefully and properly 
made, the person who undertakes them should be provided 
with two portable barometers of the best construction (both 
filled with mercury of the same specific gravity), on which, by 
means of a nonius properly adapted to the scale, he may read 
off the height of the mercurial columns to the 200th part of an 
inch : each barometer should be fitted up with an attached ther- 
mometer, set in the wooden frame in the same manner as the 
barometer tube is. The ball of each thermometer had best bo 
nearly of the same diameter as the barometer tube. Besides 
these he must also be provided with two other thermometers, 
detached from the barometers. Of these barometers, one with 
its attached and detached thermometers is to be placed in the 
shade at the top of the eminence whose height is required, 
while the other remains below. Let them continue in their 
places at least a sufficient time for the detached thermometer to 
acquire the temperature of the air, that is to say, till the con- 
tained fluid is stationary. Then the observer on the eminence 
must note down the height of the mercurial column in the 
barometer, as well as the temperatures exhibited by the attaclied 
and detached thermometers ; and at the same time the other ob- 
server must make like observations upon the instruments below. 
If, in this manner, three or four sets of observations be taken at 
each station after short intervals of time, and the mean of the 
results furnished by these sets respectively be taken as the true 
altitude (following one of the subsequent rules), the probability 
of error will be much diminished. It is also advisable to make 
the observations in serene weather, between 11 and 12 o’clock. 
For it has been found that the computed heights are too small 
when the observations have been made near sunrise or sunset, 
or when the wind blows fresh from the south ; and that, on 
the contrary, the computed results are too greats when the 
observations are made about 3 o’clock in a hot summer’s day, 
or during a brisk wind from the north or east. 
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In practice, however, it will often be necessary to deviate I 

from the preceding directions, and such deviations may be ^ I 

pretty well guarded against mistake. In cases where better I 

instruments cannot be had, any well-made portable barometer ] 

so graduated as to show the true change in the altitude of the | 

mercury, may afford such observations as ought not to be \ 

neglected. A small error in the position of the point from I 

whence the scale of inches commences, will not sensibly affect j 

the result; for that result depends chiefly (art. 501.) upon 

log. “ or log. SI — log. m, which will not be much affected by 

a small and equal change in m and m. Suppose, for example,. 

M was S9*36 inches, and m S7‘84 inches, then log* m — log. m :::: 

230869 ; but if m were 29*1 1, and = 27*^59, each less by a 
quarter of an inch, we should have log. si — log. w n: 232905, 
which would not cause a difference in the result of more than 
1 fathom in a hundred. And an error of of an inch in the 1 

position of the zero is far greater than may be reasonably ex- I 

pected to occur. If an hour or more can be allowed for the | 

mercury in the barometer to acquire the temperature of the | 

surrounding air, which is shown by the detached thermometer, I 

then the attached thermometer may be dispensed with. A I 

single barometer may supply the place of two, if the observa- I 

tions can be made first at the base, then at the summit, and 1 

again at the base, in a moderate space of time ; and if the two | 

sets of observations at the base correspond pretty nearly, it may I 

be presumed that the density of the air below lias undergone no | 

material change during the operations. The necessary obser- I 

vations being made, the altitude of the object at whose top and ? 

bottom the instruments were placed, may be ascertained by one ■ 

or other of the following rules. 

I. na. EOBISOH’s METHOD.' -A 

■ 'v . . , , ^ "I 

505. In this method no tables are required ; it will be suf- I 

ficiently exact for most pu rposes, and is not difficult to remember. j 

It was deduced from these eoiisiderations. j 

1. The height through which we must rise in order to pro- ; 

duce any fall of the mercury in the barometer, is inversely pro- | 

portional to the density of the air, that is, to the height of the I 

mercury in the barometer. 

2. When the barometer stands at 30 inches, and the air and i 

quicksilver are of the temperature 32% we must rise through 87 ^ 

feet to produce a depression of ^ of an inch. 

3. But if the air be of a different temperature, tliis 87 feet \ 
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must be increased or diminished by about 0'21 n foot, for 
every deoree of difference ol tise temperature from 

4. Every degree of difference of the temperatures of the 
mercury at the two 'stations makes a change of 2'83t3 feet, or 2 
feet 10 inches in the elevation. 

Hence the following rule : , . , . 

I. Take the difference of the barometric heights m tenths of 

an inch. Call this d. „„„ , , 

II. Multiply the difference d between 32° and the mean tem- 

perature of the air by -21, and take the sum or difference of this 
product and 87 feet. This is the height through wliich we must 
rise to cause the barometer to fall irom oO inches to .i-O 9 j and 
may be called h. . , . , 

III. Let m be the mean between the two barometric heights ; 

Xhen is the approximated elevation very nearly. 

IV. Multiply the difference i of the mercurial temperatures 
by 2-833 feet, and add this product to the approximated elev.i- 
tion if the upper barometer has been the warmest, otherwise 
subtract it: then will the resulting sum or difference be the 
corrected elevation. 

Or, this rule may be expressed by the following formula ; 
where d is the difference between 32° and the mean tcnijierature 
of the air, n is the difference of barometric heights in tenths of 
an inch, m is the mean barometric height, S the difference be- 
tween the mercurial temperatures, and E is the correct elevation. 

E _ ±Jx 2-833. 


Eor an example, suppose that the mercury iu the barometer 
at the lower station was at 29'4 inches, its temperature 50° of 
Eiihrenheit’s thermometer, and the temperature of the air 45" : 
the height of the mercury at the upper station 25-19 inches, its 
temperature 46°, and the temperature of the air 39°. 

Here d = 294 -251 -9 = 42-1 
7i = 87 + (10x-21) = 891 
m=:i (29-4 + 25-19) = 27-295 

= approximate elevation = • . 4123-24 

Correction for temp, of mercury 4 x 2-833 = 11-33 


Corrected elevation in feet . • 4111-91 

Ditto in fathoms ..... 685 32 
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IL M. BE BBc’s METHOB. 

506. I. Subtract the logarithm of the barometrical height at 
the upper station from the logarithm of that at the lower, and 
count the index and first four decimal figures of the remainder 
as fathoms, the rest as a decimal fraction. This may be called 
the elemiion. 


II. Note the different temperatures of the mercury at the two 
stations, and the mean temperature. Multiply the logarithmic 
expansion corresponding to this mean temperature (in table IL 
art. 508.) by the difference of the two temperatures, and subtract 
the product from the elevation if the barometer has been coldest 
at the up^er station, otherwise add it. This difference, or sum, 
will be the (ipp7^ooomiated ele*vation, 

HI. Observe the difference of the temperatures of the air at 
the two stations by a detached thermometer, also the mean tem- 
perature, and its difference of temperature from Multiply 
this difference by the expansion of air for the mean temperature, 
and multiply the approximated elevation by 1± this product, 
according as the air is above or below The last product 
is the correct elevation in fathoms and decimals. 


Taking iht same example as before have 


5 ai. heights. 

29*4 ■ 

25*19 

I. Log. of 29*4 
Log. of 25*19 


Temp. § . 


50 

46 


4 


Mean. 

48 


Temp. Air. Mean. 



1*4683478 

1*4012282 


Elevation in fathoms . . , . . 671*191 

II. Expans, for 48® (tab. II,) . . * 473 
Multiply by (50 — 46) . . . 4 

— . ' . 1*892 


Approximated elevation . . . , 669*299 

III. Expans. of air at 42® . . 00*00238 

Multiply by, (42 — ,^2) ,. ' 10 


0*0238 

Hence 669*299 x 1*0238= 685*228, the correct elevation. 


III. SIR GEORGE SHtJCEBUEGH’s METHOD. 

507. I. Reduce the barometric heights to what they would 
be if they were of the temperature of 32®. 

VOL. I. ^ L L 




I 

j 


1 

i 


] 


t- 

I 



I 

I 

I 

I 
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II. The difference of the logarithms of the reduced barome- 
trical heights will give the approximate elevation.^ 

III. Correct the approximated elevation as before. 


Same e.vample- 
Mean expans, for l^from tab. I. is O'OOOlll 


18<>xOOOOinx29-4 
Subtract this from 


Reduced barometi-ic height . . . 

Expans, from tab. I. is O’OOOl 1 1 
14“ xO-OOOilIx 25-19 . . . • 

Subtract from • 


II. 


Reduced barometric height 


Log. 29-341 
Log. 25-151 


0-039 

29-4 

29-341 

0-039 
25 190 


. 23-151 
1-4674749 
1-4005333 


609-19(5 

685-123 


Approximated elevation . • • • 

III. This multiplied by 1-0238 gives . 

Remarl: 1. If 0-000101 be supposed the mean expansion of 
mercury for 1°, as Sir George Shuckburgh determines it, the 
reduction of the barometric heights will be had sufficiently exact 
by multiplying the observed heights oi the iiiereury by the dif- 
ference of Its temperatures from S£, and cutting off four more 
decimal places ; thus ^9*4 x reduced height 

£9*S4Tand ^5*155, and the difterence of 

their logarithms gives 669*4 fathoms for the approximated 
elevation, which differs from the one given above by no more 
than 15 inches. 

Remark % If 0'00S4 be taken for the expansion of air for 
one degree, the correction for this expansion will be had by 
multiplying the approximated elevation by 1^, and ibis product 
by the sum of the differences of the temperatures if cm 
counting that difference as negative when the tem]>twalure is 
below and cutting off four places; thus 669* 1 96 x x 
(13 4.-0 T)Xttoot C69T9G gives 

685*257, differing from the former only 9 inches. 


IV. BE. Hutton’s method. 

508. I. Observe the height of the barometer at the bottom ot 
any height or depth intended to be measured, with the tempera- 
ture of the quicksilver by means of a thermometer attached to 
the barometer, and also the temperature of the air in the shade 
by a detached thermometer. 
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II. Let the same thing be done also at the top of the said 

lieight or depth, and at the same time, or as near the same time 
as may be. And let those altitudes of barometer be reduced to 
the same temperature, if it be thought necessaryj by correcting 
either the one or the other ; that is, augment the height of the 
mercury in the colder temperature, or diminish that in the 
warmer, by part for every degree of difference of the 

two. The altitudes of mercury so corrected being what we 
denoted by M and in art. 501. 

III. Take the difference of the common logarithms of the 
two heights of the barometer, corrected as above if necessary, 
cutting off three figures next the right hand for decimals, the 
rest being fathoms in whole numbers. 

IV. Correct the number last found for the difference of tem- 
perature of the air, as follows: Take half the sum of the two 
temperatures for the mean one ; and for every degree which this 
differs from the temperature 31% take so many times the 
part of the fathoms above found, and add them if the mean 
temperature be above 31% but subtract them if the mean tem- 
perature be below 31 ; and the sum or difference will be the 
true altitude in fathoms ; or, being multiplied by 6, it will be 
the altitude in feet. {Math. Diet. art. Bm'ometer.) 


Same emm^yie. 


Thermometers. 1 

Barometers, 

Detached, 

Attached. 


45 

50 

29*4 lower. 

89 

46 

25-19 upper. 

Mean 42 ■ 

DifF. 4 



As 9600 : 

corr. -01^3 


Mean 42 M =29-3877 . ... log. 4681656 
Stand.31 4013282 


Diff. !1 As 435 : 11 : : 669-374 : 16*924 

, : — , .. 16-924 , : 


The altitude sought is 686*298 fathoms. 

509. Such are the most approved rules for the determination 
of altitudes by the barometer. By a comparison of the four 
methods it will be seen that no two of the results differ more 
than a 600th part ; so that in point of accuracy we know not 
which should be preferred. In practice, perhaps, the first and 
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fourtli niay bo most expeditious ; atid,. lu general, an arithmetical 
mean between' the- results of thesO' twO' .will not beviar from the 
truth** 

As to the ,advantages-of -the barometric compared with the 
geomeiiical method of measuiiug elevations, avc shall stale 
them chiefly in,. the language of Mr. Xieholson (Natural Philo- 
sophy, vol.Vn). First, the instruments are neither very expen- 
sivcj nor even difficult for an ingenious philosopher to make in 
any conn trv wdiere he can procure c|uicksilver and glass tubes; 
but the geonietrical method requires instruments ol consulerable 
price, which cannot at all be accurately constructed by the most 
ingenious person who' is destitute ol' the' tooLs, and unacquainted 
with the artifices necessary to render them correct. Secorally, 

^ Besides the above, which are appropriated to English ami F:ihr«?nlicii s 

ihermanielcr, we may here exhibit a few fonr.uUe adupttni to the cent ipraiie t!;crmo- 
nietcT and French nieasiires. Let T and t be the tcmperaiun? oi tiic nir. at, »he huvr-r 
and upper stations, indicated by the centigrade thernunnetiaa ![ and /; iih.‘ hcigiits cd 
the mercury in the barometer at those stations, and m am! lu the icn-p'jratuivs oi the 
mercury in the respective barometers; then, necordhig to Laplace, the ahitmU* in 
metres,/ of the upper, above, the lower station, will be expreised by a *- 

/I . + M 

. log. 


1000 




54i2 


This reduced to English measures gives for the altitude in iailKnus. a = 
Q(T + i) , II 


lOdhO 


(1 + 


log. 


1000 ''' /^(l+OOOI8(M-m) 

M. Biot presents the following formula, comprehending tlie allowanre for changes 
in latitude, and not erring more than 1 metre in 1500: namely, a = i’d,>o;> 

\ 1 + -00283/ cos 2x1 I i I log. 

i j i 1000 j h 

And lastly, M. Prony, in the Connaissance des Terns pour Fan 1816,’’ presents 
a very commodious expeditious theorem, approximating to the true result usually 
within 1 in 1200 ; viz. a = k$^. Of these three factors k is constant, being IbOo**? 
metres; tire multipliers of this number are 18336, the double nuuhdus, and tlje con- 
stant part of the term in which log. -- is found repeated, the variable part of that 

T -r I' ) ' 

term being here neglected. The second fector 9 = 1 + ^1— . And the third //=-- 

*=* UX)0 ^ 

1, where I + *000185 The quantity // is the first term of the 


following series, log. ~-2 m§'(1 + -Iqi -i- 'r &c.) m being 

When the altitude exceeds 1 000 metres, the second term of the series minst be taken 
into the account. The demonstration of this formula is given at p. 312 of the above 
cited volume. 

For a simple practical rule by Sir H. C. Eiiglefield, the reader may consult 
Nicholson’s Journal, 55, N. S. 

And for an easy approximation when the altitudes do not exceed 1 000 feet, say, as 
h + A : n-k:: 55000: a in feet, at temperature 55^’ (^Fahr.). Correct this by 
adding or subtracting its for every degree above or below 55®. 
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tip barometers require no other adjustment than to observe pre- 
viously whether they agree, and, if they do not, to allow for their 
difference. The barometrical observations are likewise easily 
made; whereas, on the contrary, the previous adjustment and 
subsequent use of instruments for measuring angles require 
a deoTee of precision and skill not usually obtained without 
practice. Thirdly, the error of observation in the barometrical 
method for all elevations is nearly a constant quantity, never 
amounting to so much as half a fathom for a mistake of the 
500th oi an inch ; but any error either in the measurement 
of lines or angles proportionally affects the result; so that the 
greater the elevation required to be measured, the larger the 
quantity of error. Fourthly, the barometrical observations re- 
quire no particular circumstances of advantage either in the 
figure or situation of the mountains, &c. to be measured, nothing 
more being required than that both stations be accessible. 
These observations, and the computation, are performed after 
tip same method in all cases ; but, in the, geometrical method, 
if the horizontal distance of the two stations be considerable, or 
if there be not a convenient plain for measuring a fundamental 
base, the operation becomes very complicated, and the pro^ 
bability of error is multiplied. 

After all, it must not be disguised that the principles of die 
geometrical method are established and sure, and that an ex- 
treme degree of exactness may often be obtained in this way by 
good instruments in the hands of a skilful observer : whereas 
the modifications of the atmosphere with regard to the effect 
which exhalations of various kinds, and the greater or less 
abundance of the electric matter, may have in expanding the 
air without changing its temperature, are not yet sufficiently 
known to render the corrections altogether so perfect as might 
be wished. These remain to be ascertained more acciirately 
by future observations : meanwhile it should be reraembered, 
that the elevations determined by the barometer are most to be 
depended upon when the extreme temperatures of the column 
of air do not greatly differ, and when the air is cold and dry. 

The various circumstances aflecting the density of the atmo- 
sphere and likely to occasion errors in barometrical admeasure- 
ments, sucii as the expansion from various degrees of heat, tlie 
change in the relation between the density and the compressing 
force, the variation in the force of gravity, the solution of 
moisture in the air, the diminution of the weight of mercury in 
the upper barometer, &c. have all been made the subjects of 
investigation in an elaborate paper by the late Professor Playfair, 
published in the Transactions of the Royal Society of Edin- 
burgh, vol. \ and, subsequently, by Laplace, Ramond, and 
others. 
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M Mace has proposed a method of combining the obser- 

This ijosition, so far as it appends upon b i ^ 

surement, is shown by the distance frora^the first 

ordinates ; one ot ^^nd the other the distance from the 

mridm.. of f rt ird c»oramatt per- 

S?rS»Tlulg a jL opA th« 

nKcprvations wes the elevation or the place pi opo. 
obfeeivauons LI ^peommeBcled to choose m each re- 

ha- JrSS^S^done in various parts of the continent; and 
n^e rfthSaSes in theSdvol. of the “ Trigonometrical Survey 
of England and Wales” furnishes numerous important results 
oKhiskind. 
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CHAPTER HI. 


ON THE MOTION OF AIR WHEN THE EQHILIBIIIUM OF TEESSUEE 
TS REMOVED. 


510. In the present chapter we shall consider air (taken for 
a representative of elastic huids in general) as acted upon by 
gravity equally and in parallel directions ; and in a series of 
propositions inquire into the circumstances of its passage from 
a vessel into a vacuum, or from one vessel to another, in which 
the air is of less density. 

Prop. To determine with what velocity air will rush into a 
mid space when impelled hy its weight alone. 

This is manifestly analogous to the hydraulic problem of 
water flowing through an orifice in the bottom or side of a 
vessel (art. 4B9. )*« and the manner of investigation there adopted 
will immediately apply to the present instance. For when the 
moving force, and the matter to be moved, vary in the same 
proportion, the velocity will continue the same ; that is, since 
FOCBV (art. ^16.) when Fan, v is constant. If, therefore, 
there be similar vessels of air, water, oil, or any other fluid, all 
of the height of a homogeneous atmosphere (art. 495.), they 
will be discharged through equal and similar holes with the same 
velocity : for, in whatever proportion the quantity of matter 
moving through the hole be varied by a change of density, the 
pressure which forces it out, acting in circumstances perfectly 
similar, varies in the same proportion. Hence it follows, that 
air rushes from the atmosphere into a mid with the velocity 
which a heavy body would acquire hyfallmgfi'om the top (fa 
homogeneous atmosphere. 

Let us take, then, for the height of the homogeneous atmo- 
sphere 11=27818 feet (art. 496.); and if we piitg’ = 82|- feet, 
as we have heretofore done, we shall have y = (%h) = 1839 

feet nearly =8 v^h nearly, the veloeity sought : no regard bein 
here paid to the velocity which the air acquires after its issuin 
into the previous void by its continual expansion. 
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Sll. The first solution to this problem we recollect was 
given by Dr. Papiiijin the Phil. Trans. No. 184. See also the 
New Abridgnient, part- x. p. 334. It is deduced from this 
proposition, viz. that of different liquors under the same pres- 
sure, those specifically lighter must acquire a greater celerity, 
and their diflerent velocities will be to one another as the roots 
of the specific gravities of the said liquors. If, therefore^ ' 
says Dr. Papin, we would know what is the velocity of air 
when driven by any degree of pressure whatever, we need only 
find what would be the velocity of water under the same pres- 
sure, and then take the scpiare roots of the specific gravities of 
these two fluids, because, as much as the square root of the 
specific gravity of water exceeds the square root of the specific 
gravity of the air, so much in proportion will the velocity of the 
air exceed that of the water. For example, when I would com- 
pute what would be the velocity of a bullet shot by the pneu- 
matic engine, described in Phil Trans. No. 179, I should first 
compute what was the velocity of the air itself that drove the 
bullet : I therefore observe that on this occasion the air sustains 
a pressure much about the same as that of water when its head 
is 32 feet high ; iiow sucl^ water would spout out with a suf- 
ficient velocity to ascend 32 feet perpendicular, and therefore 
it has the velocity of 45 feet in a second. It remains, therefore, 
only to know the proportion of the gravity of air to that of 
w^ater : this we have found not to be always the same ; because 
the height, the heat, and the moisture of the atmosphere, are 
variable ; yet we may say in general, that the ratio of the specific 
gravities of water and air is about 840 to 1. Taking, then, their 
square roots, which are 29 and 1, we may conclude that the 
velocity of air must exceed that of water 29 times ; and so 
multiplying 45, the velocity of water, by 20, we shall find that 
the velocity of the air, driven by tlie whole pressure of the 
atmosphere, is about 1305 feet in a second.” 

This number, as Dr. Hutton remarks, is too small ; for the 
mean pressure of the atmosphere is now known to be about that 
of a column of water of 33|. feet, and this will give for its velocity 
46-iy feet, instead of 45 ; which, multiplieci by the 29, gives 
nearly 1348 feet: a determination which differs ifom that in 
the preceding article by about its 150th part. 

512. Prop. To determine the velocity xoith which the air qf^ 
the atmosphere teill rush into a space containing rarer ah\ 

Whatever the density of the rarer air may be, its elasticity, 
tvhich varies as its density, will balance a proportional part of 
the pressure of the atmosphere; and it is the excess of this last 
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only which is the moving foi’ce, the matter to he moved is the 
same as before. Let d, then, be the natural density of the air^ 
and ^ the density of the air contained in the vessel into which 
it is supposed to run : let v be the pressure of the atmosphere, 
and therefore equal to the force which impels it into a void, 
and (fir the force with which this rarer air would run into a void. 

Then (art 491-) we have = 'TI), and -r iz Also the 

moving force in the present case is r — tt, or p — Lastly, 

let V be the velocity of air of density n rushing into a void, and 
V the velocity with which it will rush into the rarefied air of 
density Now, in this as well as other fluids, the pressures 
are as the squares of the velocities of efflux ; therefore (art. 

469* cor. 2.) p : p — ^ and by redaction we find 

t> = V X ■^); an expression for the velocity sought, 

not considering the resistance which the air of density n will 
experience from the inertia of that in the vessel, which it must 
displace in its motion. 

Cor. L Hence, it appears that there will always be a current 
into the vessel while ^ is less than d. 

Cor. 2. Hence, also, we learn the gradual diminution of the 
velocity as the vessel fills ; for, because ^ gradually increases, 

1 — — , and consequently, the value of v continually diminishes. 

513. Prop. To determine the time tin seconds^ m which the' 
air of the atniospliere mil flow into a given vessel from Us state 
of mcuity^ till the air in the vessel has acquired amy proposed 
density^. 

Let H be the height in feet due to the velocity v (art. 244.), 
5 the solid content or capacity of the vessel in cubic feet, and a 
the area or section of the aperture in square feet, n represent- 
ing, as before, the natural density of the air. Now, since the 
quantity of air to fill the vessel will depend upon its density 
and the capacity of the vessel conjointly, ive may express 
it by m when the air is in its ordinary state, and bv Is wlien 
it has acquired the density To find the rale at whieli 
the vessel fills, we must take the fluxion of the quantity 

wdiich will be 5-V because .s is invariable. The velocity of 
flux at the first instant is v or \/ (2g’B) (art. 510.), and when 
the air in the vessel has acquired the density that is, at 

the end of the time t, the velocity is x 's/(l — ~ ) 
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or Vi^gn*^. Hence the rate of minx, which may 
be measured by the indefinitdy small quantity oi air which 
will eater during the time J with this Yeiocityj will be de- 
noted by V(2 ^’h) X X Bat =:: ai^ [^gBB (d — 

Making these two values of the rate of influx equal, we have 
flV [2 ^dh(d - J)] = sK or i = X Taking 

the fluentSp we have t zz \/( 0 “- J) +c. 

To determine the constant quantity c, we must recollect that 
when — O, and V (b — = Vb : hence c = Vb ; and 

the correct fluent is 

'=.v<Sii) t''”" 

Cor. When ^ zzb the motion ceases, in which case t be- 
comes or — 7 ;^ — r, or r-V* nearly, for the time of com- 

pletely filling the vessel. 

61 4. To illustrate this by an example in numbers, let us 
suppose the capacity of the vessel to be 8 cubic feet, or nearly 
a wine hogshead, and that the orifice by 'which the air of the 
ordinary density (which we shall make = 1 ) enters is an inch 
square^ or ^ Here 4 -v/ h n 4 27818 = 668 , and 

^ ^ If the hole be only ^.4-^ of a 

square inch, or the side of an inch, the time of completely 
filling the vessel will be nearly 172^| seconds, or I'ather less than 
3 minutes* 

If we make the experiment with a hole cut in a thin plate, 
we shall find the time greater nearly in the ratio of 62 or 6S to 
100* As is likewise the case with water flowing through small 
orifices (art* 458. 517.), and for similar reasons. 

In like manner we can find the time necessary for bringiog 
the air in the vessel to of the ordinary density. For the only 
variable part of the correct fluent above is — which in 
this case becomes whence (d -^) 

r: And if the hole is a square, each side being -^ 4 .- of an inch, 
the time is ^ of 172^, that is, 86 |: seconds. 

515. Prop. Let the air in the vessel abcb (fig. 4. pi. XVIII.) 
he compressed hy a weight actmg 071 the cover ad , which is move^ 


53S' 



GHAF. 111 . MOTION OF AIK, &C. 


aUe down the mssely to rief ermine the velocity qf the air ewpeUed 
at the aperture c. 

Tlie density » of the external air corresponds to its pressure 
F ; aiid> since the immediate efiect of the external pressure is to 
compress the air in the vessel and give it another density, let the 
additional pressure on the cover of the vessel be and the 
density of the air in the vessel be rf; then shall we have f: p-[- 

p : : D : £?; whence p = p • Now, because the pressure 

which expels the air is the difference between the force which 
compresses the air in the vessel and that which compresses the 
external air, the expelling force is p ; and because the quantities 
of motion are the forces which similarly produce them, we shall 

have p : p • : : mv : m?, where m and m express the qiian* 

titles of matter expelled, v the velocity with which air rushes 
into a vacuum, and v the velocity required. But because the 
quantities of aerial matter which issue from the same orifice in 
an instant are as the densities and velocities jointly, we shall 

have MV : 7nv : : dvv : dvv. Consequently p : f • 

And hence we deduce vzzy V 

a 

Con. Another expression for the velocity may be obtmned 
without considering the density: for since p : f + p; :B : d, 


i 

j 


therefore 

P 

Up , 

~ ; whence --r- = 

P ’ d 


P- ' ^ 

^ ^ — -JL. Substituting this 

p p p+p ^ 


value of for it in the final value of v, it becomes v ; 


Vy/ which is both a simple and convenient expression. 

516« Peop. To inquire into the effect of the elasticity, 
when ascertaining the velocity teith imich the air unM issue from 
a vessel into a mcumi. 

Let ABC D (fig. 4, pL XVIII.) be a vessel containing air of 
any density d. This air is in a state of compression, and if the 
compressing force be removed it will expand, and its elasticity 
will diminish with the density. Now’' its elasticity in any state 
is measured by the force which keeps it in that state (art. 488.) ; 
and the force which keeps common air in its ordinary density is 
the pressure of the atmosphere, which (art. 485.) is at a medium 
the same with the w^eight of a column of mercury 29-1 inches 
high. If, therefore, we suppose that this air, instead of being 
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confined by the top of the vessel, is pressed down by a move- 
able piston carrying .a cylinder of mercury of the same base, 
and £9 inches high, its elasticity will balance this pressure j ust 
as it does the pressure of the atmosphere: and, since it is a 
fluid and propagates through every part and in every direction 
the pressure exerted on any one part, it will press on any small 
portion of the vessel by its elasticity, in the same manner as 
when loaded with this column. Hence, if this small portion 
of the vessel be removed, and a passage made into the void, the 
air will begin to flow out with the same velocity as it would 
flow out when impelled by its weight alone, or with the velocity 
acquired by falling from the top of the homogeneous atmo- 
sphere; that is, a velocity of 1339 feet nearly (art. 510.). But 
as soon as any air has passed through the orifice, the density of 
that remaining in the vessel is diminished, and its elasticity is 
diminished, consequently the expelling force is diminished: 
but the matter to be moved is diminished in the very same pro- 
portion as the density, the capacity of the vessel remaining; un- 
changed : therefore, since the density and elasticity follow the 
same law, the quantity of matter moved will vary as the moving 
force, and the velocity will continue the same from tlie beginning 
to the end of the efflux. 

SCHOLIUM. 

517. Hence, since the velocity with which the air issues {>ut 
of such a vessel is condmit^ we may readily compare tlie velo- 
city of theory in art, 510. with that found by experiment. But 
for this purpose we shall here clescribe the simple apparatus 
and experiments of Mr. Banks, in which a change of density 
is avoided. (Banks on the Power of Machines, p. 10.) a (fig, 
8. pi. XVIII.) is a cask of known capacity, into the lop of 
which is screwed an aperture a of a known area. The tube 
Td^, recurve at d, is soldered or screwed into tlie top of the said 
cask. The hole a is stopped, and water poured into the tube t 
till it is full ; at which time a (juantity of water will iiave passed 
out of the hole at and condensed'' the air in the cask till its 
spring is equal to the weight of tlie water in the tube. At this 
time a cock placed over the tube t, sufiiciently large to supply 
water as fast as it can descend into the vessel a, mu:k be opened 
to keep the tube constantly filled ; for this purpose one |>erson 
must attend it, and another must open the aperture //., which 
iieed only have been closed by a finger, and he must measure 
the seconds from the moment that the finger is removed till the 
w^ater flies out at the jet. lienee,^ from knowing the capacity 
of the vessel and the* area oi the jet, the velocity may be ob- 
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taineci If the tube tcI should be contiuued nearly to the 
bottom of Aj while A was filling with water, the length of the 
compressing col Limn 'Would be gradually diminished, and of 
consequence the pressure would be constantly changing: to 
avoid any irregularity this might produce, the open end of the 
tube is as near the top of the cask as is consistent with a free 
passage for the water. 

Experhnents. The vessel contained 151b, 6oz. of water; 
from which we find its capacity 425*088 cubic inches. The 
area of the aperture through which the air is discharged, is 
•0046 inches. 

Exp I i altitude of t above the cask SO inches ; 

; F* • Time of expelling the air SS'‘, by several trials. 

Exp II *1 altitude of t 6 feet ; 

I ’ • ^ Time of expelling the air 21 'S% by several trials. 

In the first experiment 425*088, the capacity of the cask, 
being divided by *0046, the area of the hole, gives 92410*4 
inches, for the length of the stream driven out in S3’'. Hence 

= 233*3 feet, the velocity per second. 

From the second experiment we deduce, by a similar process, 
361*6 feet, for the velocity per second ; and, to show the cor- 
respondence of this with the first, say, as \/2h (the head) 

: 2 33*3 : : y 6 (the head) : 361 *8 feet ; differing from the former 
by only a fifth of a fool. 

To compare the velocity thus found by experiment w'itli that 
assigned by theory (art. 510.), we may say as v'6 : 361*6 : : v/S3 
(the height of a column of water equivalent in pressure to the 
atmosphere) : 845*£ feet, the velocity wdth which the atmosphere 
w^ould begin to enter into a vacuum. Making the allow-ance 
spoken of in art. 514. we shall have 1339 x *63=: 843*57, agree- 
ing as nearly with the experimental result as can resonably be 
expected. 

518. Prop, Tojlml the quanUtiji of aerial matter xd'dclh %giU 
be exjjeiledJrom the or ifice c of the vessel abqx> (fig. 4.) (hiring 
my time t, and the density qf^the remaining air at the end (f 
that time. 

Ill the element of time i there issues (by art. 513.) the capacity 
of air at the velocity v being constant (art. 516.), and 

consequently the quantity of avc adt \/(2g‘H). On the other 
hand, the quantity of air at the begiiining of the efflux was 
s being, as before, the capacity of the vessel; and when the air 
has acquired the density d, the quantity in the vessel is sd^ and 
.SB— xd is the quantity expelled : consequently the quantity dis- 
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charged in the element of time i must be the fluxion of sd — sd ; 

O', 

that is — sd. Hence we liave the equation adt v' (S^h) = — sd, 
® X 1-. The fluent of this is 

a 


and 
i 




ad \/(2 £h) a\^(2gH) 

hyp. log. d. Now this fluent must be so taken 


that when t=0,d = n, or hyp. log. ^ = hy p. log. 1= 0. So 


that the correct fluent is t = hyp. log. ■ hyp. 

log* -^nearly. 

Cob. Hence it follows that the whole air of a vessel situated 
as in the proposition will not flow out of it into a voidj in any 
finite time whatever. 

519. Piiop. To determine the time when the mssel, instead of 
discharging its air into a voidy emits U into air of a less density/ ^ 
that density remaining imariahle duidng the ejjhiec ; as may be 
supposed the case when a vessel holding condensed air 'emits it 
into the surrounding atmosphere. 

Let the initial density of the air in the vessel be and that of 
the atmosphere d. Then it is manifest that the expelling force 

is p — -^(art. 512.); and that after the time t it is 
We have therefore : : mv : mv : 1 1 v" : dv - : whence, 

by reduction, we have = v V From which equation 

we may learn, that when cZ zr n the motion will be at an end; 
and that if ^ = n there can be no efflux. 

Now, to find the relation between the time and the density, 
let H, as before, be the height due to the velocity v. Hence 

the height due to the velocity of efflux v must be h • ^^ 5^9 ^^^d 

the small parcel of air which will flow out in the element of 

time ^ will be adi s/{^gB.* And another expres- 

sion for the same is, as in the preceding article,— Making 
these two values equal, we soon deduce the fluxionary equation 

i — X -7n~T\^ The fluent of this, so corrected 

av{2gm) V(a®— ai>) ^ 

that when ^ 0, d! = is 
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^=- ^ ^ ^°g- 

Coe. When (i becomes = b the efflux is complete, and the 
expression for the time will then become 

^ = T X V 2 ^, X hyp. log. -). 

520. Prop. Let the capacities of tm) mssels contaming airs 
(^different densities be a and b ; tf they communicate by a tube 
whose section is a, there will he a current from the vessel co7i- 
taining the denser air into that containing the rarer : it is pro- 
posed to f nd an expression for the time of efflux. 

Let p be the elastic force of the air in the vessel a, a its den- 
sity, and V its velocity ; d being the density of the air in the 
vessel whose capacity is b. After the time t let the density of 
the air in a be (p its Velocity Vy the density of the air in b having 

PI) 

become The force expelling from a will then be f ^ 

at the first instant, and at the end of the time t it will be 


So that we shall have 


pa—TB p^— 


whence arises tin v« v' ; and we see that the motion 
will cease when ^zzq. 

Now the capacities of the vessels being a and B respectively, 
we have for a second equation, including the densities, aq + 

BDZEAf+^^i from which we find ^ This value of 

^ being substituted in the preceding value of t?, transforms it to 
r rrv- f ; an equation which gives the re- 

lation between the velocity v and the density q. 

In order to find the time when the air in a is reduced to the 
density it will be convenient to abridge the work by some 
substitutions: thus, make a (Bd-A)r:M, bq, + bq— 

Bi> n E, and ^ zz m* Then, proceeding as in the propositions 
Immediately before this, we obtain the fluxionary equation 
aqi = flux, of (ao — Af) = — Ag. This 


aqi ^/ (Sg'H • = flux, of (. 

iWii , :.v ' 

gl\'eo> a\r(2gMR)^ ^ 

that 2 ^ n 0 when g = q, is as below : 


; the fluent of which, so corrected 


I 1 .Q-fw-f 
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Ib a maBBernot widely different from some of tlie propositions 
ill this chapter might various other problems relative to the 
passage of air from one vessel to another be solved : but such 
problems are not of very frequent use in the common appiica- 
tions of Pneumatics to practice^ and are therefore not inserted 
here. Some particular cases are considered in the article 
Pneumatics^ Eocyclo. Britan, as well as in Bossufs Hydro- 
dynamique^’’ part ii. ch. 11 and 12, to which works the student^ 
who wishes to investigate the subject further^ is referred for 
other information. 
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CHAPTER IV. 


ON THE THEOllY OF AIR PIJMPS, AND P0MPS FOR RAISING 

WATER. 

^ 521. T BE Air-pump is a machine formed for exhausting the 
air out of a proper vessel, and so to make what is called a 
vacuum : it is one of the most useful philosophical instruments 
whose operations depend upon the properties of the air. By 
the help of this machine the chief propositions relative to the 
weight and elasticity of the air are proved experimentally, in a 
simple and satisfactory manner. This machine is eonstructcH^^ 
in various ways, one of the best of which will be described in 
the second volume of this work. At present we shall describe 
one of a portable and convenient form ; being well adapted to 
most of the purposes for which air-pumps are employed, 
j EFGH (fig. 1. pi I. vol. II.) is a square table of wood; aa 

I are two strong barrels or tubes of brass, firmly retained in 

their position by the cross-piece tt, which is pressed on them 
by screws oo, fixed on the tops of the brass pill^yrs n, k. 
These barrels communicate with a cavity in the loweY part D. 
j At the bottom within each barrel is fixed a valve, opening 

j upwards ; and in each barrel a piston works, having a valve like- 

wise opening upwards. The pistons are moved by a cog-wheel 
in the piece tt, turned by the handle b, of which wheel the 
; teeth catch in the racks of the pistons c, c. ra is a circular 

brass plate, having near its centre the orifice k of a concealed 
pipe that communicates with the cavity : in the piece d at v is 
a screw that closes the orifice of another pipe, for the purpose 
of admitting the external air when required, lm is a glass 
receiver, out of which the air is to be exhausted, and which 
has obtained the name of receiver^ because it receives or holds 
the subjects on which the experiments are to be made. This 
receiver is placed on the plate fq, which is previously covered 
TOL. h MM 
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with a wet sheep-skin^ or smeared with wax^ to prevent the air 
from insinuating under the edge of the glass. 

When the handle b is tornedj one of the pistons is raised, and 
the other depressed ; consequently a void space is left between 
the raised piston and the lower valve in the coiTespondent 
barrel: the air contained in the receiver lm communicating 
with the barrel by the orifice k immediately raises the lower 
valv^ by its spring, and expands into the void space ; and thus 
a part of the air in the receiver is extracted. The handle then, 
being turned the contrary way, raises the other piston, and 
performs the same act in its correspondent barrel : while, in 
the mean time, the first-mentioned piston being^ depressed, tlm 
air by its spring closes the lower valve, and, raising tlie valve in 
the piston, makes its escape. The motion of the handle being 
again reversed, the first barrel again exhausts, while the second 
discharges the air in its turn : and thus, during the time the 
pump is worked, one barrel exhausts the air from the receiver, 
while the other discharges it through the valve in its piston* 
Hence it is evident that the vacuum in the receiver of this air- 
pump (and the same may be said of all others) can never be 
perfect; that is, the air can never bo entirely exhausted: for 
it is the elasticity of the air in the receiver that raises the valve, 
and forces air into the barrel ; and the barrel at each exsuction 
can only take away a certain part of the remaining air, which is 
in proportion to the quantity before the stroke, as the capacity 
of the barrel to the sum of the capacities of the barrel, receiver, 
and communicating pipe. 

522. Now, if we suppose no vapour from moisture, &c. to 
rise in the receiver, the degree of exhaustion after any number 
of strokes of the piston may be determined by knowing the 
respective capacities of the barrel and of the receiver, including 
the pipe of communication, &c. For, as we have seen above 
that every stroke diminishes the density in a constant propor- 
tion, namely, as much as the whole content exceeds that of 
tlie cylinder or barrel ; the exhaustion will go on in a geome- 
trical progression, the ratio of which is the same as that which 
the sum of the receiver and barrel together bears to that of the 
receiver: and this ratio of exhaustion will be followed until 
the elasticity of the included air is so far diminlslied by its rare- 
faction as to render it too feeble to push up the valve of the 
piston. 

Let, then, the capacity of the barrel, receiver, and pipe of 
communication together be expressed by 5+r, and that of the 
barrd alone by 5, and let 1 represent the primitive density of 
the air in the pump : so shall we have 
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^ T I T 1 t 1 
5 “f* r : r 

"'r : T 


h+r 


5+r 
* (5+r)® 

?3 


the density after 1 stroke of the piston, 
= density after 2 strokes, 


(5^^ • (i^iys == density after 3 strokes ; 

and the wth power of 

density after strokes*. 


the ratio r — , that 

O'+J' 


of ) 

is 5 




From which we may easily find the density after any number 
of strokes^ when the ratio of b : r, and consequently that of 6 -fr 
to r, is given. 

From the same fomaula, r: we may also derive an- 

other for finding the number of strokes of the piston necessary 
to I'arefy the air a number of times, or to give it a certain density 
d, the primitive density being 1. For the above equation, ex- 
pressed logarithmically, is e x log, = log. d; or n x (log. r — 


log. d 


in which 


log. & + r)=log.d: consequently, . 

expression d will be a fraction. If the number of times which 
the air is rarefied be expressed by n an integer^ tJien the loga- 
rithmic equation will be Err, — — ... 

^ log. (5 4* r) — log. r 

A further reduction of the same theorem will furnish us 
with the proportion between the capacities of the receiver and 
the barrel, wlien the air is rarefied to the fractional density d 
by a definite number n of strokes of the piston. For since 

----- r= A if we take the Eth root of both members of the 

(&+ r)** ^ 

equation we shall have zzl/d. Thus, if d be equal 

and the number of strokes e=:11; we shall find ^-5^ z: log. | ; 

so that r : & + r : : 1 : 3, and 6 : r : : 2 : 1. 

523* For the numerous uses of the air-pump the reader may 
consult the popular treatises on natural philosophy : we shall 
merely observe in this place, that the specific gravity of air may 
be accurately ascertained by means of this machine. The 
method is as follows : To the neck of a glass bottle, made in the 
form of a Florence flask, adapt a cap and valve opening out- 
wards ; screw it on the pump, and exhaust it to a known degree, 
which will be shown by the gauge attached to the pump for that 
purpose : then, from the weight of the bottle before and after 
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exhaustion, we have the weight of the exhausted air ; and from 
the ratio of the height of the mercury in the gauge to the 
standard altitude we know the proportion which the exhausted 
parts bears to the whole air originally in the vessel, whose 
weight is therefore known. Subtracting this weight iioni the 
weight of the vessel when full of air, there ’ivill remain the 
weight of the vessel itself: fill it with water and weigh it, and 
subduct the weight of the vessel from this weight ; the remainder 
is the weight ot a bulk of the same magnitude with the air 
which fills the vessel, and whose weight was also previously 
asccrtaiTiGci. 

Following this method, it has been found by^ a mean of 
several experiments, that the specific gravity of air is to that of 
water as to 1000, very nearly, when the bajometer stands 
at 30 inches, and in the mean temperature of 55^ of Fahren- 
heit’s thermometer. This agrees with the result already given 
in art. 490. 

PUMPS FOE RAISING WATER. 

524 The term Pump is generally applied to a hydraulic ma- 
cbine for raising water by means of the pressure of the atmo- 
sphere. Of pumps there are a great many different sorts, some^ 
of the best of which will be described in the second volume of 
this work : at present we shall only speak of three or four of the 
most common, and shall give merely such a general description 
of their construction as will enable the student to understand 
the principles on which their operation depends. 

The four kinds of pumps of which we shaU now treat are, the 
sueJeim pump^ the Wting pump^^ the ^oremg pump, and the 
centrifugal pump : ot these the first three have some parts in 
common, and particularly the pistons and suckers ; they 'will 
tiierefore be treated in a rather connected way : the properties 
of the centrifugal pump will be considered separately. 

The^i^on is a body abcb of circular base (figs. 5. 6. IS. 
pi, XVIII.), which may be moved through the interior part of 
the tube or body of the pump, filling it exactly as it moves 
along. The sucker e is moveable about a joint in such a man- 
ner as either to permit or to prevent the passage of the water, 
according as it presses upwards or downwards. In figs. 5. 6. 
there ai'e likewise suckers in the pistons, fghk (figs. 5. 13.) 
is another tube joined to the body of the pump, and is generally 
called the pipe or mching pipe : its lower extremity is im- 
mersed in the water, of which we suppose Rs is the horizontal 
surface. 

525. The sucicmg pump is represented in fig. 5. In this 


CHAP, IV. Water-pumps.."-. 53S 

piittip if we suppose a power iVapplied to the handle ^ o the 
piston so as to raise it from i to c, the air contained in the space 
DJKHOFC tends by its spring to occupy the space that the 
piston leaves \x)id : it therefore forces up the valve e, and 
enters into the body of the pump, its elasticity diminishing in 
proportion as it fills a greater space. Hence it will exert on 
the surface of the water a less effort than is made by the 
exterior air in its natural state upon the surrounding parts of the 
same surface rg, hs: and the excess of pressure on the part 
of the exterior air will cause the water to rise in the pipe gic 
to a certain height hn, such that the weight of the column 
GN, together with the spring of the super-incumbent air, shall 
just be a counterpoise to the pressure of the exterior air. At that 
time the sucker e closes of itself ; and if the piston be lowered, 
the air contained between the piston and the base iv of the 
body of the pump having its density augmented as the piston is 
lowered, will at length have its density, and consequently its 
elasticity, greater than that of the exterior air : this difference of 
elasticity will constitute a force which will push the sucker l 
in tlie piston upwards, and some air will escape till the exterior 
and interior air are reduced to the same density. The sucker l 
then falls again : and if we again elevate the piston, the water 
will be raised higher in fghk, reason as before. 

Thus, after a certain number of strokes of the piston, the water 
will reach the body of the pump ; where, being once entered, 
it will be forced at each stroke of the piston through the spout x : 
for the water above the piston will then press upon the sucker, 
and keep it shut whilst the piston is rising ; so that a cylinder 
of w^ater whose height is equal to the stroke ot of the piston 
(or the vertical distance through which it passes) will be raised 
by each upward motion and forced through the aperture x, 
provided it is of an adequate magnitude. 

526. The luting pump is I'epresented in fig. 6. pi. XVIII. 
Its manner of operation is this ; The piston pco is here placed 
below the horizontal surface es of the water, and when it is 
caused to descend it produces a vacuum between the sucker e 
(wdiich is pushed down by the external air) and the base cd of 
the piston. The weight of the water, together with that of the 
exterior air about r and s, presses up the sucker l, and the 
water passes into the body of the pump : and when the water 
ceases to enter, the weight of the sucker n closes it. Then, if 
the piston be raised, it raises all the water above it, forces up the 
sucker E, and introduces the water into the part ivvx. When 
the piston is raised to its highest position, the sucker E is made 
to close by the super-incumbent water, and retains the fluid 
there until by a fresh stroke of the piston more water is forced 
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upwards through the sucker e; that which was before in the 
upper part of the pinup being expelled through a proper orifice 
or spout in the neighbourhood of x, in order to make way for 
a new supply. And so the operation is continuedj and water 
delivered at every stroke of the piston. 

527. The Jbrczng ptmp unites m some measme the proper- 
ties of the other two. The piston abcb {fig. 13. pL X¥III.) 
which here has no sucker, being elevated, rarefies tiie air in the 
space DGHVoc, and the water rises towards k : the subsequent 
descent of the piston forces some of the air in this space 
through the valve l ; the next ascent of the piston closes the 
valve L, and I'aises the water in gk; and so on till the water 
passes through the sucker e and enters the space divoc. Then 
the piston being pushed down closes the sucker e, and sonic 
of the condensed air is forced through the valve l. A further 
stroke raises more water into the space divoc, and expels 
more air through L. At length the water reaches n, and the 
subsequent strokes raise it into the tube from whence 

it is carried oft* by a spout, as in the other pumps. Or, if this 
pump be closed at mn^ excepting a narrower pipe jps, then w!ien 
the water is raised by the process just described to or, above 
the bottom s of the tube, the elastic force of the compressed 
air in the space mom wdll compel the water to issue from the 
aperture p in a continued stream or jet; thus forming an arti- 
ficial fountain. 

528. Let us now inquire into the fundamental properties of 
these machines. By means of the luting pump, water may be 
elevated to any height we please, provided we employ a suf- 
ficient force. But the estimation of this force requires various 
couvsiderations. We must have regard to the dimensions of the 
piston, the barrel of the pump, the height to which the water 
is to be raised, and the velocity with which it is elevated ; be- 
sides the effects of friction, &c. At present, however, we shall 
not examine these particulars in all their extent; but shall 
confine ourselves to one of them. Now it is certain that tlie 
power necessary to raise the water to any proposed height must 
at least be capable of sustaining in equilibrio the pressure expe- 
rienced by the base of the piston w-hen it is kept at rest, and the 
fluid has attained the required height. This pressure, then, we 
proceed to estimate. 

In general the power must be, at least, capable of sustaining 
the \veight of a column of w'ater which has for its base that of 
the piston, and for its altitude the distance between the surface 
RS of the water in the reservoir and the upper surface xy of that 
in the pump. For when the base dc (fig. 6.) of the piston is 
below the surface Es of the water in the reservoir, it is manifest 
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that the power has not to sustain the pressure of the water 
contained between rs and nc ; because that pressure is counter- 
balanced by that of the water surrounding the lower part of the 
pump, and which is transmitted b^ means of the inferior orifice 
of the pipe. The power, therefore, has only to sustain the 
pressure exerted upon the surface ncby the fluid comprised 
between Rs and xv ; which pressure (art 386.) is equal to the 
weight of a column of %yater whose base is cn and altitude the 
vertical distance between rs and xy . 

When the piston is above R^s^the surface of the water in 
the reservoir, then it is evident the water contained between 
no and rW does not press the piston downwards. But, as in 
that case it can only be sustained above rW by the pressure of 
the air upon the water surrounding the pump, and as this 
pressure is only capable of sustaining in equilibrium the con- 
trary pressure of the air upon the surface xY, it follows that 
the surface dc of the piston is surcharged by a weight equiva- 
lent to the column which has dc for its base and cr^ for its 
altitude. And this pressure, joined to that which is exerted 
upon DC by the super-incumbent fluid between dc and xy, 
makes the whole pressure upon the piston, as before, equal to 
that of a column of water whose base is dc, and height the 
distance between xy and rV. 

529. The sucking pump requires in its theory the aid of other 
principles. To judge of its effect a mere valuation of the 
power will not suffice : we must inquire if under the proposed 
circumstances the water can possibly be raised to the piston, and 
made to pass through the sucker l ; for in some cases the water 
will never pass a certain altitude, how many strokes soever we 
give to the piston. To understand this, conceive that the water 
has been actually raised to t (fig. 5. pi. XVIII.), and that the 
situation of the piston in the figure is the lowest which can be 
given to it: and for greater simplicity, suppose that the pump 
is of tlie same internal diameter throughout. It is obvious that 
the air comprised in the space cdtz is of the same density and 
elasticity as the exterior air (at least dropping the consideration 
of the weight of the sucker h and the friction attending its 
motion) ; for if its spring were less the water would rise higher 
than ZT, and if it were greater it would raise the sucker and 
mix with the exterior air till both became of the same density. 
Suppose now that the play of the piston, or the distance through 
which it is raised or lowered at each stroke, is do: then when 
the base ci) is i*aised to ao, the air which previously occupied 
the space cdtz will tend to expand and fill the space oot« ; 
and if the water did not rise would actually be so expanded. 
Its elastic force would then be less than that of the natural air. 
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in the ratio of cdtz to aoTZ (art. 4*89.)^ or of dt to ot* If, 
therefore, this elastic force, together with the weight of the 
column of water whose height is ze, constitute a pressure equal 
to that of the atmosphere, or equal to the weight of a column of 
water of equal base and height at a medium 33 feet, there will 
be an equilibrium, and the water will not rise further : if this 
joint pressure is greater than that of 33 feet of water, the water 
cannot be retained so high ; but if it is less than the column of 
33 feet, the water will continue to rise in the pump* 

530. From these considerations we may readily investigate a 
general theorem. 

Let the altitude or vertical distance from the point o to the 
surface rs of the water in the reservoir, pzioi) the play of the 
piston, and .r the distance ox: then we have and 

ST the height of the point t will be Since the air con- 

tained in CDTZ has the same density and elasticity as the ex- 
terior air, its force may be measured by a column of water of the 
same base zx and 33 feet high ; and because when this air is 
so expanded as to fill the space aoxz the elastic force will be 
less in the ratio of nx to ox, we shall have (rejecting the base 
of the column, as equally affecting every part of the process) 
this latter force expressed by the fourth term of this proportion, 

a? : a: — p : : S3: ~ (<r — ^). But the force which the water 

comprised between zx and rs exerts in opposition to the ex- 
terior pressure of the air is measured by the height a— 
consequently, the elastic force of the air in the space aoxz, 
together with the weight of the water between zx and rs, %vill be 

expressed by + a — a?. Now in order that the water 

may always rise, this joint pressure must be less than the weight 
of a column of water of 33 feet by some variable quantity, 
which we will call ?/; so that the following equation must always 

obtain, viz. — a'i=33—^. The value of a* deduced 

from this equation is ambiguous, being thus expressed : 

Now, when the water stops and does not rise any further, y 
vanishes, and the equation becomes v'(^fl^''-'33p) ; of 

which the two values are real, so long as is greater than 
Hence we conclude that when one^ourth of the square of the 
gi^eatest height of the piston ahiwe the surface qf the water in the 
reservoir is greater than 33 times the play of the piston^ there are 
always two points in the sticking pump where the water may stop 
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in its moiimt; the pump must be reputed bad when the 
lowest point to which the piston can be brought is found be- 
tween these two points. 

But if 3% be greater that the two values of x, when y 
is siipposecf^rsr O, become imaginary ; so that in a pump so 
constructed it is impossible that j/ should vanish ; that is, the 
pressure of the exterior air always prevails, and the water is not 
arrested in its passage. ^ conclude, secondly, that m 

order that the sticking pump may ir^allibly pioduce its effect j 
ike square of half the greatest elevation of the piston above the 
water in the reservoir must always he less than QS times the 
play of the piston, 

^ 531 . T his general rule may also be easily ded need geome- 
trically thus ; Suppose the sucker or valve n be placed at the 
surface rs of the water (fig. 5.) the tube to be of uniform bore, 
and YS to be the height of a column of w’ater whose pressure is 
eqnal to that of the atmosphere; that is, ys hz 33 feet. Con- 
ceive the water raised by working toN : then the weight of the 
column of water sn, together with the elasticity of the air 
above it, exactly balances the pressure of the atmosphere Ys. 
But the elasticity of the air in the space om (ao being the 
highest and CB the lowest situation of the piston) is pi-opor- 

tional to ys • *^1 and, consequently, in the case where the 
limit obtains, and the w'ater rises no further, it will be ys rz 
NS 4- (ys • Transposing ns, we have ys — Ns ( zr NY) 

= YS - whence ON : bn : : ys : yn ; or, dividendoy on 

— BN ( zz bo) : ON ; : YS — yn ( zz ns) ; ys ; consequently 
j Bo-Yszz on -NS. Hence we see, that if so, the distance of 

the piston in its highest position from the water, and on, the 
length of the semi^stroke, or the play of the piston, be given ^ 
there is a certain determinate height, as sn, to whicii the 
water can be raised by the difference of the pressures of the 
exterior and interior air : for ys is to be considered as a con- 
stant quantity, and, of course, when oB is given, on • Ns is 
given likewise. To ensure, tbereforc, the delivery of water by 
the pump, the stroke must be such that the rectangle ob - ys 
may be greater than any rectangle that can be made of the 

f arts of so ; that is, greater than the square of | so, by a well- 
nown theorem. 

Hence we deduce a practical maxim of the same import as 
the preceding, i. e. No sucking pump can raise water effectually 
unless the play of the piston in feet he greater than ifie square 
of the greatest height of the piston^ divided hy 13^. 
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532, Resuming the equation — + « — a? = 33 — jf, and 

finding thence the value of j^, we have ^ . ivow 

let AB (fio-s. 9. 10. pi. XVIII.) represent the greatest height of 
the piston above the surface of the water in the reservoir, and 
ad the play of the piston : suppose the different portions ap of 
the line ab to represent the successive values or x, and lay down 
upon the perpendiculars pm the values of y which correspond 
to these assumed values of a:: so shall we have a curve mmc 
{fify. 9.) which, while is greater than 33;i, will cut ab m 
two points I and i', in such manner that the ordinates pm will 
lie on different sides of ab : the ordinfites which are below ab 
showing the positive values of y, and those which are above ab 
the liegative values- We see, thereforej that so long as is 
greater than S3p the pressure of the exterior air is strongest, 
until the water has attained the height At this point i it 
will stop (abstracting from the consideration ot the motion ac- 
quired), because the value of ^ is mO. But if the watei by the 
motion it has acquired continues to rise till it reaches sonie jioint 
between and i, it will not stop there, but will descend, if the 
sucker does not oppose its descending motion ; because the \ alno 
of if hein.o* there negative indicates that the pressuie ot the ex- 
terior airls weaker than the united pressures of the water and 
the internal air. If the water reach the point i it will stop^ 
there, for the same reason as it would at the point i' : but if 
once it gets above i, there is then no reason to fear that it 
will descend ; for all the ordinates pm between i and a being_ 
positive, show that in that portion of the pump the piessuic of 
the external air exceeds the combined efforts of the internal air 

and water. , « • i , j 

533. When, on the contrary, the value of is less than that 
of 33», the curve (fig. 10.) will nowhere intersect the axis ab; 
all the ordinates are positive, and consequently the pressure of 
the external air is always the strongest. This confirms and 
illustrates what has been laid down in art. 630. 

If the sucking pump were to he placed so high above the 
usual surface of the earth (as at the top of a high mountain), or 
so low beneath it (as in a deep mine), that the pressure of the 
atmosphere would be sensibly different from the assumed mean 
pressure equivalent to 33 feet of water, we must then in all the 
preceding investigation change the co-efficient 33 to that which 
would express the height in feet of the corresponding column 
of water. And these equivalent columns may always be ascer- 
tained by means of the height of the mercurial column in the 
barometer : the analogy being this ; — ^as 29|; inches, the mean 
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altitude of the iBerGurial columB, to 3S feet, the mean height 
of the columiii of water ; so is any other mercurial column in 
inches to its corresponding column of water in feet ! 

534. Ip the preceding calculus the pump has been supposed { 

of uniform hore throughout: when this is not the case the so- ; 

lotion is rendered somewhat more complex, but not difficult 
i To calculate the effort of the internal air when the water has | 

not reached the body of the pump, having only attained the | 

height HN, for example (fig. 5.), we must use this proportion : ! 

as the space oovNMia : the space covNMic : : 33 feet : a fourth 
term, which being added to the weight of the column of water I 

whose height is HH, ought again to be equal to 33 — ?/, as before. 

Besides, when the sucking pipe is of a smaller diameter than ; 

the body of the pump, if the conditions which we have before j 

specified obtain, the pump cannot fail to produce the proper j 

effect ; for the air is dilated with more facility in this latter j 

case than when the whole is of the same internal diameter. ^ 

We need only add on this point, that if the length of the I 

stroke in a uniform pump, which is requisite to render the i 

machine effectual, be greater than can conveniently be made, I 

it may be diminished 1)7/ contractmg the diameter of the .swe/r- 
ing pij)e in the siihduplicate ratio of the dimimitmi of the 
I length of the etroke. 

j 535. As to the effort of which the power ought to be capable 

I to sustain the w^ater at a determinate height VH (fig. 5.) it will 

I be measured according to what we have said respecting the 

I lifting pump (art. 528.), by the weight of a column of Avater 

1 whose base is equal to cd, and height that of xY above rs. 

I Here, too, we drop the consideration of friction and the weight 

• of the piston. 

; 536. The velocity of the water flowing from the sucking pipe 

into the barrel should be equal to the velocity with which the 
piston moves. For if it be greater, less work will be done than I 

j the pump is competent to effect ; and if it be less, a vacuum 

I will be produced below the piston, which will therefore he 

moved upwards with great difficulty. If v be the velocity of 
the water in the sucking pipe, d the diameter of that pipe, o the J 

diameter of the barrel or body of the pump, and v the velocity i 

of the piston ; then v * ^ will be the velocity of the water in j 

\ the barrel, and we must have c=:v • — , if the machine be per- 

I feet. If h be the height of a column of water whose weight is 

I equivalent to the pressure of the atmosphere, a the altitude of the 

I water in the sucking pipe, .r any other height to which it ascends 

I in following the piston, = feet; then will the moving ; 
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force Ca Ii — the quantity of matter moved ct and, conse- 
quently, the accelerating force a Hence we have »> v = g 

-x); and, taking the fluents, there results v the velocity 

of the water = v'[%x (ft • hyp. log. But when .r=:a, 

uz:0; consequently the correct fluent will be 

■ ■ I ' x: . > 

7^ V I 2^ X -J" — 

It may just be added here, that the measyre we have all along 
given of the external force is only what is necessary for Sp 
lancing the pressure of the water in the rising pipe. But in 
order that the pump may perform work it must surmoimt this 
pressure, and cause the water to issue at x with such a velocity 
that the required quantity of water may be delivered in a given 
time. This requires force, even although there were no op- 
posing pressure; which would be the case if the main were 
horizontal. The "water fills it, but it is at rest. In order that 
a gallon, for instance, may be delivered in a second, the whole 
■water in the horizontal main must be put in motion with a cer- 
tain velocity. This requires force. We must therefore always 
distinguish between the state of equilibrium and the state ol‘ 
actual working. It is the equilibrium onlj^ that we liave con- 
sidered, and no more is necessary for understanding the opera- 
tion of the different species of pumps 

ON THE CENTRIFU€^AL PUMP. 

537. The centrifugal pump consists of a vertical lube, and a 
horizontal arm of equal bore, or sometimes of two horizontal 
arms of less bore than the vertical pipe ; that of which we shall 
speak has only one horizontal arm. In fig. 3. pi. XV. kx. may 
represent the vertical tube, the end k of which is immersed in the 
water of the reservoir, and li tlie horizontal arm communicating 
with the former. There is a conical valve at k opening upwards, 
and one at the end of the horizontal arm opening outwards. 
The whole machine being filled with water and turned swiftly 
round upon pivots at k and L, the arm li retaining its hori- 
zontal position, the water will, when the motion is properly re- 
gulated, continue to be discharged from the moveable extremity 
I of the arm Li in an uninterrupted stream. 

In order to investigate the most useful theorems relative to 
the operation of this machine, put a r: the lengtli of the arm 
Li in feet, 7 =:: the length of the leg kl in feet, t = the time of 

* More on the subjeefc, however, may be seen in Bland>^$ nydrostaiics^ or Gregory* s 
Mathematics for Practical Men, 
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a revolution in seconds, ^ feet, measure of the force 
of gravity, and w‘ =:S*14I59S the circumference of a circle whose 
diameter is unity. Then, since the centrifugal force is as the 
velocity it generates in a unit of time, we shall have the centri- 
fugal force of a particle x of the fluid at the distance r from l 

equal to x -r a? 


the fluent of which is : 


the centrifugal motive force of the column a?: which when 


X zn a becomes 


» 


for the whole centrifugal motive force of 


the water in the arm li. Now the pressure of a column whose 
length is a will, C(xL par. vary as ga; hence, it will be ga : a : : 

z:: the length of a column of water whose pressure 

is equivalent to the centrifugal force. If from this we deduct 

tlse altitude I of the vertical leg, the remainder — I will be 

the length of a column whose action would expel the water 
from the orifice i, with the same force as the whirling motion 
will occasion ; and the column moved will be a+ ^5 which will 
also denote the space through which the fluid is accelerated. 
Consequently the circumstances of the case before us are the 

same as if a constant head of water of the height^— — I im- 
pelled a column of water horizontally at the bottom, of the. depth 
Hence the accelerative force f is “h 


and the space 5 is a + Z ; so that the velocity generated will 
by the rules of dynamics, be t? = V2(^gs 




8-0208 C 






• Z). Or, if we adapt the theorem to 


practical purposes, the co-efficient 8*0208 must (art. 458.) be 
multiplied by *62 or * 66 , and the equation will become v zz 

S nearly. 

In this investigation we have paid no regard to the rotatory 
motion of the fluid moleculm in the vertical tube, but have con- 
sidered it as though it were indefinitely narrow. 

538. It is manifest that Z must never exceed 33 feet, because 
a greater column cannot be supported by the pressure of the 
atmosphere : so that this machine cannot raise water higher 
than the common sucking pump. Besides this, the time of a 
revolution of the arm has limits, between which alone the 
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pump is effective, so that the investigation must be carried a 
little furtlier» 

When the centrifugal force is barely equal to the weight to 
be raised, the expression under the radical vanishes, and r— 0, 
or the water is stationary in the pump. In this case we evidently 

have —l\ from which we find t a ^ r:'78336 

-for the time of a revolution in seconds, when no work is done. 

If the machine be effectual, the velocity of the stream can 
never exceed the velocaty which a heavy body would acquire in 
falling down the difference between S3 feet and the height of 
the vertical leg; for a greater velocity than that would cause 
a vacuity in the machine which would not be supplied by the 
pressure of the atmosphere. Now, by the laws of falling bodies, 
the velocity acquired in falling through the height 33 — i is 
VC%(33 - /)], and, by what is done above, the velocity of 

efflux is V(^-1). Making these values equal, we have 
— 1=1 S3 ~ 1. From which we deduce ^ c v' ^ = 
•78336 = • 13636a. 

If Zr:33, then will the last value of i be the same as the 
preceding, and no discharge can take place ; agreeably to the 
observations at the beginning of this article. In all other cases, 
having found the time of revolution when the water is stationary, 
we have only to diminish that time in the ratio of v" 33 to Z, 
and we shall have the time of revolution when the work done 
is the greatest this pump will admit of. 
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ON THE RESISTANCE OF FLUIDS TO BODIES MOVINO IN THEM. 

5S9. Tip force with which bodies moving in fluid media, 
as water, air, &c. are impeded and retarded in their motions, is 
usually termed the resistance of fluids : and as all our ma- 
chines move either in water or in air, or both, it becomes a 
matter of importance in the theory of mechanics to inquire into 
tlie nature of this kind of force. 

We know by experience that force must be applied to a body 
in order that it may move through a fluid, such as air or water; 
and that a body projected with any velocity is gradually re- 
tarded in its motion, and generally brought to rest. The ana- 
logy of nature makes us imagine that there is a force acting in 
the opposite direction, or opposing the motion ; and that this 
force resides in, or is exerted by, the fluid. And the phenomena 
resemble those which accompany the known resistance of active 
beings, such as animals. Therefore we give to this supposed 
force the metaphorical name of resistance. We also know 
that a fluid in motion will hurry a solid body along with the 
stream, and that it requires force to maintain it in its place. 
A similar analogy makes us suppose that the fluid exerts force, 
in the same manner as when an active being impels the body 
l)cfore him ; therefore we call this the impulsion of a Jiuid* 
And as our knowledge of nature informs us that the mutual 
actions of bodies are in every case equal and opposite, and that 
the observed change of motion is the only indUcation, charac- 
teristic, and measure, of the changing force, the forces are the 
same (whether we call them impulsions or resistances) when the 
relative motions are the same, and therefore depend entirely 
on these relative motions. The force, therefore, which Is ne-r 
cessary for keeping a body immoveable in a stream of water, 
flowing with a certain velocity, is the same with what is re- 
quired for moving this body with this velocity through stagnant 
water. 

A body in motion ajppears to be resisted by a stagnant fluid, 
because it is a law of mechanical nature that force must be 
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employed in order to put any body in motion. Now^ the body 
cannot move forward without putting the contiguous fluid in 
motion, and force must be employed for producing this motion.^ 
In like manner, a quiescent body is impelled by a stream oi 
fluid, because the motion of the contiguous fluid is diminished 
by this solid obstacle; the resistance, therefore, or impulse, no 
way differs from the oi'dinary communications of motion among 
solid bodies, at least in its nature ; although it may be far more 
difficult to reduce the various circumstances to accurate com- 
putation, or to obtain all the requisite data on which to found 
the calculus- 

540. The resistance which a body suffers from the fluid 
medium through which it is impelled depends on the velocity, 
form, and magnitude of the body, and on the inertia and te- 
nacity of the fluid. For fluids resist the motion of bodies 
through them, 1. by the inertia of their particles : 2. by their 
tenacity, u e, the adhesion of those particles : 3. by the friction 
of the body against the particles of the fluid. In perfect fluids 
the latter causes of resistance are very inconsiderable, and there- 
fore are not taken into the account; but the former is always 
very considerable, and obtains equally in the most perfect as in 
the most imperfect fluids. And that the resistance varies with 
the velocity, shape, and magnitude of the moving body is suf- 
ficiently obvious. 

We must carefully distinguish between resistance and 
tardation : resistance is the quantity of motion^ retardation the 
quantity of velocity , which is lost ; therefore, the retardations are 
as the resistances applied to the quantities of matter ; and in the 
same body the resistance and retardation are proportional. 

541. Prop. To determine the force of fluids in motion^ or 
the resistance of fluids against bodies moving in them. 

1. In fluids uniformly tenacious the resistance is as the velo- 
city with which the body moves. For, since the cohesion of 
the particles of the fluid is always the same in the same space, 
whatever be the velocity, the resistance from this cohesion will 
be as the space described in a given time; that is, as the 
velocity. 

% In a fluid whose particles move freely without disturbing 
each other’s motions, and which flows in behind as fast as a 
plane body moves forward, so that the pressure on every part 
of the body is the same as if the body were at rest, the resistance 
will be as the density of the fluid. 

3. On the same hypothesis the resistance will be as the square 
of the velocity. For the resistance must vary as the number of 
particles which strike the plane in a given time, multiplied into 
the force of each against the plane ; but both the number and 
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the force is as the veloeityj and consequently the resistance is 
aS'the square of the" velocity. , 

This proof supposes that after the body strikes a particle the 
action of that particle entirely ceases : whereas the particles, 
after they are struck, must necessarily diverge, and act upon the 
particles behind them ; thus causing some difference between 
theory and experiment. This hypothesis, however, on account 
of its simplicity, is generally retained, and corrected afterwards 
by deductions from actual experiments. 

This ratio of the square of the velocity may be otherwise 
derived, thus : 

^ It is evident that the resistance to a plane, moving perpen- 
dicularly through an infinite fluid, at rest, is equal to the pres- 
sure^ or force of the fluid on the plane at rest, and the fluid 
moving with the same velocity, and in the contrary direction, 
to that of the plane in the foi*mer case. But the force of the 
fluid in motion must be equal to the weight or pressure which 
generates that motion ; and which, it is known, is equal to the 
weight or pressure of a column of the fluid, whose base is equal 
to the plane, and its altitude equal to the height through which 
a body must fall, by the force of gravity, to acquire the velocity 
of the fluid : and that altitude is, for the sake of brevity, called 
the altitude due to the velocity. So that, if a denote the area 
of the plane, v the velocity, and n the specific gravity of the 

fluid ; then, the altitude due to the velocity d being the 

whole resistance, or motive force 711* will be a x n x — 

g being feet. And hence, cwteris paribus, the resistance 
is as the square of the velocity. 

4 . If the direction of the motion, instead of being perpendi- 
cular to the plane, as above supposed, be inclined to it in any 
angle, then the resistance to the plane, in the direction of the 
motion, as assigned above, will be diminished in the triplicate 
ratio of radius to the sine of the angle of inclination, or in the 
ratio of 1 to 5®, where s is the sine of inclination. 

For AB (fig. 7 * pi. XVIII.) being the direction of the plane, 
and BD that of the motion, abd the angle whose sine is 
the number of particles or quantity of the fluid which strikes 
the plane will be diminished in the ratio of 1 to and tl)e 
force of each particle will likewise be diminished in the same 
ratio : so that, on both these accounts, the whole resistance wdli 
be dlmmished in the ratio of 1 to 5"'; that is, in the duplicate 
ratio of radius to the sine of abd. But further, it must be 
considered, that this whole resistance is exerted in the direction 
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BE perpendicular to the plane ; and any force in direction be 
is to its effect in direction ab parallel to bd as ae to be, or as 
1 to s. Consequently, on all these accounts, the resistance in 
the direction of the motion is diminished in the ratio of 1 to s®. 
And if this be compared with the result of the preceding step, 
we shall have ftn the whole resistance, or the motive force on 

T 1 anxi^^ 

the plane, z: 

5. If je represent the weight of the body whose plane face 
Of is resisted by the absolute force 7re, then the retarding force 



anv^s^ 


6. And, if the body be a cylinder whose face or_ end is a, 
and diameter ci, or radius r, moving in the direction of its 
axis; then, because s r: 1, and a — Kr- — \ird% 'vfheTe tt — 


S'lilSDS, the resisting force ??2 will be 


- -gp ■ 


'"IT’’ 


and the 


retarding force f : 








7. This is the value of the resistance when the end of the 
cylinder is a plane perpendicular to its axis, or to the direction 
of motion. But were its face a conical surface, or an elliptic 
section, or any other figure every where equally inclmed to the 
avis, the sine of inclination being A' ; then, the number of par- 
ticles of the fluid striking the face being stiU the same, but the 
force of each, opposed to the direction of motion, diminished 
in the duplicate ratio of radius to the sine of inclination, the 


resisting torce 771 would be — r: — ^ — . 

But if the body were terminated by an end or face of any 
other form, as a spherical one, or such like, where every part 
of it has a different inclination to the axis ; then a further in- 
vestigation becomes necessary, as in the following proposition. 


54i% Prof. To determine the rcmtance qf a jluid io any 
body motdng m it^ having a curved e7idy as a sphere, a cylinder 
with a hemispherical end, 

1. Let BEAD be a section through the axis CA of the solid, 
moving in the direction of that axis. To any point of the 
curve draw the tangent eo, meeting the axis produced in 
G : also draw the perpendicular ordinates ef, ef' indefinitely 
near to each other; and draw ae parallel to ca. (Fig- 
pL XVIII,) 

Putting CF zz 30, EF zz 2 ^, BE rz 2 :, 5 n sine Z o to radius I ; 
then %ty is the circumference whose radius is ef, or the cir- 
cumference described by the point e, in revolving about the axis 
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ca; is the fluxion of the surface, or it 

is the surface described by ec, in the said revolution about ca ; 
which is the quantity represented by a in art. 4. of the last pror- 

blem : hence x Srya;, or is the resistance on that 

ring, or the fluxion of the resistance to the body, whatever the 
figure of it may be: the fluent of which will be the resistance 
required. 

2. Ill the case of a spherical shape; putting the radius ca 
or CB “ r, we have y = s = ~ and 

yz or EF X EC z: CE X ae zz rx ; therefore the general fluxion 
becomes — - --- - ta? z: — • x^x ; the fluent of 

which, or j— is the resistance to the spherical surface ge- 
nerated by BE. And when , 2 ? or cf is z: r, or ca, it becomes 
for the resistance on the whole hemisphere; which is also 

equal to where d z: Sr the diameter. 

^ 3. But the perpendicular resistance to the circle of the same 
diameter d or bd, by art 6. of the preceding problem, is 

; which, being double the former, shows that resist-- 

mice to the splm^e is Just equal to hay^ the direct resistance to a 
great circle of if^ or to a cylinder of the same cliarmter, 

4. Since ^^rcd? is the magnitude of the globe; if n denote 
its density or specific gravity, its weight w will be z: 

and therefore the retardive force Y*or~ z: ; 

which is also z: by art. 243. Hence then z: — , and 

.. 2g3 ' ■ 4 n «, . . . » 7 

s zz which is the space that would be described by tlie 

globe, while its whole motion is generated or destroyed by a 
constant force which is equal to the force of resistance, if no 
other force acted on the globe to continue its motion. And if 
the density of the fluid were equal to that of the globe, the re- 
sisting force is such, as, acting constantly on the globe without 
any other force, would generate or destroy its motion in de- 
scribing the space ±d, or f of its diameter, by that accelerating 
or retarding force. 

5. Hence the greatest velocity that a globe will acquire by 
descending in a fluid, by means of its relative weight in the 

N N 2 
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fluid, will be found by making the resisting force equal to that 
weicpht. For, after the velocity is arrived at such a ciegree 
tha? the resisting force is equal to the weight that urges it, it 
■will increase no longer, and the globe will afterwards continue 
to descend with that velocity uniformly. Now, N and n being 
the separate specific gravities of the globe and fluid, h—b wi I 
be the relative gravity of the globe in the fluid, and thereto^ 
ir -J^TTfP (n— w) is the weight by which it is urged ; m — 

is the resistance ; consequently - n) 

when the velocity becomes uniform : from which equation is 

found t = -/(%■ • fd • — ), for the said uniform or greatest 

By comparing this value of v with those in arts. 216 and 243, 

it will appear tliat the greatest velocity is equal to the velocity 

generated by the accelerating force describing the space 

or equal to the velocity generated by gravity in freely de- 
scribing the space * -|d. — If Nr: 2/?, or the specific gia\iiy 


of the globe be double that of the fluid, then ^ i ^ the 

natural force of gravity; and then the globe will attain its 
greatest velocity in describing ff/, or f of its dianieto. It is 
further evident, that if the body be very snyall it will soon ac- 
quire its greatest velocity, whatever its density may be. 

Exam. If a leaden ball of 1 inch diameter descend in water, 
and in air of the same density as at the earth’s surfac^ the 
three specific gravities being as lly, and 1, and -rsl-o- Thmi 
^ • 32 ^ . A • 10-r)n ^(31 • 193)=:8;5944 feet is the 

greatest velocity per second the ball can acquire by descending 
in water. And u rr \/(4 • •.¥’/ nearly) — 

. _ . * . j1_ .. 

V 
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: 259'82, is the greatest velocity it can acquire m 


^^*But if the globe were only t-J-s of >»oh diameter, the 
greatest velocities it could acquire would bo only of these, 
namely 4~io ^ M’'atcr, and 26 feet nearly in air ; and if 

the ball were still further diminished, the greatest velocity would 

also be diminished, and that in the subduplicate ratio of the 
diameter of the ball. 

SCHOLIUM. 


543. It appears from the third step of the preceding article, 
that the resistance to the motion of a cylinder moving in the 
direction of its axis is double to that of a globe of equal dia- 
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meter ; and in experimeiits, when the bodies move slow, this 
will nearly hold in water, but more accurately in air ; because 
its particles move more freely than those of water, and less 
disturb each other's motions : but when the motion is more 
rapid, ^considerable aberrations will occur ; both from the mu- 
tual disturbance of the particles, and from the fluid not flowing 
in so fast behind as the body moves forward : in the air, also, a 
new cause of aberration will arise, from the condensation of the 
fluid before the body. Sir Isaac Newton supposes, that in a 
continuous non-elastic fluid, infinitely compressed, the resist- 
ances of a sphere and cylinder of equal diameters are equal : 
but this appears to be an error in theory as well as in fact ; for 
the lemma (Lemma 5. book ii. § 7. Princip*) on wliklr he 
founds his inference, has been justly called in question. When 
the Biotion is slow in water, the fluid may be conceived to be 
nearly of that nature which Newton supposes ; yet the resist- 
ances are almost as coincident with theory as when the motion 
is in air: thus M* Borda found the resistance of a sphere 
moving in water to be to that of its greatest circle as 1 to 3*508, 
and in air the resistances were as 1 to 3*45. The experiments 
of Dr. Hatton in air give the resistances asl to 3f, at a mean. 

The reason that experiments give the ratio of the resistances 
greater than that of 3 to 1 seems to be this: in theory it is 
supposed that the action of every particle of the fluid ceases the 
instant it makes its impact on the solid ; but this is not actually 
the case, as we have before observed (art. 541.) : and since the 
particles, after impact on the sphere, slide along the curved sur- 
face, and hence escape with more facility than along the face 
of the cylinder, the error will be greater in the cylinder; that 
is, the greater resistance will exceed theory more than the less. 
It is also to be observed, that the difference between the resist- 
ances of tlie globe and cylinder, in water, is greater than in 
air ; which is directly contrary to what might be inferred from 
Newton’s reasoning, wliicli supposes them equal in a continuous 
fliihl, but in the ratio of 1 to 3 in a rare fluid. 

544. Lemma. If a given angle be divided into t\yo parts, 
the product, or solid, contained under the square of the sine 
'of the one part and the sine of the other will be a maximum 
when the tangent of the former is double the tangent of the 
latter, or, when the sine of the difference of the parts is one- 
third of the sine of the whole given angle. 

This is a particular, case of Prob, v. ]>• 502^ 

Fluxions; and is w’-ell known to mathematicians. 

545. Fiior. Suppose that a plane abc (fig» pi. XVill.) 
moving icith the velociiy and (Uredion represenied hi/ 1)b, is acted 
upon by ajliihi idiosc particles move udih a velocity reprcsculed 
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% OBj and in directions parallel to that ime; it is proposed to 
determine the angle inclination abi> so that the effect oJ- the 
may be the greatest possible. 

Since a particle impinging on the plane at B moves through 
the space db in the time that the plane itself would pass from 
the position abc to abc> it is manifest that the distance of 
the said particle from the plane (produced) at the beginning^ of 
that time will be the measure of the relative celerity with which 
the particles of the fluid approach the plane in a direction per- 
pendicular to it ; and consequently (art. 469.) that the force of 
the stream in that direction will oc : whence, bj the reso- 
lution of forces, the elEcacy in the proposed direction will 
a X sin abh ana- x sin ^bh. 

Now the angle 5bd being given, as well as the sides b5, bb, 
containing that angle, the remaining angle b5d will be known, 
as well as the side b 6 : of consequence, i>e being the sine of the 
angle Die to the given radius b 6, the efiect x sin abn will 
be a maximum, when sin^ lobe x sin abn is a maximum ; that is 
(by the lemma), when sin {obam cibB.) rr^sin b5b: whence 
the difference being given, the angles themselves will be known. 
The geometrical construction is very simple : thus, having from 
the centre b with any radius described the arc mr, on rb (pro- 
duced if necessary) let fall the perpendicular mp ; take pq zz 
^mpy and draw qs parallel to pr^ cutting the circle in $ : then 
bisect the arc ms by the line bae^ and the thing required is done. 
For the sine sv of sr, that is, of the difference of the angles nba, 
abn^ is f of mp^ the sine of the whole given angle b5b, as it 
ought to be. 

646, To obtmn a general theorem expressed algebraically, 
let the velocity 6 b of the plane be put n v, and that of the fluid 
= V ; also let the angle bb6 be called b : and having drawn 
BFL perpendicular to the plane, or to Sfc, put 6f =,r, and bf 
zzy. Then, because fb and fl are tangents of the angles f6b, 
f6b, to the common radius 6f, it follows (from the lemma) that 
fl=:2bf=%/; whence, if le and bo be perpendicular to na, 
we have, by similar triangles, b6 : bf : : bb : be ; that is, v:y 

; : % : ^ = BE ; and consequently bR zz be — e 6 = 
Likewise, b6 : 6f : : bl : be ; that is, v: nc : : Qy : ~ be. 
But Ba~ v sin b, and 6a=: v cos b — we have again, by simi- 
lar triangles, Da ; 6a : : be : 6r, or v sin b : v cos b— ^ : 

— - — . Multiplying the means and extremes of this analogy. 


we obtain . ^xy. 

V Sin n ^ 
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Substituting in this equation for its equal + e/®, com- 
pleting the square and reducing, to at length find 

'^’-= 1 ” 3(vcosb-») ^ 

^ L “4V vsinB SvsinB 

And tliis equation iBanifestly expresses the natural tangent of 
the angle or the cotangent of the required angle f6h. 

547. Coe. 1. If the given angle db 5 be a right angle (as 
is the case when the wind strikes against the sails of a wind- 
mill), then is sin b = 1, and cos b r= 0, the expression for the 
tangent of 6bf (which is here equal to the angle of inclination 

abb) will become a/ ( 3 + ^)+ This, if v be taken 

=: 0, or the plane be supposed at rest, will be barely zr 
answering to an angle of 54*^ 44^ But if the velocity of the 
plane be supposed 4, 4, ox that of the medium or 
stream, then the angle abb, found from this theorem, will be 
equal to 58^ 14^, 61^ 2T, 63^^ 2&, 66^ W, or 74^ 19' respectively : 
so that the greater the velocity of the plane, the greater also 
will be the angle of inclination. 

Hence it appears, that the sails of a windmill, in order that 
the effect may be the greatest, ought to be more turned towards 
the wind in the extreme parts where the motion is swiftest 
than in the parts nearer to the axis of motion; in such a 
manner that the tangent of the axle formed by the direction of 
the wind and the sail may every-where be equal to the expres- 
sion V(2 + “f the velocity v being proportional to 

the distance from the axis of motion, and increasing till, at the 
extremity of the sail, it is sometimes equal to v, or even ex- 
ceeds it, 

548. Coe, % If the angle bba, which the direction of the 
stream makes with the plane, be given, instead of the angle bbh 
or bb 5 ; it will then appear that the effect will in that case be 
a maximum when sin abh (the angle made by the plane and 
the direction of its motion) : sin bba : : ; b5, ^ 

For the force in the direction fb varying as J>e% its effect in 

the direction bh will a a Now db, b5, and 

the angle bbe, being given, be is thence given. And it is well 
known (see Simpson’s Geom, theor. 17. of max. and min.) that 
the solid of the square of one part of a line into the other part 
is a maximum, when the former part is the double of the latter. 
Consequently ne must be = so that E^, or its equal bf, 
will be 


659 . 


PNEUMATICS. 


BOOK V* 


But, sin b6f: rad. : : bf (=de) bJ, 
and rad. : sin dba : : bi> : be, 
whence, componendoy sin b&f : sin bba : : -jBB : b5. 

549- Cor. 3. The proportion in the preceding corollary can 
only obtain when b 6 is equal to or greater than ■|.be. For, 
when B^is less than |.de, e^ (which is always less than b 6) 
cannot be equal to -I-de ; but will approach the nearest to it 
when BF coincides with Bi, that is, when the angle f6h or abh 
is of 90^ ; and in this case the effect will be a maximum when 
the direction of the motion is perpendicular to the plane. If 
the given angle dba be a right angle (which appears to be the 
most advantageous, because then be =: db), it follows that 
sin ABH will be to radius as ^ of the velocity of the stream to 
the velocity of the plane or sail. Hence, if the force of the 
wind he capable f producing a degree qf' velocity in d ship 
greater than f of its own velocity^ it is evident that the ship may 
ritn swfter upon an oblique course than when she sails directly 
before the wind. If the velocity be to that of the wind as 1 to 
3, and the course be 109® 28^, the force of the wind upon the 
vessel to promote its motion will be greater than the force in a 
direct course of 180^, in the ratio of ^/32 to or of 3*1748 
to 3. Maclauriris Fluwions^ 

550. Paor. To determine the relations qf velocity^ space, 
and time, qf a hall moving in a fluid, in vohich it is projected 
with a given velocity. 

1. Let a r: the first velocity of projection, x the space de- 
scribed in any time t, and v the velocity then. Now, by step 4, 

art. 54^. the accelerative force f = ; where n is the den- 

sity of the ball, n thait of the fluid, and d the diameter. There- 
fore the general equation becomes and 

hence x -- bx, putting b for The correct 

fluent of this is log. a — log. v, or log. zzbx. Or, putting c = 
Q*718281828, the number whose hyp. log. is 1, then is 
and the velocity v zz ~ zz 

% The velocity v at any time being the c"^^part of the first 
velocity, therefore the velocity lost in any time will be the 

1 — part, or the part of the first velocity. 

Exam. 1. If a globe be projected with any velocity in a 
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medium of the same deBsity with itself, and it describe a space 
equal to 3d or three of its diameters. Then ^ = 3d, and b zz 

velocity lost == 

2*08 

or nearly -I of the projectile velocity. 

Exam. 2. If an iron ball of 2 inches diameter were pro- 
jected with a velocity of 1200 feet per second; to find the 
velocity lost after moving through any space, as suppose 500 
feet of air : we should have d = ^ = |, a = 1200, = 500, N = 

0012; and therefore b.v = _ IL 

8 ^-^ 8 . 22.10000 ’“ 440 ^ 


n 


and V: 


1200 


998 feet per second; having lost 202 feet, or 
nearly of its velocity. 

Exam. 3. If the earth revolved about the sun, in a medium 
as dense as the atmosphere near the earth’s surface; and it 
were required to find the quantity of motion lost in a year. 
Then, if the earth’s mean density be about 4|, and its di- 
stance from the sun 12000 of its diameters, we have 24000 

X 3‘1416 = 75398 diameters = .r, and hx =z _ 

8.1000P.9 “ 

7-5398; hence parts are lost of the first motion 

in the space of a year, and only the part remains. 

3. To find the time t ; we have i — — — — =z — . Now. to 
find the fluent of this, put s? = then is ^ log. z, and 
bx=—,orx = -^-, consequently f or -j-zz-- - — ; and 

cbx 

when a; = 0, the quantity ^ ^ » therefore, by correction, 

(.1 _ 1) the time sought; where 


a§. 


hence i =-4- = ^. But as t and a: vanish together, and 


t 

b 


Sn 

■ ii«5’ 


1 

Iv 


and the velocity. 


551. Peop. Jb determine the relations (^space^ time, and 
velocity ^ when a globe descends ^ by its mn weight, in an in^ 
finite Jiuid. 

The foregoing notation remaining, viiz. 4 == diameter, :n and 
n the density of the ball and fluid, and s, t, the velocity, 
space, and time, in motion ; we liave =: the magnitude of 
the ball, and (n - 7i) = its weight in the fluid, also w n 
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zz its resistance from the fluid; consequently 4“^# (n— 72 ) 

Ibg 

_ jg motive force by which the ball is urged ; which 

I6g , 

being divided by the quantity of matter moved, glvesjf= 

1 — !i — for the accelerative force* 

N 8g]sr<2 

_ . . . tit> ITiW 1 vv 

2. Hence vv = gfs, and s = — = ^ 

putting 6 = ^, and -; = p~— y or ab=g nearly; the fluent 
of which is ^ X log. of an expression for the space 5 , 

in terms of the velocity when s and v begin together. 

3. To determine v in terms of 5 , put c = 2‘71 828 1828 ; then, 

since the log. of == 9>bs, therefore — ^ or — zz 

(T^^; and hence v = the velocity sought. 

4. The greatest velocity is to be found, as in step 5, of art. 

542. by making / or 1 7 ^ ^ gives >v = 

V'(g . 8d‘ zz a/ a. The same value is also obtained by 

making the fluxion of 1)% or of a— = 0. And the same 
value of V is obtained by making 5 infinite; for then = 0. 
But this velocity V a cannot be attained in any finite time, and 
it only denotes the velocity to which the, general value of v or 
\/ (a — continually approaclie??. It is evident, however, 

that it will approximate towards it the faster, the greater b is, 
or the less d is ; and that, the diameters being very small, the 
bodies descend by nearly uniform velocities, which are directly 
in the subduplicate ratio of the diameters. 

5. To find the time t ; we have i =: X 

V a ) 

Then, to find the fluent of this fluxion, put % zz ^(1 — ii: 
or 2 :^ = 1 — hence zz and s zi - V = "r* 

VU' ’ ^ ^c— 2ws i) 

consequently i zz ^ and therefore the fluent is 


1 , 1 1+^ 1 

^°g'rz; = 


2hVa 




X log. [- 


1 + 

V(l-*<r~2bs) 


log. which is the general expression for the time. 




Noten If the globe be so light as to ascend in the fluid, it is 
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only necessary to change the si^ns of the first two terms in the 
value of or the accelerating force, by which it becomes y*rz 

— then to proceed in all respects as before. 

For more examples, see Dr, Huttoyih Select Exercises ; 
whence several articles in this chapter were taken. See also 
Bland’s Hydrostatics^ p. 191 — 228. 


The theory of the resistance of fluids, when considered in its 
utmost extent, is very intricate and perplexing. Besides the 
propositions OB this subject in Newton’s Ptincipia, lib. 2. the 
reader may be referred to the theory of John Bernoulli^ in his 
Dissertation on the Communication of Motion, and that of 
M.* IP Alembert in his Hydrodynamica^ The latter theory is 
genuine and unexceptionable, but extremely intricate, requiring 
a minute acquaintance mth the most abstruse analysis ; and it 
furnishes only one new proposition that is of any practical utility. 
The theory of M. Georges Juan in his Examen Ifarithne^ and 
that of M. La Grange^ a sketch of which may be seen in Prony’s 
Architecture Hydraulique^ include all the considerations that 
ought to be comprised in such discussions : but they present 
numerous difficulties inseparable from the analysis itself, and 
furnish but few practical results. 
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CHAPTER VL 


EXPEEIMENTS ON THE EESISXANCE OF FLUIDS. 

55^. In the preceding chapter we have given some of the 
most useful propositions in the ordinary theory of the x*esistance 
of fluids, and have referred to the works of other authors in 
which more rigorous theories are exhibited. But in all theories 
respecting the motions and actions of fluids, there are assump- 
tions which depend on the judgment of the investigator ; so that 
it is always proper to put every such theory to the test of experi- 
ments. If it be highly desirable that these branches of science 
be reduced to rules capable of being employed in practice with 
certainty, and if, as is our opinion, this can never be completely 
attained by theory alone, it becomes a matter of great import^ 
ance to subject these points to an extensive and varied series of 
experiments; to discuss these experiments with care, and to 
compare them with the theory adopted, in order to discover 
where it is deficient, and to supply the deficiencies. A multi- 
plicity of facts attentively analyzed, and reduced as far as possible 
to general laws, may correct the results of theory, or compose 
of themselves the outlines of a kind of theory which may he 
readily adapted to the usual occasions of practice. Under these 
impressions we have already stated the results of experiments 
on the elHuence of fluids, and the motion of water wheels 
(chaps. 2 and 4, book IV.); and shall now exhibit the most 
curious and important results which have been deduced from 
experiments on the resistance of fluids. 

55S. Experiments on this subject are by no means numerous ; 
at least such as can be depended on for the foundation of any 
practical application. The first that have this character are 
those published by Mr. Robins in 1T4S, in his treatise on 
Gunnery. They were repeated with some additions by the 
Chevalier Borda, and some account of them published in the 
Memoirs of the Academy of Sciences in 1763. In the Philoso- 
phical Transactions of the Ro^jral Society of London, vol. Ixxiii. 
there are some experiments of the same kind on a larger scale 
by Mr. Edgeworth. 
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In all these experiments the resistances were found to be very 
nearly in the proportion of the squares of the velocities ; but they 
were found considerahly greater than the weiglit of the column 
of air wdiose height would produce the velocity in a falling body. 
Mr Robins’s experiments on a square of 16 inches, describing 
SS’i feet per second, indicate the resistance to be to this weight 
nearly as 4 to 3, Borda’s experiments upon the same surface 
state the disproportion to be still greater. 

The resistances are found not to be in the proportion of the 
surfaces, but increase considerably faster. Surfaces of 9, 16, 36, 
and 81 inches, moving with one velocity, had resistances in the 
proportion of 9) IT-j 42-|, aBdl04|. 

Now as this deviation from the proportion of the surfaces in- 
creases vith great regularity, it is most probable that it continues 
to increase in surfaces of still greater extent, and these are the 
most generally to be met with in practice in the action of wind 
on ships and mills, 

Borda’s experiments on 81 inches show that the Impulse of 
wind moving one foot per second is about - 54 ^ of a pound 011 
a square foot. Therefore, to find the impulse on a foot corre- 
sponding to any velocity, divide the square of the velocity by SCO, 
and we obtain the impulse in pounds. Mr. Rouse of Leicester- 
shire made many experiments, which are mentioned with great 
approbation by Mr. Smeaton. His great sagacity and ex- 
perience in the erection of windmills oblige us to pay a con- 
siderable deference to his judgment These experiments con- 
firm our opinion, that the impulses increase faster than the sur- 
faces. The following table was calculated from Mr. Rouse’s 
observations, and may be considered as pretty near the truth. 


Velocity in Feet. 

Impulse on a Foot in Pounds. 

0 

0-000 

10 

0-129 

20 

0-915 

30 

2-059 

40 

3-660 

50 

5-718 

60 1 

8-234 

70 

11-207 

80 

14.638 

90 

18-526 

100 

22-872 

no 

27-675 

120 

32^926 

130 

38-654 

140 

44-830 

150 

51-462 
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If we multiply the square of the velocity in feet by 16, the 
product will be the impulse or resistance on a squ^e root rn 

grains, according to Mr. Rouse’s numbers.^ _ 

554. The greatest deviation from the theory occurs in rae 
oblique impulses. Mr. Robins compared the resistance^ot a 
wedge, whose angle was 90°, _ with the resistance of its base, 
and instead of finding it less in the proportion or to 1, as 
determined by the theory, he found it greater in the proportipn 
of 55 to 68 nearly ; and when he formed the body into a pyramid, 
of which the sides had the same surface and the same inclination 
as the ades of the wedge, the resistance of the base and race 
were now as 55 to 39 nearly : so that here the same surface with 
the same inclination had its resistance reduced from bb to dy 
by being put into this form. Similar deviations occur in the 
experiments of the Chevalier Borda ; and it may be collected 
from both, that the resistances diminish more nearly m the pro- 
portion of the sines of incidence than in the proportion oi the 

squares of those sines. . 

The irreo'ularity in the resistance of curved surraces is as gieat 
as in plane^surfaces. In general, the theory gives the oblique 
impulses on plane surfaces much too small, and the impulses on 
curved surfaces too great. The resistance of a sphere does not 
exceed the fourth part of the resistance of its great circle, instead 
of being its half; but the anomaly is such as to leave hardly any 
room for calculation. It would be very desirable to have the 
experiments on this subject repeated in a greater variety qi 
cases, and on larger surfaces, so that the errors of the experi- 
ments may be of less consequence. ^ -u r 

Mr. Robins having proved that in very great changes ot 
velocity the resistance does not accurately follow the duplicate 
ratio of the velocity, lays down two positions, which he supposes 
may be of some service, particularly in the practice of artilleiy , 
till a more complete and accurate theory of resistance, and tlie^ 
changes of its augmentation, may be discovered. Tiie first oi 
these is, that till the velocity of the projectile surpass 1100 or 
1^00 feet per second, the resistance may be esteemed in the 
duplicate ratio of the velocity. The second is, that when the 
velocity exceeds 1100 or 1^00 feet in a second, then the abso- 
lute quantity of the resistance will be nearly 3 times as great 
as it should be from a comparison with the smaller velocities, 
IVe shall soon see, however, that there is no abrupt change in 
the law of resistance ; but that it is slow and continual from the 
smallest to the greatest velocities. 
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555* Dr. of A Military Academy, has 

likewise prosecuted the subject of tne resistance of the air ex- 
perimentally, and that to a considerable extent. His experi- 
ments were made not only with the whirling machine, invented 
by BIr. Robins, but with camion balls of different w^eights, from 
11b. to (Jib.; also with figures of various shapes, and with planes 
set at a variety of angles of inclination to the path of motion. 
From these curious experiments the doctor has ascertained the 
resistance of bodies to all velocities, from 1 to 2000 feet per 
second ; the bodies being different, and their faces at different 
angles of inclination. Some of his general tables and conclusions 
deduced from those experiments are as fidlow. 


Table I. Resisiamces qf di^rent bodies. 


Veloc. 

Small 

Large liemis.' 

Co 

ae. 

Cylin- 

der, 

Whole 

globe. 

Eesis. 
as the 

per 

see. 

Hat 

side. 

fiat 
■side. ' 

round ■■ 
side.''' 

vertex. 

base. 

power 
of the 
veloc. 

feet. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 


3 

*028 

•05! 

•020 

•028 

*064 

•050 

•027 


4 

■048 

•096 

•039 

•048 

•109 

•090 

•047 


5 

*072 

•1B4 

*063 

•071 

•162 

'143 

•068 


6‘ 

'103 

•211 

•092 

-098 

*225 

.205 

•094 


7 

•141 

*284 

•123 

*129 

•298 

*278 

•125 


8 

•184 

•363 

•160 

•168 

•382 

-360 

•162 


9 

•233 

•464 

•199 

•211 

•478 

•456 

*205 


10 

*287 

•573 

•242 

•260 

•587 

•565 

-255 


11 

‘349 

•698 

•292 

•315 

•712 

*688 

•SiO 

2 052 

12 

•418 

•836 

•347 

•376 ! 

*850 

•8*26 

•370 

2*042 

13 ^ 

*492 

‘988 

•403 

•440 

1*000 

*979 

•435 

2-036 

14 ' 

•573 ' 

1-154 

•478 

•512 

1*166 

1*145 

•505 

2*031 

15 

•661 

i-336 

•552 

*589 ; 

1*346 

1*327 

*581 

2-03! 

16 

•754 

1*538 

•634 

*673 

1*546 

1*526 

•663 

2*033 

17 

•853 

1-757' 

•722 

•702 

1*763 

1745 

•752 

2-038 

18 

•959 

l'928 ■ 

•818 

‘858 

2*002 

1*986 

•848 

2*044 

19 

I ‘073 

2*998 . 

•922 

•959 

2-260 

2*246 

•949 

2*047 

20 

1-190 

2*542 

1*033 

•1069 

2-540 

2*528 

1*057 

2*051 

Mean 









propor. 

Nos. 

HO 

288 

119 

126 

291 

285 

124 

2*040 

* 

2 

S 

4 

■ ■ 5 , 

6 

7 

8 

9 


In this table are contained the resistances to several forms of 
bodies, when moved with several degrees of velocity, from S 
’ feet per second to 20. The names of the bodies are at the tops 
of the columns, as also which end went foremost through the 
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air ; the different velocities are in the first column, pci the re- 
sistances on the same line, in their several columns, in avoirdu- 
pois ounces and decimal parts. So on the first line are contpied 
the resistances when the bodies move with a velocity cif 3 feet 
in a second, viz. in the 2 d column for the small hemisphere, ot 
4.1 inches diameter, its resistance -028 oz. when the flat side went 
fcTremost ; in the 8 d and 4th columns the resistances to a larger 
hemisphere, first with the flat side, and next the round side 
foremost, the diameter of this as well as all the following figures 
beincr inches, and therefore the area of the great circle =82 
sq. iSihls, or I of a square foot; then in the 5 th and 6 th columns 
are the resistances to a cone, first its vertex and then its base 
foremost, the altitude of the cone being 6 |- inches, the same as 
the diameter of its base : in the 7 th column the rcsistpce to the 
end of the cylinder, and in the 8 th that against the wlmle globe 
or sphere. All the numbers show the real weights which are 
equal to the resistances ; and at the bottoms of the columns aie 
placed proportional numbers, which show the mean pivoportions 
of the resistances of all the figures to one another with any 
velocity. Lastly, in the 9th column are placed the exponents 
of the power of the velocity which the resistances in the 8 tli 
columnLear to each other, viz. which that of the 10 feet velocity 
bears to each of the following ones, the medium of all of them 
being as the 2-04 power of the velocity ; that is, very htt e above 
the square or second power of the velocity, so far as the velo- 
cities in this table extend. _ 

556. From this table the following inferences are easily- 

deduced. . 

I. That the reastance is nearly in tho same proportion as 
the .surfaces; a small increase onl 3 r taking place in the gi-eator 
surfaces, and for the greater velocities. Thus, by comparing 
together the numbers in the 2 d and 8 d columns for the bases 
of the two hemispheres, the areas of which bpes are m the pro- 
portion of 17|: to 82, or 5 to 9 very nearly, it appears that the 
numbers in those two columns expressing the resistances ai e 
nearly as 1 to 2 , or 5 to 10 , as far as the velocity of l.i feet ; 
hut after that the resistances on the greater surface increase 
gradually more and more above that proportion. 

II. The resistance to the same surface with difterent velon- 
ties is, in these slow motions, nearly as the square of the velo- 
city; but gradually increases more and more above that pro- 
portion as the velocity increases. This is manifest from all the 
columns; and the index of the power of the velocity is set down 
in the 9 th column, for the resistances in the 8 th, tlie medium 
being 2-04; by which it appears that the resistance to the same 
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body is/ ill these slow motions/ as the 2»04.power of the velocity^ 
or nearly as the square of it. 

III. The round ends, and sharp ends, of solids/ suffer less 
resistance than the flat or plane ends, of the same diameter ; but 
the sharper end has not always the less resistance. Thus, thcv 
cylinder and the flat ends of the hemisphere and cone have 
more resistance than the round or sharp ends of the same; but 
the round side of the hemisphere has less resistance than the 
sharper end of the cone. 

IV. The resistance ori" the base of the hemisphere, is to tliat 
on the round, or whole sphere, as to 1, instead of 2 to 1, as 
the theory gives that relation. Also the experimented resistance 
on each of these, is nearly more than the quantity assigned by 
the theory. 

V. The resistance on the base of the cone is to that on tlie 
vertex nearly as 2-^ to 1 ; and in the same ratio is radius to the 
sine of the angle of inclination of the side of the cone to its path 
or axis. So that, in this instance, the resistance is directly as 
the sine of the angle of incidence, the transverse section being 
the same. 

VI. When the hinder parts of different bodies are of different 
forms, the resistances are different, though the fore parts be 
exactly alike and equal ; owing probably to the different pres- 
sures of the air oii the hinder parts. Thus, the resistance to the 
fore-part of the cylinder is less than on the equal flat surface of 
the cone, or of the hemisphere ; because the hinder part of the 
cylinder is more pressed or pushed by the following air than 
those of the other two figures ; also, for the same reason, the 
base of the hemisphere suffers a less resistance than that of the 
cone, and the round side of the hemisphere less than the whole 
sphere. 

YII, If cl be the diameter of any ball in inches, and -u the 
velocity in feet with which it moves in tl&e air, then will the 
resistance it experiences in avoirdupois pounds be denoted by 
(•000007565 1 ? ’ — *00175^;) clK Thus an iron ball of 52.78 inches 
diameter, or 31bs. weight, moving with a velocity of 1800 per 
second, would be resisted by a force equivalent to 1761bs., or 
more than 58 times its own weight 
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557. Table II. Resistances both by experiment and theory, 

to a globe of indies diameter^ 


oc. xier 
in feet. 

Eesist. by 
exper. 
oz. 

Resist, by 
tbeory. 
oz. 

Ratio of 
exper. to tli 
theory. 

Resist, as ^ 
le power of 
the veloc. 

5 

0006 

0-005 

1-20 


10 

0-0241 

0-020 

1-23 


15 

0-055 

0 044 ' 

v.l-25 


20 

0-100 

0-079 

1-27 


25 

0-157 

0-123 

1-28 

2-022 

SO 

0-23 

0-177 

1-30 

2-055 

40 

0-42 

0-314 

1-33 

2-068 

60 

0-67 

0-491 

1-36 

2-075 

100 

2-72 

1-964 

1-38 

2-059 

200 

11 

7-9 

1-40 

2-041 

SOO 

25 

18-7 

1-41 

2-039 

400 

45 

31-4 

1-43 

2-039 

500 

72 ^ 

49 

1-47 

2-044 

600 

107 

71 

1-51 

2-051 

700 

151 

96 

1-57 

2-059 

800 

205 

126 

1-63 

2-067 

900 

271 

159 

1-70 

2-077 

1000 

.350 

106 

1-78 

2-086 

1100 

442 

238 

1-86 

2-095 

1200 

546 

283 

1-90 

2-102 

1300 

661 

332 

1-99 

2-107 

1400 

785 

385 

2-04 

2-111 

1500 

916 

442 

2-07 

2-118 

1600 

1051 

503 

2-09 

2-113 

1700 

1186 

568 

2*08 

2-111 

1800 

1319 

636 

2-07 

2-108 

1900 

1447 

709 

2-04 

2-104 

2000 

1569 

786 

2-00 

2-098 


In the first column of this table are contained the several 
velocities, gradually from 0 up to the great velocity of SOOO feet 
per second, with which a ball or globe moved. In the 
column are the experimented resistances in avoirdupois ounces. 
In the Sd column are the correspondent resistances, as computed 
by the theory. In the 4*th column are the ratios ot these two 
resistances, or the quotients of the former divided by the latter. 
And in the 5th or last, the indexes of the power of the velocity 
which is proportional to the experimented resistance; which 
are found by comparing the resistance of 20 feet velocity with 
each of the following ones. 
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From the Sd, and 4th columns it appears, that at the 
begimiiiig o! the motion the experimented resistance is nearly 
equal to that computed theory ; but that as the velocity 
increases^ the experimented resistance gradoally exceeds the 
other more and more, till at the velocity of 1300 feet the former 
becomes just double the latter; after which the difference in- 
creases a little further, till about the velocity of 1600 or 1700, 
\rfiere that excess is the greatest, and is rather less than 2 ^ ; 
after this, the difference decreases gradually as the %^eloeity in- 
creases, and at the velocity of £000 the former resistance again 
becomes just double the latter. 

From the last column it appears that near the beginning, or 
ill slow motions, the resistances are nearly as the square of the 
velocities; but that the ratio gradually inci’eases, with some 
small %wiation, till at the velocity of 1500 or 1600 feet it be- 
comes as the £|-. power of the velocity nearly, wdiich is its highest 
ascent ; and after that it gradually decreases again, as the velo- 
city goes liigher. And similar conclusions have also been derived 
from experiments ivith larger balls or globes. 

558. Table III. Resistance to a plane ^ set at various angles 
of mcUnatmi io its paih^ 



Experim. 

Resist by tins 

Sines of the 


resistances. 

formula. 

angles to 


02. 

.845-i'tJ45c 

radius *840. 

O 

0 ! 

•000 

•000 

•000 

5 . 

•015 

•009 

•073 

10 

•044 

•035 

•146 

15 

•082 

•076 

•217 

£0 

•133 

•131 

■287 

25 

•200 

•199 

■355 

30 

•278 

•£78 

•420 

35 

•362 

•363 

•482 

40 

1 -448 

■450 . 

•540 

45 

■534 

•535 

•594 

50 1 

^ -619 

•613 

•643 

: ,55 ‘ 

■684 

•680 i 

•688 

60 

•729 

•736 i 

■ -727 

65 

•770 

■778 1 

•761 

70 

■ 80 S 

•808 i 

•789 

75 

•823 

•826 

•811 

80 

•835 

•836 

•827 

85 

•839 

•839 

•838 

90 , 

•840 

•840 

•840 


o o 2 
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In the 2d column of this table are contained the actual expe- 
rimented resistances in ounces to a plane of 32 square inches, 
or 3- of a square foot, moved through the air with a velocity ot 
exactly 12 feet per second, when the plane was set so as to 
make, with the direction of its path, the corresponding angles 

io the first column. , • i * 

And from these Dr. Hutton deduced this formulav viz. 
which brings out very nearly the same numbers, anci 
is a general theorem for every angle, for the same plane of or 
a foot, and moved with the same velocity of 12 feet in a second 
of time; where s is the sine, and <? the cosine of the angles ot 
inclination in the first column. ^ ^ ^ 

If a theorem be desired for an y other velocity v, and any otlier 
plane whose area is a, it will be thus: more 

nearly which exhibits the resistance very nearly 

to any /plane surface whose area is a, nioved through the air 
with the velocity r?, in a direction making with that plane an 
angle, whose sine is s and cosine c. ^ ^ 

If the fluid be water, or any other whose density is chirerent 
from that of air, the formula for the resistance must be increased 
in proportion to the density. ^ ^ 

By this theorem were com puted the numbers in the Sd column, 
which, it is evident, agree very nearly with the experimented 
resistances in the 2d column ; excepting in two or three of the 
small numbers near the beginning, which are of the least con- 
sequence. In all other cases, the theorem gives nearly the true 
resistance. In the 4th or last column, are entered the sines 
of the angles of the first column, to the radius *84, in order to 
compare them with the resistances in the other columns. From 
whence it appears that those resistances bear no sort of analogy 
to the sines of the angles, nor yet to the squares, or any other 
power of the sines. In the beginning of the columns, the sines 
much exceed the resistances all the way till the angle is between 
55^ and 60"; after which the sines are less than the resistances 
all the way to the end, or, till the angle becomes a right angle. 
See Hutton's Dictionmy^ art. Resistance of Fluids^ and his 
8vo, Tracts, voL hi. pp. 168 — 243. 

See also a paper by Mr. Vince on this subject In the PhlL 
Trans, for 1798, or Nicholsoifs Journal, vol, hi. p. 506. 


559* Messrs, HAkmbe7% Condorcet^ md Bossut^ 'pursuant 
to the directions of M. Turgot^ comptroller-general of finances, 
made, in the year 1775, a series of experiments, in order to 
perfect internal navigation ; and the resistance of fluids was the 
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principal object of their researches. Their experiments how- 
ever were confined to very small velocities, and to direct re- 
sistances ; so that their results, as might be expected, did not 
difter sensibly from those furnished by the ordinary theory. 
But, in 1778, Bossiit and Condorcet directed their attention to 
oblique rssistances, and undertook A new series of experi- 
ments, chiefly intended to discover the law according to which 
the resistance experienced by an angular prow diminishes in 
proportion as the angle of that prow becomes more acute ; the 
fluid being indefinite, such as the sea.” 

These experiments were made in a great reservoir situated on 
the north side of the ancient Boulevards of Paris. The vessels 
%vere prismatic (excepting the prow, which was an isosceles 
wedge), and their motion was produced by the descent of a 
weight, which, by means of a cord, and difierent p Lillies, caused 
the vessel to advance. During the first instants of the descent 
of the weight, the motion was accelerated ; but the vessel soon 
acquired a uniform velocity, and the resistance of the water, 
relative to that velocity, makes the equilibrium with the moving 
force of the weight due to gravity, &c. 

The following table comprises 69 experiments of Bossut on 
simple angular prows. The first five were made with a boat in 
form of a rectangular parallelopiped, the length of which was 4 
feet, breadth 2 feet, depth in the fluid 2 feet, and height of the 
part jutting out of the fluid about 7 inches. 

The other 64 experiments were made with 14 vessels in forai 
of a prism, th e prows being isosceles wedges, having their vertices 
forwards : these vertical angles increased gradually from IS®, 
86®, &e. to 180®; the length of each vessel was 4 feet, 
breadth S feet, depth in the water S feet, height out of the 
water about 7 inches : all in Paris measure, which is to our 
measure nearly as 121 to 100. The titles of the columns re- 
quire'UO, explanation. 


566 


PNEUMATICS. 


BOOK ^ 


w 1 

° mover in 

pounds. 

Time of 
describ- 
ing 96 
feet uni- 
formly. 

Angie 
of tlie 
prow. 

.Weight 
of the 
mover in 
, pounds. 

Time of , 
describ- ■ 
ing 96 
feet imi- 
form'ly. 

r 61-8 

78-08-' 

f 

60-5 

63-00' 

\ 112-5 

57-51 

1 

110-5 

46-45 

ISO" < 1 62-5 

47*44 

96° -5 

162-5 

38-05 

, i 212-5 

41-49 


212-5 

32-66 

t 262-6 

37-32 


262-5 

29-27 

( 62-5 

77-50 


60-5 

60*55 

\ 112-5 

56-95 


110-5 

44-56 

168° < 162-5 

47-22 

84°^ 

162-5 

35-78 

/ 212-5 

41-26 


212-5 

31-25 

V. 262-5 

37-12 


^ 62*5 

27.51 

C 62-5 

75-09 


62-5 

57-50 

\ 112-5 

56*15 


112-5 

42-75 

156° -( 162-5 

46-44 

7'go 

162-5 

34-85 

1 212-5 

41-03 


212-5 

29-65 

V 262-5 

36-52 


262-5 

25-86 

r 62-5 

73-38 


r 60-5 

55-45 

\ 112-5 

. 54-75 


1 112-5 

40-04 

14)4° <( 162-5 

45-35 


162-5 

33-05 

i 212-5 

39-58 


212-5 

28-25 

1 262-5 

37-57 


262-5 

24-77 

r 60-5 

72-08 


" 62-5 

52-51 

\ 111-5 

53-25 


112-5 

38-05 

132><( 162-5 

43-75 


[ 162-S 

31-61 

j 212-5 

38-26 


212-5 

27*56 

V 262-5 

34-30 


262-5 

24*30 

r 62-0 

68-32 

\ 

62-5 

51-15 

V li~5 

50 84 

36 °^ 

112-5 

36-96 

120 V 162-5 

41-84 

■ i 

f 162-5 

30-53 

i 212-5 

36-62 


f 61-5 

49-48 

V. 262-5 

32-77 

24P. 

1 112-5 

35-76 

r 61-5 

65-85 

■' 1 

1 162-5 

80-23 

1 112-5 

48-75 

i 

c 62-5 

49-38 

108 V 162-5 

89-50 

mK 

1 112-5 

35-33 

i 212-5 

34-46 


f 162-5 

30-01 

262=5 

31-05 


i 



The direct resistance on the end of the vessel without 
isosceles prow may be represented by any arbitrary inimber, 
1 0000 for instance. 
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A nd if the angle of the prow, or that formed at the fore-part 
of the vessel or summit of the triangular section, be r, the 
resistance will be expressed by the formula 10000 cos'%. To 
correct this expression by means of the foregoing table, we may 
observe that, when the angle nc undergoes a variation of 1S°, each 
of the angles at the base of the isosceles prow will vary 6“ : 
calling this latter variation g, M. Bossut deduced from the table 

the additive correction STS3 (■—) ' ,x and q being expressed 

in decimal parts of the radius unity. Thus the whole resistance 
against the proiv, estimated in the opposite direction to that 
of the motion of the boat, is equal to 10000 cos-a’-f 3-1 53 

(y) . And this formula will be sufficiently exact when 

the extreme angle of tlie prow is greater than 12® : but when 
that angle is less than 12® the theorem will err in excess. 

5(50. M. Lacroix has inserted in the Bulletin de la Societe 
Philomalhiquc, a comparative view of the experiments of 
Bossut and Vince, on the resistance of fluids striking on oblique 
surfaces. He does not appear to have assigned a suflicient 
reason for the difference of the results of those experiments; 
but the subject is of so much importance, as to deserve such an 
examination in its present state as may serve to assist in the 
prosecution of farther experiments. 

The first approximation, says Dr. T. Young, to a deterraina- 
tioii of the effect of the resistance to a body of a given section, 
terminated by oblique planes, is to suppose each particle of the 
fluid to impinge once on the surface, and then to retire for ever : 
on this supposition, the resistance ought to vary as the square of 
the cosine of the angle of incidence. 

Another part of the resistance is occasioned by the adhesion 
oi' the particles of the fluid ; this may be supposed to vary, as 
the product of the secant and the sine of the angle of incidence ; 
that is, as its tangent 

A third part depends on the form of the posterior surface of 
tlie body, and upon the unknown irregularities produced in the 
motions of the particles of the fluid, by the difference of the 
ibrms oi‘ its anterior part It may be expected, that this nega- 
tive pressure will be nearly uniform, when the shape of the 
posterior part of the body remains unaltered, as in BossuVs 
experiments ; but that, when a thin surface is eniployed, as in 
Mr. Vince’s apparatus, it will be somewhat diminished by the 
obliquity of that surface, even supposing the transverse pro- 
jection of the surface to remain unaltered. T.his portion, how- 
ever, may naturally be expected to be liable to great irregularities ; 
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and it appears to be somewhat increased when the thin surface 
is inclined in a toall angle only. 

Mr. Romme has remarked, that the facility with which the 
particles of the fluid can escape before the moving body, is 
proportional to the angular space of the fluid which remains 
open to admit them, and that therefore the resistance must 
vary in proportion to this angle. Without allowing the truth 
of the observation in its whole extent, we may with propriety 
inquire whether or no the portion of the pressure derived 
from impulse may not in part depend on some simple function 
of the angle of incidence ; and whether the whole resistance to 
an oblique surface may not be considered as composed of a 
constant portion, a portion varying with the tangent of the 
angle of incidence, and a third portion proportionate to the 
square of . the cosine, diminished in the ratio of a power, or 
other function, of the angle of incidence. Aod it will appear 
upon inquiry, that if we take one-fifth of the radius, increased 
by one-twenty-fifth of the tangent, and add to it four-fifths of 
the square of the cosine, diminished in the ratio of the circum- 
ference of a circle increased by the angle of incidence, to the 
simple circumference, we may approach always within about 
one-fiftieth to the number expressing the oblique resistance, 
until the angle of incidence becomes greater than 80^. Thus, the 
direct resistance being unity, and a the angle of incidence, the 
oblique resistance will be ‘2 -I- ‘Olv tan ^ 4- 

A formula, somewhat more accurate than this, deduced from 
experiment only, is r:z:cos®a+'flfl60004f217a^ ’ * ^ : the quantity 
added to the , square of the cosine being a little less than the 
millionth of the cube of the . angle of incidence, expressed in 
degrees. The results of these two theorems are compared with 
the experiments of Bossut, and the theorem of Eytclwcin (viz. 
cos^ a +4 versin ci) in the following table. 


Angle. 

COK'-J (L 

Tan a. 

Form. I. 

Form. e. 

BossiU, 

Eytolw. 

0" 

lOfiOO 

•000 

1-0000 

10000 

1-0000 

1-0000 

G 

•9890 

•105 

•9824 

•9891 

•9893 

•9910 

12 

•9568 

•212 

•9492 

•9580 

•9578 

•9656 

18 

■9045 

•825 

•9022 

•9086 

•9084 

•9241 

24. 

•8346 

•44o 

•8438 

•8449 

•8446 

•8690 

30 

•7500 

•577 

•7769 

•7710 

■7710 

•8036 

86 

■GSM 

•726 

•7049 

•6919 

•6925 

•7308 

42 

•5523 

•900 

•6317 

•6135 

•6143 

•6551 

48 

•4-478 

1-ni 

•5606 

•5414 

•5433 

•5802 

54 

•3-155 

1-376 

•4985 

•4816 

•4800 

•5103 

GO 

•2500 

1732 

•4407 

•4403 : 

•-M-01. - 

•4500 
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Angle. 

Cos%. , 

Tan 

Form. 1. 

Form. 2. 

Bossut. 

Ejrtelw. 

66 

•1654. 

2-346 

•3924 

•4231 

•4240 

•4026 


•0955 

3-078 

•3869 

•4344 

•4142 

•3719 

78 

•0432 

4-705 

•4166 

•4816 

•4063 

•3600 

84- 

•0109 

9-514 

•5875 

•5658 

•3999 

•3693 


Mr. Ronime found, by numerous experiments, that when 
the magnitude of the greatest section of a floating body, and its 
distance from the angular points, were constant, the form of the 
outline of any section of the body, whether composed of right 
lines or of curves of any kind, was either wholly, or very nearly, 
indifferent to the magnitude of the resistance : hence he infers, 
that in the construction of ships, the curve of the sides ought 
to be determined from considerations independent of the resist- 
ance. 

In experiments like those of Mi\ Vince, the circumstances 
are materially different : but the accuracy of Mr. Vince‘’s ex- 
periments on water is, in some measure, confirmed by a com- 
parison with those of Schober, which were made in a similar 
manner on air. The results of both these investigations are 
here exhibited in a table, and compared with a coarse approxi- 
mation from this foraiula r = 4* +6 cos a, and with the results 
of Dr. Hutton. 


Angle. 

Cos f/. 

Form. 3. 

Schober. 

Vince. 

Hutton. 

0° 

1*0000 

1-0000 

10000 

10000 

1-000 

10 

•9848 

•9909 

•9854 

•9787 

1-010 

20 

•9397 

•9638 

•9808 

•9743 

1-068 

80 

•8660 

•9196 

•9200 

•9463 

1-003 

40 

•7660 

•8596 

•8308 

•8729 

•963 

50 

•6428 

•7857 

•7563 

•7869 

•830 

60 

•5000 

•7000 

•6738 

•6610 

•662 

70 

•3420 

•6052 

•6359 

•4913 

•453 

80 

•1736 

•5042 

•5833 

•2779 

•304 


(Vide Jmmiuh of the Royal Institution^) Dr. Hutton's 
experiments, when reduced to surfaces of given transverse pro- 
jections, indicate at first an increase of resistance as the surface 
becomes more oblique : a circumstance analogous to what was 
remarked by Bossut in reference to float-boards, and mentioned 
already at the end of book iv. ch. 4. 

561. Such are the conclusions and rules which have been 
deduced from some of the most judicious experiments on the 
resistance of fluids to the motion of bodies passing through 
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them. Considering the number and importance of these in- 
ferences with respect to the magnitude and extent of the ex- 
periments from which they were drawn, we caiinot But earnestly 
wish that those who have leisure and opportunity to pursue 
such inquiries, would still further extend and vary their re- 
searches in this department of experimental philosophy. Much 
valuable knowledge may be expected to result from labours of 
this kind : for it is, probably, only by reiterated experiments 
and observations that sufficient data can be obtained to perfect 
the theory of two momentous branches of mechanical science, 
viz. those relating to the motion of military projectiles, and to 
the manoeuvres of vessels at sea. 
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